Journal of Convex Analysis Volume 6 (1999), No. 2, 367–376

Invariants of Pairs of Compact Convex Sets

Diethard Pallaschke

Institut für Statistik und Mathematische Wirtschaftstheorie der Universität Karlsruhe, Kaiserstr. 12, 76128 Karlsruhe, Germany.

e-mail: lh09@rz.uni-karlsruhe.de

Ryszard Urbański

Faculty of Mathematics and Computer Science, Adam Mickiewicz University, Matejki 48/49, 60-769 Poznań, Poland.

e-mail: rich@math.amu.edu.pl

Received December 1, 1997 Revised manuscript received February 23, 1999

In a recent paper P. Diamond, P. Kloeden, A. Rubinov and A. Vladimirov [3] investigated comperative properties of three different metrics in the space of pairs of compact convex sets. These metrics describe invariant properties of the Rådström-Hörmander lattice [5] i.e. the space of equivalence classes of pairs of nonempty compact convex sets. In this paper we consider invariants of a class of equivalent pairs of nonempty compact convex sets. We show that the affine dimension of the minimal representant of an equivalence class is invariant and that each equivalence class has invariant convexificators.

Keywords: Pairs of convex sets, sublinear function, quasidifferential calculus

1991 Mathematics Subject Classification: 52A07, 26A27, 90C30

1. Introduction

In this paper we consider invariants of inclusion minimal representants of elements of the Rådström-Hörmander [5] lattice. This lattice consists of equivalence classes of pairs of nonempty compact convex sets which have been investigated in a series of papers (see for instance [4], [6], [7], [8], [9], [12], [14]). The present paper extends a previous result on the characterization of flat inclusion minimal pairs (see Theorem 3.1 of [7]) to arbitrary minimal pairs and refines the characterization of C-minimal equivalence classes which was given in [14]. The major results of this work are the invariance of the affine dimension of inclusion minimal representants and the existence of an invariant convexificator for each equivalence class.

As in [6] we denote the set of all nonempty compact convex subsets for a real topological vector space X by K(X) and the set of all pairs of nonempty compact convex subsets by

K^2(X), i.e. K^2(X) = K(X) × K(X). The equivalence relation between pairs of compact

convex sets is given by: (A, B) ∼ (C, D) if and only if A + D = B + C using the Minkowski-sum. A partial order on K^2(X) is given by the relation: (A, B) ≤ (C, D) if and only if A ⊆ C and B ⊆ D. Pairs of compact convex sets arise in quasidifferential calculus as the sub- and superdifferentials of the directional derivative of a quasidifferentiable function and in formulas for the numerical evaluation of the Aumann-Integral (see [2] and [1]).

Let X be a real topological vector space, and X^∗ be the space of all continuous real valued

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

368 D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets linear functional. For two compact convex sets A, B ∈ K(X) we will use the notation A ∨ B := conv(A ∪ B), where the operation ”conv” denotes the convex hull. During the proofs, an easy identity for compact convex sets, which was first observed by A. Pinsker [11] will be used frequently, namely: For A, B, C ∈ K(X) we have: (A + C) ∨ (B + C) = C + (A ∨ B).

We will use the abbreviation A + B ∨ C for A + (B ∨ C) and C + d for C + {d} for compact convex sets A, B, C and a point d. Moreover we will write [a, b] instead of {a} ∨ {b}. By H_f (K) := {z ∈ K | f(z) = max_{y∈K} f(y)} we denote the face of K ∈ K(X) with respect to f ∈ X^∗. For the faces of two nonempty compact convex sets A, B ⊆ X with respect to f ∈ X^∗ the following identity holds: H_f (A + B) = H_f (A) + H_f (B).

Finally we explicitly state the order cancellation law (see [5], [13]): Let X be a real topological vector space and A, B, C ⊆ X nonempty compact convex subsets.

Then the inclusion A + B ⊆ A + C implies B ⊆ C. For A, B, S ∈ K(X), we say that S separates the sets A and B if and only if for every a ∈ A and b ∈ B we have [a, b] ∩ S ≠ ∅. The following characterization of convex pairs of compact convex sets by a decomposition of the Minkowski sum, which was proved in [14], is of crucial importance for the remainder of this work.

Theorem 1.1. Let X be a real topological vector space and A, B ∈ K(X). Then the following statements are equivalent: (i) the set A ∪ B is convex (ii) the set A ∩ B separates the sets A and B (iii) the set A ∨ B is a summand of the set A + B (iv) A + B = A ∨ B + A ∩ B and A ∩ B ≠ ∅. Note that property (iv) states the basic relationship between Minkowski-sum, convex hull and intersection.

In connection with the above theorem, we recall the following notations: a pair (A, B) ∈

K^2(X) is called convex (see [14]) if and only if A ∪ B is a convex set. Furthermore a pair

D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets 369

(A, B) ∈ K^2(X) is called minimal if and only if for every equivalent pair (C, D) ∈ K^2(X) the relation (C, D) ≤ (A, B) implies C = A and B = D and analogously we say that a convex pair (A, B) ∈ K^2(X) is minimal convex if and only if for every equivalent convex pair (C, D) ∈ K^2(X) the relation (C, D) ≤ (A, B) implies C = A and B = D.

The definition of convex minimality can be considered as a definition of minimality under a constraint. The following more general definition of minimality under constraints was investigated in [10].

Let X be a real topological vector space and C ∈ K(X). Then the pair (A, B) ∈ K^2(X) is called C-minimal if and only if the pair (A + C, B + C) is convex, and if for every C^′ ∈ K(X) with C^′ ⊆ C and (A + C^′, B + C^′) is a convex pair follows that C^′ = C.

It is shown in section 3 of [10], that the above definition of C-minimality can be extended to the whole equivalence class [A, B]. In the proof of this statement the following definition of C-convexity plays a central role.

Let A, B, C ∈ K(X) be given, then the class [A, B] = {(A^′, B^′) ∈ K^2(X) | (A^′, B^′) ∼ (A, B)} is called C-convex if and only if for every representant (A^′, B^′) ∈ [A, B] the pair (A^′ + C, B^′ + C) is convex. The set C ∈ K(X) is called a convexificator of [A, B]. Below the above mentioned results of section 3 in [10] are refined by showing that for every equivalence class [A, B] the set C = A ∨ B is an invariant convexificator.

2. Pairs of Polar Polyhedra are Minimal

In the case of a locally convex vector space X we proved in [7], Theorem 2.1, a sufficient criterion for minimality of a pair (A, B) ∈ K(X) of compact convex sets for which the sets A and B are in general position relative to another. This intuitive meaning of general position relative to another was described in term of a shape for the set A, that is a set of continuous linear functionals S ⊆ X^∗ \ {0} with

conv([ f∈S H_f (A)) = A.

In the case where one of the compact convex sets is a polytope, this criterion can be strenghtend as follows:

Theorem 2.1. Let (X, τ) be a topological vector space and A ⊂ X a polytope and B ∈

K(X). Furthermore let us assume that A has k faces S1 = Hf_1 (A), ..., Sk = Hf_k (A) of

maximal dimension and that for every i ∈ {1, ..., k} we have H_{fi} (B) = {b_i}.

Then the pair (A, B) ∈ K^2(X) is minimal.

Proof. Let us assume that there exists a pair (A^′, B^′) ∈ K^2(X) with (A^′, B^′) ∼ (A, B) and A^′ ⊂_≠ A and B^′ ⊂ B. By virtue of the formula on the addition of faces we deduce from A + B^′ = B + A^′, that for all i ∈ {1, ..., k}

S_i + H_{fi} (B^′) = b_i + H_{fi} (A^′)

holds. Now let us choose elements b^0_i ∈ H_{fi} (B^′), i ∈ {1, ..., k}. Then for each i ∈ {1, ..., k} holds S_i + b^0_i ⊂ b_i + H_{fi} (A^′). By defining x_i = b^0_i − b_i the inclusion

S_i + x_i ⊂ H_{fi} (A^′) ⊂ A^′ ⊂_≠ A. (2.1)

370 D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets

is satisfied for each i ∈ {1, ..., k}.

Since the polytope A ∈ K(X) has k faces S_1 = H_{f1} (A), ..., S_k = H_{fk} (A) of maximal dimension it can be described in terms of inequalities as A = {x ∈ X | f_i(x) ≤ α_i , i ∈ {1, ..., k} } for some α_1, ..., α_k ∈ R. Hence from equation (2.1) follows, that there exist numbers β_1, ..., β_k ∈ R such that Â = {x ∈ X | f_i(x) ≤ β_i , i ∈ {1, ..., k} } ⊂_≠ A

and that for each i ∈ {1, ..., k} we have

S_i + x_i = H_{fi} (A) + x_i ⊂ H_{fi} (Â). (2.2)

Since Â ⊂ A, the inequality β_i ≤ α_i holds for each i ∈ {1, ..., k} holds. Combining equation (2.2) with the fact that each functional f_i, i ∈ {1, ..., k} determines a face of maximal dimension of A results in the validity of the inequality α_i ≤ β_i for each i ∈ {1, ..., k} which in turn means that Â = A. Hence the pair (A, B) ∈ K^2(X) is minimal.

Now let X = R^n and P ∈ K(X) be a polytope. Then the polar polytope is defined by: P^o = {u ∈ R^n | sup_{x∈P} ⟨u, x⟩ ≤ 1},

where ⟨., .⟩ denotes the inner product of R^n.

From the well known correspondence between extremal points of P and faces of maximal dimension of P^o follows:

Corollary 2.2. Let X = R^n be a finite dimensional topological vector space and P ∈

K(X) be a polytope.

Then the pair

(P, P^o) ∈ K^2(R^n)

is minimal.

Remark 2.3. A similar minimality criterium has been stated in [7], Theorem 2.1. To explain the difference between the above Theorem 2.1 and the corresponding result of [7] we present the following example: Let us consider in X = R^2 three polyhedra A, B, C ∈

K(X), as indicated in the following figure.

D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets 371

r

s p

q u v

B

A

J I C

S_1

S_2 b_1

b_2

Figure 1

These sets are contructed as follows: Let I = [u, v] and J = [r, s] be two orthogonally intersecting intervals such that [p, q] is properly contained in J as indicated in Fig. 1. Now put A = I + J, C = I ∨ [p, q] and B = C + J. Then the rectangle A has two faces S_1 and S_2 which are parallel to I. Now we choose a shape S = {f_1, f_2} for A with H_{fi} (A) = S_i, i ∈ {1, 2}. Then we have:

H_{f1} (A) = S_1 , H_{f2} (A) = S_2 A = S_1 ∨ S_2 and H_{f1} (B) = {b_1} , H_{f2} (B) = {b_2}

On the other side we have: A = I + J =⇒ A + C = B + I B = C + J which implies that the pair (A, B) is not minimal since (A, B) ∼ (I, C).

3. The Dimension-Invariance of Minimal Pairs

In this section we will show, that the affine dimension and codimension of the union a minimal pair of compact convex sets is invariant. We begin with the following proposition:

Proposition 3.1. Let (X, τ) be a topological vector space and (A, B), (C, D) ∈ K^2(X) be equivalent pairs. Furthermore let us assume, that the pair (C, D) ∈ K^2(X) is minimal.

If A ∪ B ⊂ X_0 ⊂ X, where X_0 is a closed subspace of X, then there exists a point x_0 ∈ X such that C ∪ D ⊂ X_0 + x_0.

372 D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets Proof. By assumption the pairs (A, B), (C, D) ∈ K^2(X) are equivalent, i.e. A + D = B + C (3.1) holds. Hence for every a_0 ∈ A and d_0 ∈ D there exist points b_0 ∈ B and c_0 ∈ C with a_0 + d_0 = b_0 + c_0. Therefore we have: (A − a_0) + (D − d_0) = (B − b_0) + (C − c_0).

If we put A_0 = A − a_0, B_0 = B − b_0, C_0 = C − c_0 and D_0 = D − d_0, then we can rewrite equation (3.1) as A_0 + D_0 = B_0 + C_0 with 0 ∈ A_0 ∩ B_0 ∩ C_0 ∩ D_0. (3.1’) Now we consider the sets C^′ = C_0 ∩ X_0 and D^′ = D_0 ∩ X_0. By equation (3.1’) there exist for every x ∈ A_0 and y ∈ D^′ elements b ∈ B and c ∈ C such that the equation x + y = (b − b_0) + (c − c_0) holds. Since c − c_0 = (x + y) − (b − b_0) ∈ X_0 + X_0 + X_0 + X_0 = X_0, we obtain c − c_0 ∈ C_0 ∩ X_0 = C^′, and hence that A_0 + D^′ ⊂ B_0 + C^′.

Analogously follows B_0 + C^′ ⊂ A_0 + D^′ and hence we have:

(A_0, B_0) ∼ (C_0, D_0) ∼ (C^′, D^′).

Since the pair (C_0, D_0) is minimal (see [6]), it follows that C − c_0 = C^′ and D − d_0 = D^′.

Hence we have that C − c_0 ⊂ X_0 and D − d_0 ⊂ X_0. These inclusions imply that C ⊂ X_0 + c_0 = (X_0 − b_0) + b_0 + c_0 = X_0 + (b_0 + c_0) and D ⊂ X_0 + d_0 = (X_0 − a_0) + a_0 + d_0 = X_0 + (a_0 + d_0).

Hence C ⊂ X_0 + x_0, D ⊂ X_0 + x_0 with x_0 = (b_0 + c_0).

Remark 3.2. Now let (X, τ) be a locally convex vector space and C be a nonempty compact convex subset. Then for every y ∈ C the set

C_y = span(C−y) = cl({z ∈ X | z = nX_{i=1 λi(ci−y), c1, ..., cn ∈ C, λ1, ..., λn ∈ R, n ∈ N})}

D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets 373 is the smallest closed linear subspace containing C − y or equivalently the intersection of all closed linear subspace containing C − y. The affine hull of C is given by aff hull(C) = C_y + y

and is independent of the special choice of y ∈ C. The affine dimension and codimension is defined by:

dim aff(C) = dim(C_y) and codim aff(C) = codim(C_y) = dim(X/C_y )

As a generalization of [7], Theorem 3.1 we get:

Corollary 3.3. Let (X, τ) be a topological vector space and and (A, B), (C, D) ∈ K^2(X) be equivalent minimal pairs. Then dim aff(A ∪ B) = dim aff(C ∪ D) and codim aff(A ∪ B) = codim aff(C ∪ D)

4. Invariant Convexificators We begin with the following observation:

Proposition 4.1. Let (X, τ) be a topological vector space and (A, B), (C, D) ∈ K^2(X) be equivalent pairs, i.e. (C, D) ∈ [A, B]. Then C ∪ D is convex if and only if A ∨ B is a summand of A + D.

Proof. Necessity. If C ∪ D is a convex set, then from Lemma 3.3 in [14] it follows that A + D = B + C = A ∨ B + C ∩ D. Hence A ∨ B is a summand of A + D.

Sufficiency. Let us assume that A + D = B + C = A ∨ B + S, for some S ∈ K(X). Then B + C ⊃ B + S and A + D ⊃ A + S and hence from the cancellation law we have S ⊂ C ∩ D. Now observe that A + C ∩ D ⊂ A + D and B + C ∩ D ⊂ B + C. Hence from the Pinsker rule follows that A ∨ B + C ∩ D ⊂ A + D ⊂ A ∨ B + C ∩ D. Therefore we have: A + D = B + C = A ∨ B + C ∩ D.

374 D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets But C + A + D = C + A ∨ B + C ∩ D = (A + C) ∨ (B + C) + C ∩ D = (A + C) ∨ (A + D) + C ∩ D = A + (C ∨ D) + C ∩ D. Hence the law of cancellation gives C + D = C ∨ D + C ∩ D and therefore from Theorem 1.1 follows that C ∪ D is convex.

Proposition 4.2. Let (X, τ) be a topological vector space and (A, B), (C, D) ∈ K^2(X) be equivalent pairs, i.e. (C, D) ∈ [A, B]. Then (C + A ∨ B) ∪ (D + A ∨ B) is convex. Proof. We have (C + A ∨ B) + (D + A ∨ B) = (A + C) ∨ (B + C) + D + A ∨ B = (A + C) ∨ (A + D) + D + A ∨ B (since A + D = B + C) = A + (C ∨ D) + D + A ∨ B (by the Pinsker rule) = (C ∨ D) + A ∨ B + A + D = (C + A ∨ B) ∨ (D + A ∨ B) + A + D, since (C + A ∨ B) ∨ (D + A ∨ B) = (C ∨ D) + A ∨ B. Hence by Proposition 4.1 the set (C + A ∨ B) ∪ (D + A ∨ B) is convex. Corollary 4.3. Let (X, τ) be a topological vector space and (A, B) ∈ K^2(X). Then C = A ∨ B is a convexificator for the class [A, B].

5. Examples Let X be a normed vector space and X^∗ its topological dual space, endowed with the weak-*-topology. For every A ∈ K(X) let us denote by p_A : X^∗ −→ R with p_A(v) = sup_{x∈A}⟨v, x⟩

its support function, where ⟨., .⟩ denotes the dual pairing.

In this notation, P. Diamond, P. Kloeden, A. Rubinov and A. Vladimirov studied in [3] the following norm for the Rådström-Hörmander lattice [5] of equivalence classes of pairs of compact convex sets which is given by: ‖[A, B]‖ = inf_{pC ,pD} (C,D)∈[A,B] (sup{ sup_{x∈B(0,1)} p_C (x), sup_{x∈B(0,1)} p_D(x)}),

where B(0, 1) ⊂ X^∗ denotes the unit ball of X^∗.

In the following two examples we will show that this norm does not characterize the minimal representants of an equivalence class.

D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets 375

Example 5.1. Let X := R^2 and A, B, A^′, B^′ ∈ K(X) the following compact convex sets:

A = conv{(1, 4), (4, 1)} B = conv{(−4, −1), (−1, −1), (−1, −4)} and A^′ = conv{(1, 4), (4, 1), (1 − α, 4 − β)} B^′ = conv{(−4, −1), (−1, −1), (−1, −4), (−4 − α, −1 − β)} with α + β ≤ 5 and α^2 + β^2 − 8α − 2β ≤ 0 (see Figure 2).

Now for every choice of the parameters α and β we have (A^′, B^′) ∈ [A, B] (see [8]) and sup_{x∈B(0,1)} p_A0 (x) = sup_{x∈B(0,1)} p_A(x) and sup_{x∈B(0,1)} p_B0 (x) = sup_{x∈B(0,1)} p_B(x). Since only the pair (A, B) is minimal, the above norm does not characterize this element within its equivalence class (see [4],[12]).

→ x_1

↑ x_2

↙ A ↙ A^′

B B^′

Figure 2

Example 5.2. For X := R^3 the following continuum (A_α, B_α) ∈ K^2(X), α ≥ 0 of equivalent minimal pairs of compact convex sets was constructed [9] namely:

A_α = E_α ∨ F_α and B_α = U_α ∨ V_α,

with

E_α := conv{(0, 0, 0), (1, 1, 0), (1 + α, 0, 0)} F_α := conv{(0, 1, 1), (α, 0, 1), (1 + α, 1, 1)} U_α := conv{(0, 0, 0), (0, 1, 0), (1, 1, 0), (1 + α, 0, 0)} V_α := conv{(0, 1, 1), (α, 0, 1), (1 + α, 0, 1), (1 + α, 1, 0)}.

Now for every α ≥ 0 we have sup x∈B(0,1) p_{Aα} (x) = sup_{x∈B(0,1)} p_{Bα} (x) = √ 3 + 2α + α^2

376 D. Pallaschke, R. Urbański / Invariants of pairs of compact convex sets which shows, that the function (A, B) → sup{ sup_{x∈B(0,1)} p_A(x), sup_{x∈B(0,1)} p_B(x)}, is not constant on the minimal elements of the equivalence class [A, B]. Let us remark, that the Hausdorff metric is constant on the elements of the class [A, B].

References [1] R. Baier: Mengenwertige Integration und die diskrete Approximation erreichbarer Mengen (Set-valued Integration and the Discrete Approximation of the Reacheable Set), Dissertation, University of Bayreuth, Bayreuther Mathematische Schriften, Heft 50 (1995).

[2] V. F. Demyanov, A. M. Rubinov: Quasidifferential Calculus, Optimization Software Inc., Publications Division, New York, 1986.

[3] P. Diamond, P. Kloeden, A. Rubinov, A. Vladimirov: Comperative properties of three metrics in the space of compact convex sets, to appear in Set-Valued Analysis (1998).

[4] J. Grzybowski: Minimal pairs of compact convex sets, Archiv der Mathematik 63 (1994) 173–181.

[5] L. Hörmander: Sur la fonction d’ appui des ensembles convexes dans un espace localement convexe, Arkiv för Matematik 3 (1954) 181–186.

[6] D. Pallaschke, S. Scholtes, R. Urbański: On minimal pairs of compact convex sets, Bull.

Polish Acad. Sci. Math. 39 (1991) 1–5.

[7] D. Pallaschke, R. Urbański: Some criteria for the minimality of pairs of compact convex sets, Methods and Models of Operations Research (ZOR) 37 (1993) 129–150.

[8] D. Pallaschke, R. Urbański: Reduction of quasidifferentials and minimal representations, Math. Programming (Series A) 66 (1994) 161–180.

[9] D. Pallaschke, R. Urbański: A continuum of minimal pairs of compact convex sets which are not connected by translations, J. Convex Analysis 3 (1996) 83–95.

[10] D. Pallaschke, W. Urbańska, R. Urbański: C-Minimal Pairs of Compact Convex Sets, J.

Convex Analysis 4 (1997) 1–26.

[11] A. G. Pinsker: The space of convex sets of a locally convex space, Trudy Leningrad Engineering-Economic Institute, 63 (1966) 13–17.

[12] S. Scholtes: Minimal pairs of convex bodies in two dimensions, Mathematika 39 (1992) 267–273.

[13] R. Urbański: A generalization of the Minkowski-Rådström-Hörmander Theorem, Bull.

Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 24 (1976) 709–715.

[14] R. Urbański: On minimal convex pairs of convex compact sets, Archiv der Mathematik 67 (1996) 226-238.