Journal of Convex Analysis Volume 6 (1999), No. 2, 215–233

Variational Problems with Pointwise Constraints on the Derivatives^∗

Riccardo Molle, Donato Passaseo

Dipartimento di Matematica, Università di Pisa, Via Buonarroti, 2, 56127 Pisa, Italy.

e-mail: molle@dm.unipi.it

Received December 15, 1997 Revised manuscript received February 1, 1999

This paper is concerned with the solvability of a class of nonlinear variational inequalities involving pointwise unilateral constraints on the laplacian. We describe the set of the pairs (ψ, h) of the right hand sides h and the obstacles ψ for which the problem has solutions and study the structure of the set of solutions. The existence and multiplicity results we obtain point out that the presence of the obstacle gives rise to some phenomena which are typical of the semilinear elliptic equations with \jumping" nonlinearities.

Keywords: Variational problems, Topological methods, Pointwise constraints on the laplacian, Nonsmooth analysis, Subgradients

1991 Mathematics Subject Classification: 35J20, 35R45, 45J10

1. Introduction Let Ω be a bounded domain of R^n , ψ ∈ H^1_0 (Ω), h ∈ L^2(Ω) and g : Ω × R → R be a given Carathéodory function. Let us set

K_ψ = {u ∈ H^1_0 (Ω) | Δu ≤ Δψ (in weak sense)}

and consider the following problem: find u ∈ K_ψ such that ∫ Ω [DuD(v − u) − g(x, u)(v − u) + h(v − u)]dx ≥ 0 ∀v ∈ K_ψ. The solutions of this variational inequality (whose pointwise meaning is discussed in Remark 2.2) correspond to the critical points of the functional

f_h(u) = 1 2 ∫ Ω |Du|^2dx − ∫ Ω dx ∫_u 0 g(x, t)dt + ∫ Ω hu dx, constrained on the convex cone K_ψ.

Several papers have been devoted to variational inequalities involving unilateral pointwise constraints on the function u (see, for example, [8, 11, 12, 13, 14, 15]). A constraint on the

�Work supported by M.U.R.S.T. research funds.

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

216 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

laplacian of u, as K_ψ, has been considered by Brezis and Stampacchia in [4] for variational inequalities involving the biharmonic operator. Also, unilateral pointwise constraints on the gradient arise, for example, in the problem of the elastic-plastic torsion of a bar (see [3, 7]).

The aim of this paper is to study the solvability and the multiplicity of solutions of our problem for a generic pair (ψ, h), under suitable assumptions on the asymptotic behaviour of the function g(x, ·) with respect to the eigenvalues (λ_i)_i of the Laplace operator in H^1_0 (Ω). The results we obtain show that the presence of the obstacle ψ produces some phenomena which make evident a deep analogy with well known results, firstly stated by Ambrosetti and Prodi in [1], concerning semilinear elliptic differential equations with “jumping” nonlinearities (see Remark 5.5 for more details about this analogy).

In [10] this problem has been studied in the particular case g(x, u) = λu, with λ ≤ λ_2. In that case the solutions can be obtained as mini-max points of the functional f_h, constrained on K_ψ, with respect to a suitable pair of orthogonal subspaces of H^1_0 (Ω). On the contrary, in this paper we consider the general case in which g(x, t) is not necessarily a linear function; therefore we need to apply general topological methods of the Calculus of Variations to find critical points of the related functional, which does not satisfy the usual smoothness conditions (we refer the reader, for example, to [2] and [5], for the general tools of nonsmooth analysis we shall use in this paper).

Finally, let us mention that a new notion of supersolution (see Definition 3.1), which is natural when we handle constraints on the laplacian, turns out to be very useful to analyse the solvability of our problem and the structure of the set of solutions.

The paper is organized as follows: In Section 2 we introduce our problem and, under suitable assumptions on g, characterize its solutions as lower critical points of a suitable functional; in Section 3 we define the supersolutions and state their main properties; in Section 4 we prove the main existence and multiplicity results; in Section 5 we specify these results under additional assumptions on the function g(x, u).

2. Setting of the problem

Let Ω be a bounded domain of R^n and ψ a function in H^1_0 (Ω); set

K_ψ = { u ∈ H^1_0 (Ω) | | | ∫ Ω DuDw dx ≥ ∫ Ω DψDw dx ∀w ∈ C^∞_0 (Ω) w ≥ 0 } (2.1)

(note that K_ψ is a convex cone with vertex in ψ).

Let g : Ω × R → R be a Carathéodory function such that, for almost all x ∈ Ω, |g(x, t)| ≤ a(x) + b|t|^{p−1} ∀t ∈ R, (2.2) for suitable p, b ∈ R, p > 1, a ∈ L^{p/(p−1)}(Ω), with p ≤ 2^∗ = 2n/(n − 2) if n > 2 (2^∗ is the critical Sobolev exponent).

Definition 2.1. Assume that the function g satisfies condition (2.2). Then, for all h ∈ L^2(Ω) and ψ ∈ H^1_0 (Ω), we say that u is a solution of problem P_ψ(h) if: P_ψ(h) { u ∈ K_ψ ∫ Ω[DuD(v − u) − g(x, u)(v − u) + h(v − u)]dx ≥ 0 ∀v ∈ K_ψ.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 217

Remark 2.2. Notice that, if we can apply the Gauss-Green formula, the inequality of problem P_ψ(h) becomes: ∫ Ω [u + Δ^{−1}(g(x, u) − h)]Δ(v − u)dx ≤ 0 ∀v ∈ K_ψ, whose pointwise meaning would be: { u + Δ^{−1}(g(x, u) − h) = 0 a.e. where Δu < Δψ u + Δ^{−1}(g(x, u) − h) ≥ 0 a.e. where Δu = Δψ

or, equivalently, { u ≥ −Δ^{−1}(g(x, u) − h) a.e. in Ω u > −Δ^{−1}(g(x, u) − h) ⇒ Δu = Δψ. This remark is specified in the following lemma, which can be proved arguing as in the proof of Lemma 1.2 in [10].

Lemma 2.3. Assume ψ ∈ H^1_0 (Ω), k ∈ L^{p/(p−1)}(Ω), with p > 1 and p ≤ 2n/(n − 2) if n > 2. Let us set

K̄ = { u ∈ H^1_0 (Ω) : u ≥ Δ^{−1}k a.e. in Ω }.

Then a function u ∈ H^1_0 (Ω) solves the problem { u ∈ K_ψ ∫ Ω DuD(v − u)dx + ∫ Ω k(v − u)dx ≥ 0 ∀v ∈ K_ψ (2.3)

if and only if it is a solution of the variational inequality: { u ∈ K̄ ∫ Ω DuD(w − u)dx − ∫ Ω DψD(w − u)dx ≥ 0 ∀w ∈ K̄. (2.4)

Now let us introduce some notions of nonsmooth analysis (see, for example, [2, 5, 6]), we shall use to describe the variational nature of problem P_ψ(h).

Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖.

For all f : H → R ∪ {+∞} let us define the domain of f to be the set D(f) = {u ∈ H | f(u) < +∞}. As usual, for all c ∈ R we denote by f^c the sublevel of f f^c = {u ∈ H | f(u) ≤ c}. For all u ∈ D, we define the subdifferential of f at u to be the set ∂^−f(u) consisting of all α in H such that

lim inf v→u f(v) − f(u) − (α, v − u) ‖v − u‖ ≥ 0.

218 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

If ∂^−f(u) ≠ ∅, then we define the subgradient of f at u, denoted by grad^− f(u), to be the element of ∂^−f(u) having minimal norm (it is easy to check that ∂^−f(u) is a closed and convex subset of H).

We say that u is a lower critical point for f if 0 ∈ ∂^−f(u), that is if grad^− f(u) = 0.

Now let us assume that the function g satisfies condition (2.2) and, for all ψ ∈ H^1_0 (Ω) and h ∈ L^2(Ω), consider the functionals f_h, f_{h,ψ} : H^1_0 (Ω) → R ∪ {+∞} defined as follows:

f_h(u) = 1 2 ∫ Ω (|Du|^2 − G(x, u))dx + ∫ Ω hudx, (2.5) where G(x, t) = ∫_t 0 g(x, s)ds and f_{h,ψ} = f_h + I_{Kψ} (in this paper we denote by I_E the indicator function of any given set E, i.e. I_E(u) = 0 if u ∈ E and I_E(u) = +∞ if u ∉ E).

Notice that condition (2.2) implies that there exist A ∈ L^1(Ω) and B ∈ R such that, for almost all x ∈ Ω, |G(x, t)| ≤ A(x) + B|t|^p. Hence, under this condition, f_h is a C^1 functional and f_{h,ψ} is lower semicontinuous (because K_ψ is a closed subset of H^1_0 (Ω)). Moreover it is easy to verify that a function u ∈ H^1_0 (Ω) solves problem P_ψ(h) if and only if 0 ∈ ∂^−f_{h,ψ}(u).

Finally, let us introduce some notations we shall use in this paper:

• We denote by (λ_i)_i the eigenvalues of the Laplace operator with zero boundary condition on Ω and by e_1 the eigenfunction related to λ_1, positive and satisfying ∫ Ω e^2_1dx = 1.

• For all t ∈ R, we set

P_t = {u ∈ L^2(Ω) | ∫ Ω ue_1dx = t} and S_t = {u ∈ L^2(Ω)| ∫ Ω ue_1dx ≤ t}. • Usually, the Hilbert space we shall consider in this paper will be H^1_0 (Ω). For simplicity (when this does not give rise to any ambiguity), we shall denote by ‖ · ‖ and ‖ · ‖_2 the usual norms in H^1_0 (Ω) and in L^2(Ω) respectively.

3. Supersolutions and related properties

In this section we give the definition of a new type of supersolution, different from the classical one, which seems to be appropriate and useful to handle constraints as K_ψ (a similar notion has been used in [10]). We prove that these supersolutions can be used as “upper fictitious obstacles” in our problem (see Proposition 3.5). This property allows us to study the structure of the set of the pairs (ψ, h) for which problem P_ψ(h) has solutions and to describe the main properties of the set of solutions of P_ψ(h).

Definition 3.1. Let h ∈ L^2(Ω) and g : Ω × R → R be a Carathéodory function satisfying condition (2.2). We say that ψ̄ ∈ H^1_0 (Ω) is a supersolution for the operator I + Δ^{−1}(g(x, ·) − h) if ∫ Ω (Dψ̄Dw − g(x, ψ̄)w + hw)dx ≥ 0 ∀w ∈ K_0.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 219 Remark 3.2. It is evident that every solution of problem P_ψ(h) is a supersolution for the operator I +Δ^{−1}(g(x, ·)−h). Moreover, it is easy to verify that, if ψ̄ is a supersolution for the operator I +Δ^{−1}(g(x, ·)−h) and h^′ ≥ h, then ψ̄ is a supersolution for the operator I + Δ^{−1}(g(x, ·) − h^′) too.

Proposition 3.3. The function ψ̄ is a supersolution for the operator I + Δ^{−1}(g(x, ·) − h) if and only if ψ̄ + Δ^{−1}(g(x, ψ̄) − h) ≥ 0 a.e. in Ω.

Proof. If ψ̄ is a supersolution, then Definition 3.1 (with w = −Δ^{−1}φ) implies ∫ Ω [ψ̄ + Δ^{−1}(g(x, ψ̄) − h)]φ ≥ 0 ∀φ ∈ L^2(Ω) such that φ ≥ 0;

so ψ̄ + Δ^{−1}(g(x, ψ̄) − h) ≥ 0 a.e. in Ω.

Conversely, if ψ̄ + Δ^{−1}(g(x, ψ) − h) ≥ 0, then it is easily seen that ∫ Ω (Dψ̄Dw − g(x, ψ̄)w + hw)dx ≥ 0 for every w ∈ H^1_0 (Ω) such that Δw ≤ 0 in weak sense, i.e. for every w ∈ K_0. Proposition 3.4. Assume that the function g satisfies condition (2.2) and that g(x, ·) is a nondecreasing function for a.a. x ∈ Ω. (3.1)

Let ψ̄_1, ψ̄_2 be supersolutions for the operator I + Δ^{−1}(g(x, ·) − h). Then ψ̄_1 ∧ ψ̄_2 is a supersolution too.

Proof. Proposition 3.3 and assumption (3.1) guarantee that

ψ̄_1 ≥ −Δ^{−1}(g(x, ψ̄_1) − h) ≥ −Δ^{−1}(g(x, ψ̄_1 ∧ ψ̄_2) − h) a.e. in Ω

ψ̄_2 ≥ −Δ^{−1}(g(x, ψ̄_2) − h) ≥ −Δ^{−1}(g(x, ψ̄_1 ∧ ψ̄_2) − h) a.e. in Ω.

Therefore ψ̄_1 ∧ ψ̄_2 ≥ −Δ^{−1}(g(x, ψ̄_1 ∧ ψ̄_2) − h) a.e. in Ω

that is, again by Proposition 3.3, ψ̄_1 ∧ ψ̄_2 is a supersolution.

Proposition 3.5. Let g satisfy condition (2.2) and ψ̄ ∈ K_ψ be a supersolution for the operator I + Δ^{−1}(g(x, ·) − h). Set K = {u ∈ K_ψ | u ≤ ψ̄ a.e. in Ω} and assume that w is a lower critical point for f_h + I_K. If we assume in addition that g satisfies condition (3.1), then w is a solution of problem P_ψ(h).

Proof. First of all, let us remark that ψ̄ ≥ −Δ^{−1}(g(x, ψ̄) − h) a.e., because ψ̄ is a supersolution. Moreover g(x, w) − h ≤ g(x, ψ̄) − h, because w ∈ K and (3.1) holds. So we obtain: −Δ^{−1}(g(x, w) − h) ≤ −Δ^{−1}(g(x, ψ̄) − h) ≤ ψ̄. (3.2)

220 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

The function w verifies ∫ Ω [DwD(v − w) − g(x, w)(v − w) + h(v − w)]dx ≥ 0 ∀v ∈ K; therefore, if we put

f̃(u) = 1 2 ∫ Ω |Du|^2dx + ∫ Ω [h − g(x, w)]udx, w is a lower critical point for f̃ + I_K. The functional f̃ + I_{Kψ} is strictly convex, lower semicontinuous and coercive; so there exists only one minimum point for f̃ on K_ψ; let us call it ~w.

The function ~w verifies ∫ Ω D ~wD(v − ~w)dx − ∫ Ω (g(x, w) − h)(v − ~w)dx ≥ 0 ∀v ∈ K_ψ. (3.3) The functional f̃ + I_K admits only one lower critical point (its unique minimum point), because it is strictly convex; so, if we show that ~w ≤ ψ̄, then we have ~w = w and (3.3) gives us the desired conclusion.

Applying Lemma 2.3 with k = h − g(x, w), we have that ~w is a lower critical point for the functional

F (u) = 1 2 ∫ Ω |Du|^2dx − ∫ Ω DψDudx constrained on the set

K̄ = {u ∈ H^1_0 (Ω) | u ≥ Δ^{−1}(h − g(x, w)) a.e. in Ω}.

The function ψ̄ is in the set K̄ by (3.2) and it verifies Δψ̄ ≤ Δψ (in weak sense) by assumption; then it is a supersolution for the operator F^′ (in the usual sense: see, for example, [11, 12]).

Therefore, as it is stated in [11], the functional F + I¯_K has a lower critical point, that we call w^′, satisfying w^′ ≤ ψ̄; but F + I¯_K has only one critical point, because it is strictly convex, so ~w = w^′. This implies that ~w ≤ ψ̄ and so ~w = w, which completes the proof.

Proposition 3.6. Let g satisfy conditions (2.2) and (3.1); let ψ̄ ∈ K_ψ be a supersolution for the operator I + Δ^{−1}(g(x, ·) − h). Then problem P_ψ(h) has at least one solution w such that w ≤ ψ̄ a.e. in Ω.

Proof. In this proof we use the notations introduced in Proposition 3.5. Clearly it is sufficient to find a minimum point w for the functional f_h +I_K and then apply Proposition 3.5. In order to prove the existence of such a minimum point, observe that K ⊂ {u ∈ H^1_0 (Ω) | ψ ≤ u ≤ ψ̄} with ψ and ψ̄ in H^1_0 (Ω); taking also into account condition (2.2), this fact implies that the sublevels of f_h + I_K are bounded in H^1_0 (Ω) and that f_h + I_K is weakly lower semicontinuous (even if p = 2^∗). It follows that every minimizing sequence for f_h + I_K is weakly convergent in H^1_0 (Ω) (up to a subsequence) and the weak limit is a minimum point for f_h + I_K.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 221 Proposition 3.7. Under the same assumptions as in Proposition 3.6, we have: (i) if problem P_ψ(h) has solution, then there exists a solution for every problem P_ψ0 (h^′) such that h^′ ≥ h a.e. in Ω and Δψ^′ ≥ Δψ in weak sense;

(ii) if u_1 and u_2 are solutions of problem P_ψ(h), then there exists a solution u such that u ≤ u_1 ∧ u_2.

The proof follows easily from Propositions 3.6 and 3.4, taking into account Remark 3.2.

In order to prove the existence of a minimal solution of P_ψ(h), we need the following result.

Lemma 3.8 (see, for example, [5]). Let H be a Hilbert space and f : H → R ∪ {+∞} a lower semicontinuous function. Suppose that there exists c ∈ R such that f(v) ≥ f(u) + (α, v − u) − c‖v − u‖^2 ∀u, v ∈ D(f) ∀α ∈ ∂^−f(u). Let (u_m)_m and (α_m)_m be two sequences such that u_m ∈ D(f), α_m ∈ ∂^−f(u_m) for every

m ∈ N, lim_{m→∞} u_m = u and α_m ⇀ α weakly in H.

Then u ∈ D(f), lim_{m→∞} f(u_m) = f(u) and α ∈ ∂^−f(u).

Proposition 3.9. Assume that g satisfies conditions (2.2) and (3.1) and, in addition, there exists λ ∈ R such that, for almost all x ∈ Ω, g(x, t_1) − g(x, t_2) t_1 − t_2

≤ λ for t_1 ≠ t_2. (3.4)

If problem P_ψ(h) has solution, then there exists a minimal solution ū (that is ū ≤ u a.e. in Ω, for every u solution of P_ψ(h)).

Proof. First let us remark that condition (3.4) implies f_{h,ψ}(v) ≥ f_{h,ψ}(u) + (α, v − u) + 1 2 ‖v − u‖^2 − λ 2 ‖v − u‖^2 ∀u, v ∈ K_ψ ∀α ∈ ∂^−f_{h,ψ}(u). Therefore, since ‖v − u‖^2 ≤ c(Ω)‖v − u‖^2 ∀u, v ∈ H^1_0 (Ω)

for a suitable constant c(Ω), we can apply Lemma 3.8 with H = H^1_0 (Ω) and f = f_{h,ψ}. Let (u_m)_m be a sequence of solutions of P_ψ(h) such that

lim_{m→∞} ∫ Ω u_mdx = inf {∫ Ω udx | | | u solution of P^ψ(h) }

(notice that this infimum is finite because there exists at least one solution and K_ψ ⊂ {u ∈ H^1_0 (Ω) | u ≥ ψ}).

222 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

Let us fix v ∈ K_ψ. By (3.4) we obtain

f_h(v) ≥ f_h(u_m) − λ 2 ‖v − u_m‖^2 ≥ 1 2 ∫ Ω |Du_m|^2dx − ∫ Ω |g(x, 0)||u_m|dx − λ 2 ∫ Ω u^2_mdx + ∫ Ω hu_mdx − λ 2 ‖v − u_m‖^2, (3.5)

with g(·, 0) ∈ L^{p/(p−1)}(Ω) because of condition (2.2)

We claim that sup_{m∈}N ‖u_m‖_2 < +∞. In fact, otherwise, we could assume that, up to a subsequence, lim_{m→∞} ‖u_m‖_2 = +∞. Let us set z_m = u_m/‖u_m‖_2; from (3.5) we deduce that sup_{m∈}N ‖z_m‖ < +∞ and, consequently, (z_m)_m (or a subsequence) converges in L^2(Ω) and a.e. in Ω to a function z ∈ H^1_0 (Ω) with the properties that ‖z‖_2 = 1 and z ≥ 0, because u_m ≥ ψ. Hence lim_{m→∞} ∫ Ω z_mdx = ∫ Ω zdx > 0. But this is impossible, since lim_{m→∞} ∫ Ω z_mdx = lim_{m→∞} 1 ‖u_m‖_2 ∫ Ω u_mdx ≤ 0 because lim_{m→∞} ∫ Ω u_mdx < +∞ and lim_{m→∞} ‖u_m‖_2 = +∞.

So (u_m)_m must be bounded in L^2(Ω) and, from (3.5), it follows that (u_m)_m is bounded in H^1_0 (Ω) too; therefore, up to a subsequence, it converges in L^2(Ω) and weakly in H^1_0 (Ω) to a function ū that, by Lemma 3.8, is a solution for P_ψ(h). Let us remark that ∫ Ω ūdx = min {∫ Ω udx | | | | u solution of P^ψ(h) } . (3.6)

Hence we deduce that ū is the minimal solution. In fact if, by contradiction, there exists a solution u such that ū ∧ u ≠ ū, then there exists another solution w ≤ ū ∧ u, because of Proposition 3.7. Therefore ∫ Ω wdx < ∫ Ω ūdx, in contradiction with (3.6).

Another consequence of the properties of the supersolutions is the following result, that holds if g(x, ·) is a convex function.

Proposition 3.10. Let g satisfy conditions (2.2) and (3.1) and assume, in addition, that g(x, ·) is a convex function for a.a. x ∈ Ω. Then the set of the pairs (ψ, h) such that P_ψ(h) has solution is convex.

Proof. It suffices to observe that, if u_i is a solution of problem P_{ψi} (h_i), i = 1, 2, then tu_1 + (1 − t)u_2 is in K_{tψ1+(1−t)ψ2} and is a supersolution for the operator I + Δ^{−1}(g(x, ·) − th_1 −(1−t)h_2), for all t ∈ [0, 1], because of the convexity of g(x, ·). Hence we can complete the proof using Proposition 3.6.

Now we shall use the supersolutions to describe some closure properties of the set of data ψ and h for which P_ψ(h) has solution.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 223

Lemma 3.11. Let g satisfy conditions (2.2) and (3.4) and assume, in addition, that there exist λ̄ ∈ R and c ∈ L^2(Ω) such that, for almost all x ∈ Ω, g(x, t) ≥ λ̄t − c(x) ∀t ≥ 0. (3.7) Then for all u ∈ K_ψ and α ∈ ∂^−f_{h,ψ}(u) we have: ∫ Ω [(λ_1 − λ̄)u^+ − (λ_1 − λ)u^− + c + h]e_1dx ≥ (α, e_1).

Proof. Set v = u + e_1 (note that v ∈ K_ψ). Then, for every α ∈ ∂^−f_{h,ψ}(u), it holds (α, v − u) ≤ f^′_h(u)[v − u] = ∫ Ω [DuDe_1 − g(x, u)e_1 + he_1]dx = ∫ Ω [λ_1u − g(x, u) + h]e_1dx. (3.8)

Furthermore, if Ω^+ = {x ∈ Ω | u(x) ≥ 0}, then ∫ Ω g(x, u)e_1dx = ∫ Ω+ g(x, u)e_1dx + ∫ Ω\Ω+ g(x, u)e_1dx ≥ ∫ Ω+ (λ̄u − c)e_1dx + ∫ Ω\Ω+ (λu − c)e_1dx = ∫ Ω (λ̄u^+ − λu^− − c)e_1dx, which, together with (3.8), completes the proof.

Lemma 3.12. Let g satisfy conditions (2.2) and (3.4). Moreover, let (3.7) hold with λ̄ > λ_1 (see also Remark 3.13). Let (ψ_m)_m and (h_m)_m be two sequences such that, for all

m ∈ N, ψ_m ∈ H^1_0 (Ω), h_m ∈ L^2(Ω) and P_{ψm} (h_m) has at least one solution u_m. Furthermore

assume that ψ_m → ψ in H^1_0 (Ω) and h_m → h in L^2(Ω) as m → ∞. Then: (i) the sequence (u_m)_m is bounded in H^1_0 (Ω);

(ii) if (u_m)_m (or a subsequence) converges to u in L^2(Ω) and weakly in H^1_0 (Ω), then u solves problem P_ψ(h);

(iii) problem P_ψ(h) has at least one solution.

Proof. Taking into account (3.4), we obtain

f_{hm} (ψ_m) ≥ f_{hm} (u_m) − λ 2 ‖ψ − u_m‖^2 ≥ 1 2 ∫ Ω |Du_m|^2dx − ∫ Ω |g(x, 0)||u_m|dx − λ 2 ∫ Ω u^2_mdx + ∫ Ω h_mu_mdx − λ 2 ‖ψ − u_m‖^2, (3.9)

with ∫ Ω|g(x, 0)||u_m|dx ≤ c_1‖u_m‖, for a suitable c_1 ∈ R, because of condition (2.2).

Let us prove that the sequence (u_m)_m is bounded in L^2(Ω). In fact, arguing by contradiction, assume that, up to a subsequence, lim_{m→∞} ‖u_m‖_2 = +∞. If we put z_m = u_m/‖u_m‖_2, from (3.9) we deduce that (z_m)_m is bounded in H^1_0 (Ω); so, up to a subsequence, it converges in L^2(Ω) and a.e. in Ω, to a function z ∈ H^1_0 (Ω). The function z verifies:

‖z‖_2 = 1 and z ≥ 0 in Ω (3.10)

224 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

(because u_m ≥ ψ_m a.e. in Ω and ψ_m → ψ in H^1_0 (Ω)). By Lemma 3.11 we have 1 ‖u_m‖_L2 ∫ Ω [(λ_1 − λ̄)u^+_m − (λ_1 − λ)u^−_m + c + h_m]e_1dx ≥ 0,

from which, as m → ∞, we obtain (λ_1 − λ̄) ∫ Ω ze_1dx ≥ 0, which is impossible because λ̄ > λ_1 and (3.10) holds. So the sequence (u_m)_m has to be bounded in L2(Ω) and then, from (3.9), it follows that it is bounded in H^1_0 (Ω) too. Thus (i) is proved. Let us prove (ii): for all v ∈ K_ψ, set v_m = v + ψ_m − ψ. Then v_m ∈ K_{ψm} ∀m ∈ N and so, by (3.4),

f_{hm} (v_m) ≥ f_{hm} (u_m) − λ 2 ‖v_m − u_m‖^2 ∀m ∈ N;

letting m → ∞, since v_m → v in H^1_0 (Ω), we get f_h(v) ≥ f_h(u) − λ 2 ‖v − u‖^2 ∀v ∈ K_ψ, which gives (ii).

Assertion (iii) is a direct consequence of (i) and (ii).

Remark 3.13. Notice that in Lemma 3.12 the condition λ̄ > λ_1 cannot be removed, as showed by the following example.

Let g(x, t) = λ_1t; choose ψ ∈ H^1_0 (Ω) such that sup_Ω(ψ/e_1) = +∞ and set ψ_m = ψ and h_m = (e_1/m) for all m ∈ N. Then Theorem 6.1 of [10] guarantees that P_{ψm} (h_m) has a unique solution u_m for all m ∈ N, while the limit problem P_ψ(0) has no solution. In fact, by Theorem 6.1 of [10], every solution of P_ψ(0) should be an eigenfunction for the first eigenvalue λ_1 (which cannot belong to K_ψ under our assumption). In this case the sequence of solutions (u_m)_m is not bounded in H^1_0 (Ω).

4. Existence and multiplicity results In this section we use the topological methods of Calculus of Variations to study the existence and multiplicity of solutions for our problem, i.e. we analyse the topological properties of the sublevels of the functional f_{h,ψ} in order to evaluate the number of solutions of P_ψ(h).

Theorem 4.1. Let g satisfy conditions (2.2), (3.1) and (3.4); let ψ ∈ H^1_0 (Ω) and h̄ ∈ L^2(Ω). Then there exists τ_1 ∈ [−∞, +∞[ such that problem P_ψ(h̄ + τe_1) has at least one solution for every τ > τ_1, while it has no solution if τ < τ_1.

Furthermore, if we assume in addition that condition (3.7) holds with λ̄ > λ_1, then τ_1 > −∞, P_ψ(h̄ + τ_1e_1) has solution and there exists τ_2 ≥ τ_1 such that problem P_ψ(h̄ + τe_1) has at least two solutions for every τ > τ_2.

To prove this theorem, we need some preliminary results. In particular Lemma 4.3 gives us a compactness property for the (nonsmooth) functional f_{h,ψ}, analogous to Palais-Smale condition.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 225

Lemma 4.2. Let ψ ∈ H^1_0 (Ω), h̄ ∈ L^2(Ω) and g satisfy conditions (2.2) and (3.4). Then, for all t ∈ R such that K_ψ ∩ S_t ≠ ∅, the sublevels of the functional f¯_{h,ψ} + I_{St} are bounded in H^1_0 (Ω) (see the notations introduced in Section 2).

Proof. Condition (3.4) implies f¯_h(u) ≥ 1 2 ∫ Ω |Du|^2dx − λ 2 ∫ Ω u^2dx − ∫ Ω |g(x, 0)u|dx + ∫ Ω h̄u dx ∀u ∈ H^1_0 (Ω) (4.1)

with ∫ Ω|g(x, 0)u|dx ≤ c_1‖u‖ by (2.2). Let us prove that the sublevels of f¯_{h,ψ} + I_{St} are bounded in L^2(Ω). Suppose, contrary to our claim, that there exists a sequence (u_m)_m in a sublevel of f¯_{h,ψ} + I_{St} such that lim_{m→∞} ‖u_m‖_2 = +∞ and set z_m = u_m/‖u_m‖_2. Inequality (4.1) implies

lim sup m→∞ ∫ Ω |Dz_m|^2dx < +∞. Hence there exists a function z ∈ H^1_0 (Ω) such that (up to a subsequence) z_m → z in L^2(Ω) and a.e. in Ω. Furthermore

‖z‖_2 = 1 and z ≥ 0 (because u_m ≥ ψ). (4.2)

On the other hand we have lim_{m→∞} 1 ‖u_m‖_2 ∫ Ω u_me_1dx = lim_{m→∞} ∫ Ω z_me_1dx = ∫ Ω ze_1dx which is not possible, because ∫ Ωu_me_1dx ≤ t implies lim_{m→∞} 1 ‖u_m‖_2 ∫ Ω u_me_1dx = 0,

while ∫ Ωze_1dx > 0 by (4.2).

Lemma 4.3. Let g satisfy conditions (2.2) and (3.4); assume that condition (3.7) holds with λ̄ > λ_1. If (u_m)_m is a sequence in K_ψ such that ∂^−f_{h,ψ}(u_m) ≠ ∅ ∀m ∈ N and sup_{m∈}N ‖ grad^− f_{h,ψ}(u_m)‖ < +∞, then (u_m)_m is bounded in H^1_0 (Ω). If we assume in addition that lim_{m→∞} ‖ grad^− f_{h,ψ}(u_m)‖ = 0, then the sequence (u_m)_m is relatively compact in H^1_0 (Ω).

Proof. Set α_m = grad^− f_{h,ψ}(u_m) and fix ū ∈ K_ψ. Then we have f_{h,ψ}(ū) ≥ f_{h,ψ}(u_m) + (α_m, ū − u_m) − λ 2 ‖ū − u_m‖^2 ≥ 1 2 ∫ Ω |Du_m|^2dx − λ 2 ∫ Ω u^2_mdx − ∫ Ω |g(x, 0)u_m|dx + ∫ Ω hu_mdx + (α_m, ū − u_m) − λ 2 ‖ū − u_m‖^2. (4.3)

Let us prove that (u_m)_m is bounded in L^2(Ω). Arguing by contradiction, assume that (up to a subsequence) lim_{m→∞} ‖u_m‖_2 = +∞.

226 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives Set z_m = u_m/‖u_m‖_2. From (4.3) it follows that (z_m)_m is bounded in H^1_0 (Ω); so there is a subsequence (still denoted by (z_m)_m) converging in L^2(Ω) and a.e. in Ω to a function z ∈ H^1_0 (Ω). Furthermore ‖z‖_2 = 1 and z ≥ 0 in Ω (because u_m ≥ ψ). (4.4)

On the other hand, from Lemma 3.11 it follows that

(λ_1 − λ̄) ∫ Ω ze_1dx ≥ 0 which is not possible because λ̄ > λ_1 and (4.4) holds. Hence (u_m)_m is bounded in L^2(Ω) and, by (4.3), in H^1_0 (Ω).

Now assume in addition that α_m → 0 in H^1_0 (Ω) and prove that (u_m)_m is relatively compact in H^1_0 (Ω). Since (u_m)_m is bounded in H^1_0 (Ω), up to a subsequence, we have u_m → u in L^2(Ω) and weakly in H^1_0 (Ω) and L^p(Ω), for a suitable u ∈ H^1_0 (Ω). Arguing as in (4.3) we obtain f_{h,ψ}(u) ≥ f_{h,ψ}(u_m) + (α_m, u − u_m) − λ 2 ‖u − u_m‖^2 with (α_m, u − u_m) → 0 (as ‖α_m‖ → 0 and (‖u_m‖)_m is bounded). Therefore lim sup m→∞ f_{h,ψ}(u_m) ≤ f_{h,ψ}(u). Taking into account (2.2) and (3.4), by Fatou’s Lemma, we infer

lim sup m→∞ ∫ Ω |Du_m|^2dx ≤ ∫ Ω |Du|^2dx, which implies u_m → u in H^1_0 (Ω).

Proof of Theorem 4.1. Taking into account Proposition 3.7, we have only to prove that there exists τ ∈ R such that problem P_ψ(h̄ + τe_1) has solution. Choose t ∈ R such that t > ∫ Ωψe_1dx. Since the functional f_{h,ψ} is weakly lower semicontinuous, Lemma 4.2 implies that, for all h ∈ L^2(Ω), the minimum of f_{h,ψ} constrained on the subsets S_t and P_t is achieved. Moreover, for τ sufficiently large, we have min{f¯_{h+τe1,ψ}(u) | u ∈ S_t} ≤ f¯_{h+τe1,ψ}(ψ) = f¯_h(ψ) + τ ∫ Ω ψe_1dx <

min{f¯_{h,ψ}(u) | u ∈ P_t} + τt = min{f¯_{h+τe1,ψ}(u) | u ∈ P_t}. (4.5) Hence a solution of problem P_ψ(h̄ + τe_1) can be obtained as minimum point of the functional f¯_{h+τe1,ψ} on the open subset S_t \ P_t.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 227

Now let us prove the second part of the theorem.

Assume, contrary to our claim, that τ_1 = −∞. Then problem P_ψ(h̄ − me_1) has a solution u_m for every m ∈ N.

Let us fix ū ∈ K_ψ. By (2.2) and (3.4) we have f¯_h(ū) − m ∫ Ω ūe_1dx = f¯_{h−me1} (ū) ≥ f¯_{h−me1} (u_m) − λ 2 ‖ū − u_m‖^2 ≥ 1 2 ∫ Ω |Du_m|^2dx − ∫ Ω |g(x, 0)u_m|dx − λ 2 ∫ Ω u^2_mdx + ∫ Ω (h̄ − me_1)u_mdx − λ 2 ‖ū − u_m‖^2.

Therefore there exists a constant c_2 > 0 such that, if we set z_m = u_m/m, we have ∫ Ω |Dz_m|^2dx ≤ c_2 ( 1 + ∫ Ω z^2_mdx ) ∀m ∈ N. (4.6)

Now, if (z_m)_m is bounded in L^2(Ω), it follows from (4.6) that it is bounded in H^1_0 (Ω) too. So, up to a subsequence, it converges in L^2(Ω) and a.e. in Ω to a function z ∈ H^1_0 (Ω) such that z ≥ 0 (because u_m ≥ ψ). Then Lemma 3.11 yields

(λ_1 − λ̄) ∫ Ω ze_1dx − ∫ Ω e^2_1 dx ≥ 0,

which is not possible because λ̄ > λ_1, z ≥ 0 and ∫ Ωe^2_1 dx = 1.

Hence let us consider the other case, i.e. (z_m)_m not bounded in L^2(Ω); up to a subsequence we can assume that lim_{m→∞} ‖z_m‖_2 = +∞.

Set z^′_m = z_m/‖z_m‖_2; from (4.6) it follows that (z^′_m)_m is bounded in H^1_0 (Ω); so, up to a subsequence, it converges in L^2(Ω) and a.e. in Ω to a function z^′ ∈ H^1_0 (Ω) such that ‖z^′‖_2 = 1 and z^′ ≥ 0. Then Lemma 3.11 yields

(λ_1 − λ̄) ∫ Ω z^′e_1dx ≥ 0, which is not possible because λ̄ > λ_1 and ∫ Ωz^′e_1dx > 0 (since z^′ ≥ 0 and ‖z^′‖_2 = 1).

So it must be τ_1 > −∞.

The solvability of problem P_ψ(h̄ + τ_1e_1) is a straightforward consequence of Lemma 3.12. Our next claim is the existence of two distinct solutions, for τ sufficiently large. Choose τ_2 large enough in such a way that (4.5) holds for all τ > τ_2 and set h = h̄ + τe_1 for a fixed τ > τ_2. Let ū be a minimum point for the functional f_{h,ψ} on the set K_ψ ∩ S_t. Since Δe_1 < 0 on Ω, ū + se_1 ∈ K_ψ for all s ≥ 0. Let us prove that

lim_{s→∞} f_{h,ψ}(ū + se_1) = −∞. (4.7)

228 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

In fact condition (3.7) implies f_{h,ψ}(ū + se_1) ≤ 1 2 ∫ Ω |D(ū + se_1)|^2dx − λ̄ 2 ∫ Ω (ū + se_1)^2dx + ∫ Ω c(ū + se_1)^+dx + ∫ Ω ūh dx + s ∫ Ω he_1dx + k_1 ≤

λ_1 2 s^2 − λ̄ 2 s^2 + k_2s + k_3 ∀s ≥ 0,

where k_1, k_2 and k_3 are suitable positive numbers, which do not depend on s. Hence (4.7) follows since λ̄ > λ_1. Let us set

d_1 = min{f_{h,ψ}(u) | u ∈ P_t}; (4.8)

(4.5) implies f_{h,ψ}(ū) < d_1; (4.7) allows us to choose s̄ such that, if we put v = ū + s̄e_1, then f_{h,ψ}(v) < f_{h,ψ}(ū). (4.9) Now set

d_2 = sup_{s∈[0,s̄]} f_{h,ψ}(ū + se_1). (4.10)

Notice that d_2 ≥ d_1. In fact ∫ Ωve_1dx > t by (4.9) and ∫ Ωūe_1dx < t by (4.5) (since ū is a minimum point for f_{h,ψ} on S_t); hence there exists s̃ ∈]0, s̄[ such that ∫ Ω(ū + s̃e_1)e_1dx = t.

Let us prove that there exists a lower critical value c ∈ [d_1, d_2] for the functional f_{h,ψ}. Arguing by contradiction, assume that [d_1, d_2] does not contain any lower critical value. Taking into account the Palais-Smale type condition given by Lemma 4.3, it follows that, for all ε > 0 small enough, the sublevel f^{d1−ε}_{h,ψ} is a deformation retract of f^{d2}_{h,ψ} (see, for example, [5, 6, 7, 9, 12]). Then, if we choose ε > 0 small enough in such a way that f_{h,ψ}(ū) < d_1 − ε, we get a contradiction. In fact f^{d1−ε}_{h,ψ} contains ū and v, but does not contain any continuous path connecting this two points, because f^{d1−ε}_{h,ψ} ∩ P_t = ∅. On the contrary f^{d2}_{h,ψ} contains the segment {ū + se_1 | s ∈ [0, s̄]}. Therefore f^{d1−ε}_{h,ψ} cannot be a deformation retract of f^{d2}_{h,ψ}, which is a contradiction.

Summarizing, there exist the local minimum point ū and the lower critical level c such that f_{h,ψ}(ū) < d_1 ≤ c. This implies the existence of two distinct lower critical points for f_{h,ψ}, hence two distinct solutions for P_ψ(h̄ + τe_1) for all τ > τ_2.

Let us remark that, if we take away the assumption (3.7) with λ̄ > λ_1 in Theorem 4.1, it is not possible, in general, to describe an analogous “folding type” behaviour for problem P_ψ(h). For example, if g(x, t) = λt with λ < λ_1, then it is easily seen that problem P_ψ(h) has exactly one solution for every h in L^2(Ω) and ψ in H^1_0 (Ω) (see [10]). When g has such an asymptotic growth, the following existence result holds.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 229

Proposition 4.4. Let g satisfy condition (2.2) and assume in addition that there exist c_2 ∈ L^1(Ω) and λ^′ < λ_1 such that, for almost all x ∈ Ω, G(x, t) ≤ c_2(x) + λ^′ 2 t^2 for t ≥ 0.

Then problem P_ψ(h) has at least one solution for all h ∈ L^2(Ω) and ψ ∈ H^1_0 (Ω).

Proof. We have only to show that the sublevels of the functional f_{h,ψ} are bounded in L^2(Ω); in this case, in fact, one solution of P_ψ(h) can be found minimizing f_{h,ψ}. For all u ∈ K_ψ, we have: f_{h,ψ}(u) = f_{h,ψ}(u^+) + f_{h,ψ}(−u^−) ≥ 1 2 ∫ Ω |Du^+|^2dx − λ^′ 2 ∫ Ω (u^+)^2dx − ∫ Ω c_2(x)dx + ∫ Ω hu^+dx + 1 2 ∫ Ω |Du^−|^2dx − ∫ Ω G(x, −u^−)dx − ∫ Ω hu^−dx ≥ 1 2 ( 1 − λ^′ λ_1 ) ∫ Ω |Du^+|^2dx + ∫ Ω hu^+dx + 1 2 ∫ Ω |Du^−|^2dx − c̄ for a suitable constant c̄ independent of u (because u^− ≤ ψ^− and (2.2) holds). It follows that the sublevels of f_{h,ψ} are bounded in H^1_0 (Ω). Thus f_{h,ψ} has at least one minimum point (since it is weakly lower semicontinuous), which gives us a solution of P_ψ(h).

5. Reduction to a finite dimentional problem In this section we show that, if condition (3.4) holds with λ ≤ λ_2, then problem P_ψ(h) is equivalent to find the lower critical points of a suitable function defined in R. This different approach allows us to specify the previous multiplicity results. In particular we shall prove that in Theorem 4.1 we have τ_1 = τ_2.

Definition 5.1. Let ψ ∈ H^1_0 (Ω), h ∈ L^2(Ω) and g satisfy conditions (2.2) and (3.4). Taking into account Lemma 4.2, using the notations introduced in section 2, we can consider the function S_h : R → R ∪ {+∞} defined by S_h(t) = min_{u∈Pt} f_{h,ψ}(u) (here we set min ∅ = +∞).

Lemma 5.2. Let ψ ∈ H^1_0 (Ω), h ∈ L^2(Ω) and g satisfy conditions (2.2) and (3.4). Let S_h be the function introduced in Definition 5.1. Then: (i) S_h is lower semicontinuous and D(S_h) = [∫ Ωψe_1dx, +∞ [ ; (ii) if u ∈ K_ψ is a minimum point for f_{h,ψ}+I_{Pt} and if k ∈ ∂^−S_h(t), then ke_1 ∈ ∂^−f_{h,ψ}(u); (iii) if condition (3.4) holds with λ ≤ λ_2 and ke_1 ∈ ∂^−f_{h,ψ}(u), then:

(a) u is a minimum point for f_{h,ψ} + I_{Pt̄} with t̄ = ∫ Ωue_1dx, (b) k ∈ ∂^−S_h(t̄).

230 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

Proof. (i) The lower semicontinuity of S_h follows easily from Lemma 4.2 and the weakly lower semicontinuity of f_{h,ψ}.

To find D(S_h) it suffices to remark that u ≥ ψ ∀u ∈ K_ψ and that ψ + te_1 ∈ K_ψ ∀t ≥ 0. (ii) It is a straightforward consequence of the definition of S_h. (iii) To prove (a) it suffices to remark that f_{h,ψ} + I_{Pt̄} is convex if λ ≤ λ_2. To prove (b), let us remark that

f_h(v) ≥ f_h(u) + f^′_h(u)[v − u] + 1 2 ‖v − u‖^2 − λ 2 ‖v − u‖^2 ∀v ∈ H^1_0 (Ω).

Then, if λ ≤ λ_2,

f_{h,ψ}(v) ≥ f_{h,ψ}(u) + k ∫ Ω (v − u)e_1dx − λ − λ_1 2 (∫ Ω (v − u)e_1dx )_2 ∀v ∈ H^1_0 (Ω).

Taking into account (a), we obtain S_h(t) ≥ S_h(t̄) + k(t − t̄) − λ − λ_1 2 (t − t̄)^2 ∀t ∈ R, which obviously implies (b).

Notice that Lemma 5.2 shows in particular that, if condition (3.4) holds with λ ≤ λ_2, then problem P_ψ(h) is equivalent to find lower critical points for S_h. In this way we shall prove the following result.

Theorem 5.3. Let ψ ∈ H^1_0 (Ω), h̄ ∈ L^2(Ω) and g satisfy condition (2.2). Moreover assume that (3.4) holds with λ ≤ λ_2 and (3.7) with λ̄ > λ_1. Then there exists τ̄ ∈ R such that problem P_ψ(h̄ + τe_1) (i) has no solution for τ < τ̄ (ii) has at least one solution for τ = τ̄ (iii) has at least two solutions for all τ > τ̄ .

To prove Theorem 5.3 we need some properties of the function S_h. Lemma 5.4. Let ψ, h̄ and g satisfy the same conditions as in Theorem 5.3 and, for

τ ∈ R, set h =^¯h + τe_1. Let S_h be the function introduced in Definition 5.1. Then:

(i) S_h(t) +^{λ−λ1}_2 t^2 is convex;

(ii) S_h is continuous on its domain and ∂^−S_h(t) ≠ ∅ ∀t > ∫ Ωψe_1dx; (iii) lim_{t→+∞} S_h(t) = −∞.

Proof. (i) This assertion follows easily taking into account that the functional f_{h,ψ}(u) + λ−λ1 2 (∫ Ωue_1dx )_2 is convex if condition (3.4) holds with λ ≤ λ_2.

(ii) It is a straightforward consequence of (i) and (i) of Lemma 5.2.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 231 (iii) It suffices to remark that lim t→+∞ f_{h,ψ}(ψ + te_1) = −∞, which holds if condition (3.7) is satisfied with λ̄ > λ_1, as it is proved in the proof of Theorem 4.1.

Proof of Theorem 5.3. Define τ̄ = inf{τ | P_ψ(h̄ + τe_1) has a solution} = inf{τ | S¯_{h+τe1} has a lower critical point}.

By Theorem 4.1, τ̄ > −∞ and P_ψ(h̄ + τ̄e_1) has at least one solution, i.e. S¯_{h+τ̄e1} has at least one lower critical point t̄. This means that lim inf_{t→t̄}

S¯_{h+τ̄e1} (t) − S¯_{h+τ̄e1} (t̄) t − t̄ ≥ 0;

hence, for every l > 0, there exists t_l > t̄ such that S¯_{h+τ̄e1} (t_l) − S¯_{h+τ̄e1} (t̄) > −l(t_l − t̄). (5.1) From (5.1) it follows that S¯_{h+τ̄e1} (t̄) + lt̄ < S¯_{h+τ̄e1} (t_l) + lt_l, which is equivalent to S¯_{h+(τ̄+l)e1} (t̄) < S¯_{h+(τ̄ +l)e1} (t_l). (5.2) Taking into account Lemma 5.4, from (5.2) we infer that S¯_{h+(τ̄ +l)e1} has at least two critical points: a local minimum point t_1 < t_l and (because of (iii) of Lemma 5.4) a local maximum point t_2 ≥ t_l (where, indeed, S^′_h(t_2) = 0).

Remark 5.5. The results proved in this paper (in particular Theorems 4.1 and 5.3) point out a “folding type phenomenon” for the solvability of problem P_ψ(h): the set of the pairs (ψ, h) such that P_ψ(h) has solutions is a region which can be seen as the epigraphic of a suitable function with values in {te_1 | t ∈ R} and, for pairs (ψ, h) lying in the interior of this region, there exist at least two distinct solutions of P_ψ(h) provided lim_{t→+∞}^{g(x,t)}_t > λ_1. This behaviour makes evident a surprising analogy with a well known result stated by Ambrosetti and Prodi in [1], concerning semilinear elliptic equations of the form Δu + g(u) = h in Ω, u = 0 on ∂Ω, where the nonlinear term g satisfies a “jumping” condition involving the first eigenvalue λ_1, namely lim t→−∞ g(t) t < λ_1 < lim_{t→+∞} g(t) t < λ_2.

232 R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives

Comparing the sublevels of the corresponding functionals, one could see that, roughly speaking, the presence of the obstacle ψ in our problem has the same role played in [1] by the condition lim t→−∞ g(t) t < λ_1. However, let us remark that, despite the evident analogy of these results, there is a deep difference between our methods and the ones used in [1], since the latter are based on the analysis of singularities that could not be applied in our problem.

Notice that an analogous “jumping type behaviour” was shown in [8, 11, 12, 13, 14, 15] for some elliptic problems with obstacle on the function u, instead of its laplacian, i.e. with constraints of the form

K_φ = {u ∈ H^1_0 (Ω) | u ≥ φ a.e. in Ω}

in place of K_ψ.

On the contrary no “jumping type behaviour” arises if we consider unilateral pointwise constraints on the first derivatives of u.

References [1] A. Ambrosetti, G. Prodi: On the inversion of some differentiable mappings with singularities between Banach spaces, Ann. Mat. Pura Appl. 93 (1972) 231–246.

[2] H. Brezis: Operateurs Maximaux Monotones et Semigroupes des Contractions dans les Espaces de Hilbert, North-Holland Mathematics Studies 5, Notas de Matematica 50, Amsterdam, London (1973).

[3] H. Brezis, G. Stampacchia: Sur la regularité de la solution d’inequations elliptiques, Bull.

Soc. Math. France 96 (1968) 153–180.

[4] H. Brezis, G. Stampacchia: Remarks on some fourth order variational inequalities, Ann.

Scuola Norm. Sup. Pisa Cl. Sci. 4(2) (1977) 363–371.

[5] G. Čobanov, A. Marino, D. Scolozzi: Multiplicity of eigenvalues for the Laplace operator with respect to an obstacle, and non-tangency conditions, Nonlinear Analysis T. M. A. 15(4) (1990) 199–215.

[6] E. De Giorgi, A. Marino, M. Tosques: Problemi di evoluzione in spazi metrici e curve di massima pendenza, Atti Accad. Naz. Lincei, Rend. Cl. Sc. Fis. Mat. Natur. 68 (1980) 180–187.

[7] M. Degiovanni, A. Marino, C. Saccon: A pointwise gradient constraint for the Laplace operator. Eigenvalues and bifurcation, Nonlinear Analysis - A tribute in honour of G. Prodi, Quad. Scuola Norm. Sup. Pisa (1991) 189–203.

[8] A. Marino, D. Passaseo: A jumping behaviour induced by an obstacle, Progress in Variational Methods in Hamiltonian Systems and Elliptic Equations (M. Girardi, M. Matzeu, F. Pacella Ed.) Pitman (1992) 127–143.

[9] A. Marino, D. Scolozzi: Punti inferiormente stazionari ed equazioni di evoluzione con vincoli unilaterali non convessi, Rend. Sem. Mat. e Fis. di Milano 52 (1982) 393–414.

[10] R. Molle, D. Passaseo: An elliptic problem with pointwise constraint on the laplacian, Topological Methods in Nonlinear Analysis 8(1) (1996) 1–23.

R. Molle, D. Passaseo / Variational problems with pointwise constraints on the derivatives 233

[11] D. Passaseo: Molteplicità di soluzioni per certe disequazioni variazionali di tipo ellittico, Boll. U.M.I. 7(3-B) (1989) 639–667.

[12] D. Passaseo: Molteplicità di soluzioni per disequazioni variazionali non lineari di tipo ellittico, Rend. Acc. Naz. Sci. detta dei XL, Memorie di Mat. 109^0 Vol. XV, fasc. 2 (1991) 19–56.

[13] A. Szulkin: On a class of variational inequalities involving gradient operators, J. Math.

Anal. Appl. 100 (1984) 486–499.

[14] A. Szulkin: On the solvability of a class of semilinear variational inequalities, Rend. Math.

4 (1984) 121–137.

[15] A. Szulkin: Positive solutions of variationals inequalities: a degree-theoretic approach, J.

Differential Equations 57 (1985) 90–111.