Journal of Convex Analysis Volume 6 (1999), No. 2, 293–318

Dynamical Shape Control in Non-cylindrical Navier-Stokes Equations

Raja Dziri

Lamsin/Enit & Faculté des Sciences, Dépt. de Mathématiques, 1060 Tunis, Tunisia.

e-mail: raja.dziri@fst.rnu.tn

Jean-Paul Zolésio

CNRS-INLN, 1361 Route des Lucioles, 06560 Valbonne and CMA, Ecole des Mines de Paris, INRIA, 2004 route des Lucioles, 06902 Sophia Antipolis Cedex, France. e-mail:jean-paul.zolesio@sophia.inria.fr

Received May 8, 1998 Revised manuscript received April 20, 1999

This paper deals with a dynamical shape control problem. The state equations are the non-cylindrical Navier-Stokes equations with a non-homogenous Dirichlet condition. The goal is to compute a necessary optimality condition for the considered functional (kinetic energy). Our work is based on the “transformation” of the domain functional on a field functional and the consideration of transverse fields in the application of the velocity method. The originality of this approach is the introduction of an extra adjoint equation in relation with the initial transverse field to obtain the final form of the necessary condition.

1. Introduction

We consider the evolution of an incompressible viscous flow in a moving domain. The displacement of the fluid is due to a force f and a non-autonomous velocity V acting through a non homogeneous Dirichlet boundary condition at the lateral boundary of the domain. Let Q = ⋃ t0<t<τ ({t} × Ω_t) and Σ = ⋃ t0<t<τ ({t} × Γ_t) be the tube described by the flow during the time-interval (t_0, τ); Ω_t (resp. Γ_t) being the domain (resp. the boundary of the domain) occupied by the fluid at time t. The domain Ω_t, t ∈ [t_0, τ], is assumed to be contained in a fixed smooth and bounded three dimensional hold-all D. Its volume |Ω_t| is constant with the time t since we deal with incompressible fluids. The lateral boundary Σ being smooth enough, let ν be its unitary normal field (out-going to Q). It can be written in a unique way as ν = { √ 1 + v^2_ν }^{−1}(−v_ν , n_t) ∈ R×R^3 where n_t is the usual normal on Γ_t and −{ √ 1 + v^2_ν}^{−1}v_ν(t, x) is the time-component of ν. Notice that for any smooth tube Q there exists a vector field W that “builds” Q as follows: Ω_t = T_t(W )(Ω_0), where T_t(W ) is the flow mapping of W . To match that property it is sufficient for W to verify, at each time t, the condition ⟨W (t, .), n_t(.)⟩ = v_ν(t)(.) on Γ_t, where v_ν is the term in the time-component of the normal field ν (see [13] and [4]).

Any divergence free field verifying that condition builds the same tube Q so that the tangential component W (t)_{Γt} := W (t)|_{Γt} − ⟨W (t)|_{Γt} , n_t⟩ n_t is a non geometrical data.

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

294 R. Dziri, J.-P. Zolésio / Dynamical shape control

We assume that V builds the tube Q, that is ⟨V (t, .), n_t(.)⟩ = v_ν (t)(.). The vector field V also satisfies div V = 0 in D, V.n_D = 0 on ∂D and is given in H^1((0, τ); H^m(D, R^3 )), (m > 5/2). The flow verifies the so-called non-cylindrical Navier-Stokes equations ∂_tu − ηΔu + Du.u + ∇p = f in Q(V ) (1.1) div u = 0 in Q(V ) (1.2) u = V on Σ(V ), (1.3)

at t = t_0, Ω_0 = Ω and u(t_0) = u_0 in Ω, (1.4)

where η is the coefficient of kinematic viscosity of the fluid and

Q(V ) = ⋃ t0<t<τ ({t} × T_t(V )(Ω)) and Σ(V ) = ⋃ t0<t<τ ({t} × T_t(V )(Γ)),

the domain Ω and the function u_0 are given.

We shall give existence and uniqueness result for the non-cylindrical problem (1.1)–(1.4). If the fluid was not sticking at the boundary, the Dirichlet boundary condition (1.3) would take the form u(t).n_t = v(t) on the moving boundary Γ_t. Now as the fluid is viscous the sticking condition implies that at a point x(t) of the boundary Γ_t the “two particles” of boundary and of fluid located at x(t) have the same velocity. Then the solution u = u(t_0, u_0, Ω, V ) of the flow problem (1.1)–(1.4) is the sticking one. The dynamical shape control problem is then, given (t_0, Ω , u_0), to move the boundary Γ_t in order to decrease a functional J governed by u(t_0, u_0, Ω, V ). As first example we take here the functional J as the total kinetic energy

J(t_0, u_0, Ω, V ) = ∫_τ t0 ∫ Ωt(V ) |u|^2 dxdt + α ||V ||^2, α > 0. The optimal control problem is then to solve the optimization problem

V(t_0, u_0, Ω) = min{J(t_0, u_0, Ω, V ), V ∈ Ad(D)} (P)

where Ad(D) is the set of admissible fields. In the present paper we study the optimization problem (P). That is for a given time t_0 (we take t_0 = 0), given u_0 and Ω we shall derive necessary conditions for the optimality in V and present the first results concerning Lyapunov trajectory, which in the present choice of the functional J will be an optimal choice of the velocity V in order to bring the fluid to rest. According to [14], the sensitivity analysis of J (with respect to the field V ) approach is based on the concept of Transverse field Z associated with the field Z^t such that

Ω_t(V + σW ) = T_σ(Z^t)(Ω_t(V )).

The term^∂_{∂σ} J(V + σ W )|_{σ=0} only depends on Z^t(0, .). The field Z(t, .) = Z^t(0, .) is solution of a linear evolution problem governed by the Lie brackets [V, Z]. By introduction

R. Dziri, J.-P. Zolésio / Dynamical shape control 295

of a new adjoint problem derived by transposition of that problem, we derive the gradient of J.

The properties of the Value function V in connection with the real time control problem will be considered in a further work in which the control variable will be in fact the acceleration field ζ(t, .) = V̇ = ∂V (t, .)/∂t ∈ L^2(0, τ; H^m(D, R^3 )) which is the obvious extension of the “speed flow” setting of the framework of [3]. Throughout this paper the control variable V is lying in H^1([0, τ], H^m(D, R^3 )).

If the functional J was taken as the total energy (which would imply some extra technicalities), following [8], we would derive existence results and algorithms for the corresponding dynamical free boundary problem.

2. The Non Cylindrical Navier-Stokes Flow The incompressibility of the fluid (u is a divergence free field) implies the compatibility condition on the field V : ∫ ∂Ωt ⟨V (t, x), n_t(x)⟩ dΓ_t(x) = 0. That condition is fulfilled as we take div V (t, .) = 0 throughout the universe D. By making the change of variable U = u − V , the system of equations (1.1)–(1.4) is transformed in a system of equations on (U, p) with a homogeneous Dirichlet boundary condition. ∂_tU − ηΔU + DU.U + DU.V + DV.U + ∇p = f − ∂_tV − DV.V + ηΔV in Q (2.1) div U = 0 in Q (2.2) U = 0 on Σ. (2.3)

The initial condition (1.4) should be replaced by

At t = 0, U(0) = u_0 − V (0) in Ω. (2.4)

For simplicity we take V (0) = 0. Since the domain occupied by the fluid is timedependent, It would not be possible, as it is generally done in cylindrical problems, to treat separately, the spatial and temporal aspects of the problem. So, a priori, the Faedo-Galerkin method should be applied with a time-dependent “basis”. Then to solve such problem, one can consider either a family (P_ϵ) of penalized problems formulated in the cylindrical hold-all (0, τ) × D or else a domain transformation T_t(W ) to come-back to a cylindrical problem in (0, τ) × Ω, where Ω is the initial domain. Whatever the view-point considered in the investigation of weak solutions for the system of equations (2.1)–(2.4), the following two results are needed.

Lemma 2.1. Let E be a reflexive Banach space and F a Hilbert space, E^′ being the dual of E, such that E → F → E^′ with continuous and dense injections. Assume that u ∈ L^p(a, b; E), u^′ = du dt ∈ L^q(a, b; E^′); 1 p + 1 q = 1, 1 ≤ p, q ≤ ∞.

296 R. Dziri, J.-P. Zolésio / Dynamical shape control Then for each η ∈ F , d dt (u, η) =< u^′, η > in D^′(a, b). Moreover u is a.e. equal to a continuous function u ∈ C(a, b; F ). Lemma 2.2. Let E_0, E, E_1 be three Banach spaces such that (i) E_0 and E_1 are reflexive.

(ii) The injections E_0 → E → E_1 are continuous. (iii) E_0 → E is compact. The space V = {v ∈ L^{α0} (0, τ; E_0), v^′ = dv dt ∈ L^{α1} (0, τ; E_1)}, α_i > 1, i = 0, 1, endowed with the norm ‖v‖_V = ‖v‖_Lα0_{(0,τ;E0)} + ‖v^′‖_Lα1_{(0,τ;E1)} is a Banach space and V → L^{α0} (0, τ; E), the injection is continuous and compact.

For proofs, see for example [12] or [9].

The following functional spaces will be used throughout this paper: H = {v ∈ L^2(D)^3, div v = 0 in D, v.n_D = 0 on ∂D}, H(Ω) = {v ∈ L^2(Ω)^3, div v = 0 in Ω, v.n_Ω = 0 on ∂Ω}, H^1_0 (div, O) = {v ∈ H^1_0 (O)^3, div v = 0 in O} where O is an open subset of D.

We also define the space L^p(0, τ; L^2(Ω_t)) as the set of restrictions to Q of elements of L^p(0, τ; L^2(D)) (1 ≤ p ≤ ∞). Then L^p(0, τ; H^1(Ω_t)) = {φ ∈ L^p(0, τ; L^2(Ω_t))|∇_xφ ∈ L^p(0, τ; L^2(Ω_t))}.

As Σ is smooth enough, it is also the set of restrictions to Q of elements of L^p(0, τ; H^1(D)). We finally introduce the operators

A : H^1_0 (div, D) → H^1_0 (div, D)^′, ⟨Av, w⟩ = ∫ D Dv..Dw dx B : H^1_0 (div, D) → H^1_0 (div, D)^′, ⟨B(v), w⟩ = ∫ D ⟨Dv.v, w⟩dx. 2.1. Penalty Method The force f is assumed to be in L^2(0, τ; H^{−1}(D)^3). Let F ∈ L^2(0, τ; H^{−1}(D)^3) defined by: ∀ψ ∈ L^2(0, τ; H^1_0 (D)^3),

⟨F, ψ⟩_L2_{(H}−1_{),L}2_{(H}1_{0 )} = ⟨f, ψ⟩_L2_{(H}−1_{),L}2_{(H}1_{0 )} − ∫ (0,τ)×D ∂_tV. ψ + η DV..Dψ + ⟨DV.V, ψ⟩dxdt. (2.5)

R. Dziri, J.-P. Zolésio / Dynamical shape control 297 Theorem 2.3. Let η > 0, F ∈ L^2(0, τ; H^1_0 (div, D)^′) and u_0 ∈ H. For all ϵ > 0, there exists at least a function U^ϵ such that

U^ϵ ∈ L^2(0, τ; H^1_0 (div, D)) ∩ L^∞(0, τ; H), ∂_tU^ϵ ∈ L^{43} (0, τ; H^1_0 (div, D)^′) and ∂_tU^ϵ − ηΔU^ϵ + DU^ϵ.U^ϵ + DU^ϵ.V + DV.U^ϵ+ 1 ϵ χ_Ωc_t U^ϵ + ∇P^ϵ = F in L^{43} (H^1_0 (div, D)^′)

(2.6)

div U^ϵ = 0 in (0, τ) × D (2.7) U^ϵ(0) = u_0 in D. (2.8) Before proving Theorem 2.3, we recall the existence of a family of eigenfunctions φ_i in H^1_0 (div, D) and scalars λ_i > 0, i ≥ 1, λ_i → ∞ as i → ∞ such that ((φ_i, v)) = λ_i(φ_i, v), ∀v ∈ H^1_0 (div, D), (2.9) where (( , )) denotes the inner product in H^1_0 (D)^3, and (φ_i, φ_j) = δ_{ij} ((φ_i, φ_j)) = λ_iδ_{ij}, ∀i, j ≥ 1. The eigenfunctions, φ_i, i ≥ 1, form an Hilbertian basis of H^1_0 (div, D). Proof. The constant of Poincaré being denoted C_D, in a first step we assume that η^′ = η − C_D‖V ‖_L∞_{(W} 1,∞_) > 0. (2.10) We apply the Faedo-Galerkin method (see for example [12] or [9]) with the Hilbertian basis {φ_i, i ∈ N^∗ } of H^1_0 (div, D) defined above. Let U_{0m} in H^1_{0,m}(div, D) = span{φ_1, . . . , φ_m} such that U_{0m} → u_0 strongly in H. We look for

U^ϵ_m(t) = m∑ i=1 α^{m,ϵ}_i (t) φ_i such that U^ϵ_m(0) = U_{0m}, m ∈ N^∗ ,

such that for all φ ∈ H^1_{0,m}(div, D), we have ∫ D ∂_tU^ϵ_m. φ dx + η ∫ D DU^ϵ_m.. Dφ dx + ∫ D ⟨DU^ϵ_m. U^ϵ_m, φ⟩dx + ∫ D ⟨DU^ϵ_m.V, φ⟩dx + ∫ D ⟨DV.U^ϵ_m, φ⟩dx + 1 ϵ ∫ D χ_Ωc_t U^ϵ_m. φ dx = ⟨F, φ⟩ in D^′(0, τ). (2.11) For φ = U^ϵ_m and t ∈ (0, τ], we have 1 2 |U^ϵ_m(t)|^2_L2_{(D)} + η ∫_t 0 |DU^ϵ_m(s)|^2_L2_{(D)} ds − ‖V ‖_L∞_{(W} 1,∞_) ∫_t 0 |U^ϵ_m(s)|^2_L2_{(D)} ds + 1 ϵ ∫_t 0 |χ_Ωc_s U^ϵ_m(s)|^2_L2_{(D)} ds ≤ ∫_t 0 ⟨F, U^ϵ_m(s)⟩ds + 1 2 |U^ϵ_m(0)|^2_L2_{(D)}.

298 R. Dziri, J.-P. Zolésio / Dynamical shape control 1 2 |U^ϵ_m(t)|^2_L2_{(D)} + η^′ ∫_t 0 |DU^ϵ_m(s)|^2_L2_{(D)} ds + 1 ϵ ∫_t 0 |χ_Ωc_s U^ϵ_m(s)|^2_L2_{(D)} ds ≤ ∫_t 0 ⟨F, U^ϵ_m(s)⟩ds + 1 2 |U^ϵ_m(0)|^2_L2_{(D)}.

|U^ϵ_m(t)|^2_L2_{(D)} + η^′ ∫_t 0 |DU^ϵ_m(s)|^2_L2_{(D)} ds + 2 ϵ ∫_t 0 |χ_Ωc_s U^ϵ_m(s)|^2_L2_{(D)} ds ≤ 1 η^′ ‖F ‖^2_L2_{(H}−1_{(D)}3_) + |U^ϵ_m(0)|^2_L2_{(D)}.

Since |U^ϵ_m(0)|_L2_{(D)} ≤ |U(0)|_L2_{(D)}, we deduce the uniform boundedness, on m and ϵ, of U^ϵ_m in L^∞(0, τ; L^2(D)^3) ∩ L^2(0, τ; H^1_0 (D)^3) (2.12) 1 √ ϵ (χ_Ωc_t U^ϵ_m) in L^2(0, τ; L^2(D)^3). (2.13)

Let us introduce the projection operator P_m : H → span{φ_1, · · · , φ_m} such that

for v ∈ H, P_m(v) = m∑ i=1 (v, φ_i)_D φ_i. (2.14)

( , )_D is the inner product of L^2(D).

We denote by^∗P_m the adjoint operator of P_m seen as an element of L(H^1_0 (div, D)). Then,

∂_tU^ϵ_m = − 1 ϵ P_m(χ_Ωc_t U^ϵ_m) −^∗P_m(AU^ϵ_m) −^∗P_m(B(U^ϵ_m)) +^∗P_m(F ).

It implies that ∂_tU^ϵ_m is bounded, uniformly on m, in L^{43} (0, τ; H^1_0 (div, D)^′). (2.15) Indeed, let v be any function in L^2(0, τ; H^1_0 (div, D)^3) ∩ L^∞(0, τ; L^2(D)^3), then

‖v(t)‖_L3_{(D)} ≤ ‖v(t)‖^{12}_{L6(D)}|v(t)|^{12}_{L2(D)} ∫_τ 0 ‖v(t)‖^4_L3_{(D)} dt ≤ ‖v‖^2_L∞_{(L}2_{(D))} ∫_τ 0 ‖v(t)‖^2_L6_{(D)}dt which implies that v ∈ L^4(0, τ; L^3(D)^3). Moreover ‖B(v)(t)‖_H1_{0 (div,D)}′ ≤ c‖v(t)‖_L3_{(D)}‖v(t)‖_L6_{(D)}. Then ∫_τ 0 ‖B(v)(t)‖^{43}_{H10 (div,D)′} dt ≤ c ∫_τ 0 ‖v(t)‖^{43}_{L3(D)} ‖v(t)‖^{43}_{L6(D)} dt ≤ c ( 1 3 ∫_τ 0 ‖v(t)‖^4_L3_{(D)} dt + 2 3 ∫_τ 0 ‖v(t)‖^2_L6_{(D)}dt ) .

R. Dziri, J.-P. Zolésio / Dynamical shape control 299

Thus B(v) ∈ L^43 (H^1_0 (div, D)^′). On the other-hand note that ‖^∗P_m‖_{L(H}1_{0 (div,D)}′_) ≤ c_0, (c_0 > 0 is a constant) and take v = U^ϵ_m, we deduce that B(U^ϵ_m) is bounded, independently of m and ϵ, in L^43 (H^1_0 (div, D)^′).

Hence, there exists a subsequence (still denoted U^ϵ_m) and a function U^ϵ ∈ L^∞(0, τ; H) ∩ L^2(0, τ; H^1_0 (div, D)) such that, when m → ∞,

U^ϵ_m → U^ϵ in L^2(0, τ; L^4(D)^3) strong, (2.16) U^ϵ_m^∗⇀ U^ϵ in L^∞(0, τ; L^2(D)^3) weak-star, (2.17) U^ϵ_m ⇀ U^ϵ in L^2(0, τ; H^1_0 (D)^3) weak. (2.18)

So by passing to the limit in (2.11) we obtain

U^ϵ ∈ L^∞(0, τ; H) ∩ L^2(0, τ; H^1_0 (div, D)),

∂_tU^ϵ − ηΔU^ϵ + DU^ϵ.U^ϵ + DU^ϵ.V + DV.U^ϵ + 1 ϵ χ_Ωc_t U^ϵ = F in (0, τ) × D div U^ϵ = 0 in (0, τ) × D

and that ∂_tU^ϵ ∈ L^43 (0, τ; H^1_0 (div, D)^′). In a second step the extra-hypothesis on the viscosity can be avoided by making the change of variable: Ũ = e^{λt}U, where λ is suitably chosen. Then its approximation Ũ_m solves the problem, in (0, τ) × D,

∂_tŨ^ϵ_m + λ Ũ^ϵ_m − ηΔŨ^ϵ_m + e^{λ t} DŨ^ϵ_m.Ũ^ϵ_m + DU^ϵ_m.V +DV.Ũ^ϵ_m + 1 ϵ χ_Ωc_t Ũ^ϵ_m = e^{−λ t}F (2.19)

div Ũ^ϵ_m = 0 (2.20) Ũ^ϵ_m(0) = u_0 in D. (2.21) As ∫ D⟨DŨ^ϵ_m.Ũ^ϵ_m, Ũ^ϵ_m⟩dx = 0 we get the previous estimates for the sequence Ũ^ϵ_m where (η − C_D‖V ‖) is replaced by η, if λ > ‖V ‖. Then, given η and V , we choose λ such that (λ − ‖V ‖) > 0. Now, we are interested in the behavior of {U^ϵ} in the tube Q when ϵ goes to 0. We shall prove the existence of a subsequence of {U^ϵ} converging to a solution of the non-cylindrical problem (2.1)–(2.4).

Theorem 2.4. The open set Ω is assumed to be piecewise C^1. Let F ∈ L^2(0, τ; H^1_0 (div, D)^′) and u_0 ∈ H such that u_{0|Ω} ∈ H(Ω). There exists at least a function U ∈ L^2(0, τ; H^1_0 (div, D)) ∩L^∞(0, τ; H) satisfying (2.1) in L^43 (0, τ; H^1_0 (div, Ω_t)) and also (2.2)–(2.4).

According to (2.12), we have the boundedness, independently of ϵ, of

U^ϵ in L^∞(0, τ; L^2(D)^3) ∩ L^2(0, τ; H^1_0 (D)^3). (2.22)

300 R. Dziri, J.-P. Zolésio / Dynamical shape control This implies the existence of U ∈ L^∞(0, τ; L^2(D)^3) ∩ L^2(0, τ; H^1_0 (D)^3) and of a subsequence, still denoted U^ϵ, such that U^ϵ ⇀ U in L^2(0, τ; H^1_0 (D)^3) weak (2.23) U^{ϵ ∗}⇀ U in L^∞(0, τ; L^2(D)^3) weak-star. (2.24) Moreover (2.13) implies that χ_Ωc_t U^ϵ ⇀ χ_Ωc_t U = 0 in L^2(0, τ; L^2(D)^3) weak, ϵ ↘ 0. (2.25) Then U(t) ∈ H^1_0 (Ω_t)^3 for almost every t ∈ (0, τ).

On the other-hand, since ∂_tU^ϵ +^1_ϵ χ_Ωc_t U^ϵ = ηΔU^ϵ −DU^ϵ.U^ϵ −DU^ϵ.V −DV.U^ϵ +F belongs to L^43 (0, τ; H^1_0 (div, D)^′) estimation (2.22) gives the boundedness of

∂_tU^ϵ + 1 ϵ χ_Ωc_t U^ϵ in L^{43} (0, τ; H^1_0 (div, D)^′) independently of ϵ. (2.26)

The fact that the limit U(t) shall be in H^1_0 (div, Ω_t) a.e. allows us to restrict the space of spatial test functions to H^1_0 (div, Ω_t). This has the advantage to eliminate the contribution of the term^1_ϵ χ_Ωc_t U^ϵ and makes the search for uniform boundedness for the derivative ∂_tU^ϵ easier.

To be able to express estimations in fixed spaces, we need to introduce some domain transformations.

Lemma 2.5. Let W ∈ C^0([0, τ], C^2(D)) such that W.n_D = 0 on ∂D, n_D unit normal vector field on ∂D, outward to D. Then, the mapping T_t(W ) defined as follows X −→ T_t(W )(X) = x(t; W ) : D → D, where x(.; W ) is the solution of dx dt (t) = W (t, x(t)), t ∈ [0, τ], x(0) = X ∈ D, is an homeomorphism. Moreover, if

⟨W (t, x), n_t(x)⟩ = v_ν (t, x), ∀(t, x) ∈ [0, τ] × ∂Ω_t (v_ν is the time-component of ν). (2.27)

Then T_t(W ) builds the tube Q i.e. ∀t ∈ [0, τ], T_t(W )(Ω) = Ω_t. Proof. Cf. [11], [13].

We have the following properties (see [6]).

Lemma 2.6. Let T_t(W ) be the transformation defined in Lemma 2.5. We have (i) D(T_t(W )^{−1}) ∘ T_t(W ) = (DT_t(W ))^{−1}, (ii) (Dv) ∘ T_t(W ) = D(v ∘ T_t(W )).(DT_t(W ))^{−1}, v ∈ H^1_0 (Ω_t)^3, (iii) (∂_tv) ∘ T_t(W ) = ∂_t(v ∘ T_t(W )) − (Dv) ∘ T_t(W ).W ∘ T_t(W ), v ∈ C^1(0, τ; H^1_0 (D)^3).

R. Dziri, J.-P. Zolésio / Dynamical shape control 301 Let W be a vector field satisfying hypotheses of Lemma 2.5 notably property (2.27), then Lemma 2.7. The mapping H^1_0 (div, Ω) −→ H^1_0 (div, Ω_t); φ → (DT_t(W )φ) ∘ T_t(W )^{−1} is an isomorphism. Now, we can state Lemma 2.8. ∂_t[^∗DT_t(W )(U^ϵ ∘ T_t(W ))] is bounded in L^43 (0, τ; H^1_0 (div, Ω)^′). Proof. Indeed, set ω^ϵ = ∂_tU^ϵ + 1 ϵ χ_Ωc_t U^ϵ and let v ∈ H^1_0 (div, Ω), (DT_tv) ∘ T^{−1}_t ∈ H^1_0 (div, Ω_t). Then, ⟨ω^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ = ⟨∂_tU^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ + 1 ϵ ∫ D χ_Ωc_t U^ϵ.(DT_tv) ∘ T^{−1}_t dx. It is clear that ∫ D χ_Ωc_t U^ϵ.(DT_tv) ∘ T^{−1}_t dx = 0.

Then, we deduce that ω^ϵ ≡ ∂_tU^ϵ in L^{43} (H^1_0 (div, Ω_t)^′).

Hence, the boundedness of ∂_tU^ϵ in L^43 (0, τ; H^1_0 (div, Ω_t)^′) follows from the boundedness of ω^ϵ in L^43 (0, τ; H^1_0 (div, D)^′). Moreover since ⟨∂_tU^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ = d dt (U^ϵ, (DT_tv) ∘ T^{−1}_t ) − (U^ϵ, ∂_t((DT_tv) ∘ T^{−1}_t )) = d dt (U^ϵ, (DT_tv) ∘ T^{−1}_t ) − (U^ϵ, [D(W ∘ T_t)v] ∘ T^{−1}_t − [D(DT_tv)W ] ∘ T^{−1}_t ) = d dt (^∗DT_t(U^ϵ ∘ T_t), v) − (U^ϵ ∘ T_t, D(W ∘ T_t)v) + (U^ϵ ∘ T_t, D(DT_tv)W ) = ⟨∂_t(^∗DT_t(U^ϵ ∘ T_t)), v⟩ − (U^ϵ ∘ T_t, D(W ∘ T_t)v) + (U^ϵ ∘ T_t, D(DT_tv)W ).

(2.28)

Thus, ⟨∂_t(^∗DT_t(U^ϵ ∘T_t)), v⟩ = ⟨∂_tU^ϵ, (DT_tv)∘T^{−1}_t ⟩+(U^ϵ ∘T_t, D(W ∘T_t)v)−(U^ϵ ∘T_t, D(DT_tv)W ). It follows that ∂_t(^∗DT_t(U^ϵ ∘ T_t)) is bounded in L^43 (0, τ; H^1_0 (div, Ω)^′). By the compactness result stated in Lemma 2.2 applied for E_0 = H^1_0 (div, Ω), E_1 = H^1_0 (div, Ω)^′, E = L^4(Ω)^3, we obtain, when ϵ → 0, ∗DT_t(U^ϵ ∘ T_t) −→^∗DT_t(U ∘ T_t) strongly in L^2(0, τ; L^4(Ω)^3) (2.29) which is equivalent to U^ϵ −→ U strongly in L^2(0, τ; L^4(Ω_t)^3). (2.30)

302 R. Dziri, J.-P. Zolésio / Dynamical shape control To show that the limit U satisfies (2.1)–(2.4), we need to compute, first, the weak limit of (2.6) as ϵ → 0.

Let θ ∈ D(0, τ) and v ∈ H^1_0 (div, Ω), ∫_τ 0 ⟨∂_tU^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dt = ∫_τ 0 d dt (U^ϵ, (DT_tv) ∘ T^{−1}_t ) θ(t) dt − ∫_τ 0 (U^ϵ, [D(W ∘ T_t)v] ∘ T^{−1}_t ) θ(t) dt + ∫_τ 0 (U^ϵ, D(DT_tv)(W ∘ T^{−1}_t )) θ(t) dt. Then, the limit

lim_{ϵ→0} ∫_τ 0 ⟨∂_tU^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dt = − ∫_τ 0 (U, (DT_tv) ∘ T^{−1}_t ) θ^′(t) dt − ∫_τ 0 (U, [D(W ∘ T_t)v] ∘ T^{−1}_t ) θ(t) dt + ∫_τ 0 (U, D(DT_tv)(W ∘ T^{−1}_t )) θ(t) dt. The same calculus as in (2.28) gives ∫_τ 0 ⟨∂_tU, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dt = − ∫_τ 0 (U, (DT_tv) ∘ T^{−1}_t ) θ^′(t) dt − ∫_τ 0 (U, [D(W ∘ T_t)v] ∘ T^{−1}_t ) θ(t) dt + ∫_τ 0 (U, D(DT_tv)(W ∘ T^{−1}_t )) θ(t) dt. It means that

lim_{ϵ→0} ∫_τ 0 ⟨∂_tU^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dt = ∫_τ 0 ⟨∂_tU, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dt. (2.31) Concerning the nonlinear term, note that ∫ Q ⟨DU^ϵ.U^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dxdt = − ∫ Q ⟨D[(DT_tv) ∘ T^{−1}_t ].U^ϵ, U^ϵ⟩ θ(t) dxdt and using(2.30), it is obvious to see that

lim_{ϵ→0} ∫ Q ⟨DU^ϵ.U^ϵ, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dxdt = − ∫ Q ⟨D[(DT_tv) ∘ T^{−1}_t ].U, U⟩ θ(t) dxdt = ∫ Q ⟨DU.U, (DT_tv) ∘ T^{−1}_t ⟩ θ(t) dxdt. (2.32) The other terms of the weak form of (2.6) do not present any special difficulties in the limit process. Then, we obtain, for all w = (DT_tv) ∘ T^{−1}_t (∈ H^1_0 (div, Ω_t)), v (resp. θ) describing H^1_0 (div, Ω) (resp. D(0, τ)), ∫_τ 0 ⟨∂_tU, w⟩ θ(t) dt + η ∫ Q DU..Dw θ(t) dxdt + ∫ Q ⟨DU.U, w⟩ θ(t) dxdt + ∫ Q ⟨DU.V + DV.U, w⟩ θ(t) dxdt = ∫_τ 0 ⟨F, w⟩ θ(t) dt (2.33)

R. Dziri, J.-P. Zolésio / Dynamical shape control 303 This implies equation (2.1) in D^′(0, τ; H^1_0 (div, Ω)^′). By density and continuity, we obtain it in L^43 (0, τ; H^1_0 (div, Ω)^′). Now, let θ ∈ C^1([0, τ]) such that θ(τ) = 0. We obtain from (2.1) − ∫_τ 0 (U, w) θ^′(t) dt − ∫_τ 0 (U, ∂_tw) θ(t) dt − (U(0), v) θ(0) + η ∫ Q DU..Dw θ(t) dxdt + ∫ Q ⟨DU.U + DU.V + DV.U, w⟩ θ(t) dxdt = ∫_τ 0 ⟨F, w⟩ θ(t) dt. Doing the same with equation (2.6) and passing to the limit (ϵ → 0), we get − ∫_τ 0 (U, w) θ^′(t) dt − ∫_τ 0 (U, ∂_tw) θ(t) dt − (u_0 − V (0), v) θ(0) + η ∫ Q DU..Dw θ(t) dxdt + ∫ Q ⟨DU.U + DU.V + DV.U, w⟩ θ(t) dxdt = ∫_τ 0 ⟨F, w⟩ θ(t) dt. By comparison, we deduce that, ∀v ∈ H^1_0 (div, Ω),

(U(0), v) θ(0) = (u_0 − V (0), v) θ(0) and thus U(0) = u_0 − V (0) = u_0. Then, u = U + V is a solution of the initial problem (1.1)–(1.4). Remark 2.9. The uniqueness of U is obtained if we assume u_0 ∈ H^2(D, R^3 ) ∩ H^1_0 (div, D) (2.34) f ∈ L^∞(0, τ; L^2(D)), f^′ ∈ L^2((0, τ) × D) (2.35) and if η is large enough or when f and u_0 are “small enough”:

‖f‖^2_L∞_{(L}2_{(D))} + μ^{1/2}(1 + d^2_0)(μ|u_0|^2 + τ‖f‖^2_L∞_{(L}2_{(D))})^{1/2}. exp (∫_τ 0 |f^′(s)|^2ds ) < μ^4 c^2

(2.36)

where d_0 = |f(0)| + μc_0‖u_0‖_H2 + c_1‖u_0‖^2_{H2} , and c, c_0, c_1 are constants. Under the previous assumptions ∂_tU ∈ L^2(0, τ; Ω_t) ∩ L^∞(0, τ; H(Ω_t)).

Moreover, if Ω is assumed to be of class C^2, U ∈ L^∞(0, τ; H^2(Ω_t, R^3 )). For more details see D. N. Bock [1], R. Temam [12] or J. L. Lions [9]. The previous conditions give uniqueness for the penalized problem too.

From now on we assume (2.34)–(2.36) satisfied. The well-posedness of the considered noncylindrical motion being established, we can now turn our attention to the main point of this work which is the minimization of the kinetic energy with respect to the “shape” of the non-cylindrical domain followed by the fluid. Practically the minimization process will work with a family of admissible vector fields V satisfying conditions of Lemma 2.5 and such that u = V on Σ(V ).

304 R. Dziri, J.-P. Zolésio / Dynamical shape control 3. Optimization on the speed field V Let H^m_0 (D) = {v ∈ H^m(D, R^3 ), div v = 0 in D, v.n = 0 on ∂D}. Assume m > (5/2) so that H^m_0 (D) → C^2(D). This section is devoted to the study of the minimization problem: Find V solution of min V ∈H1(0,τ;H^m0 (D)) 1 2 {∫ Q(V ) |u(V )|^2 dxdt + α‖V ‖^2_H1_{(0,τ;}Hm_{0 (D))} } (3.1)

where Q(V ) = ⋃ 0≤t≤τ {t} × Tt(V )(Ω), u(V ) is the solution of (1.1)–(1.4), α > 0 is a

constant.

The existence for that problem shall be obtained via the cylindrical penalized problem and its shape continuity properties.

3.1. Continuity Properties Let {V_n}_n and V in H^1(0, τ; H^m_0 (D)).

Lemma 3.1. Assume that V_n ⇀ V , as n → ∞, weakly in H^1(0, τ; H^m_0 (D)). Then V_n → V strongly in C([0, τ]; H^{m′}_0 (D)), m^′ = m − μ, μ > 0 arbitrarily small. Proof. By hypothesis, the sequence {∂_tV_n} is bounded in L^2(0, τ; H^m_0 (D)) and V_n is bounded in L^∞(0, τ; H^m_0 (D)). (3.2) Using the compactness result stated in Lemma 2.2 and the compact injection H^{m′} (D) → H^m(D), we obtain V_n → V strongly in C([0, τ]; H^{m′}_0 (D)). (3.3)

As m > 5/2, we obtain Corollary 3.2. Assume that V_n ⇀ V as n → ∞ weakly in H^1(0, τ; H^m_0 (D)). Then, V_n → V strongly in C([0, τ]; W^{k,∞}(D)) for all k such that 1 < k < m − (3/2).

Proof. It suffices to see that under the above condition on k, the embedding H^{m′} (D) → W^{k,∞}(D) holds and is compact.

From now on, we will assume that m > 5/2 and 1 < k < m − (3/2). Proposition 3.3. Assume that V_n → V strongly in C([0, τ]; W^{k,∞}(D)) as n → ∞. Then, T (V_n) (= T^n) −→ T (V ) (= T ) strongly in C^1([0, τ]; W^{k−1,∞}(D)).

Before proving this convergence result, recall Lemma 3.4. Let F ∈ W^{m,∞}(D), m ≥ 1, be a homeomorphic transformation such that F^{−1} is Lipschitz-continuous in D. Then, for any V ∈ W^{m,∞}, V ∘ F ∈ W^{m,∞}(D) and there exists a constant c > 0 such that ‖V ∘ F ‖_W m,∞_{(D)} ≤ c‖V ‖_W m,∞_{(D)}.

R. Dziri, J.-P. Zolésio / Dynamical shape control 305 Proof. See [10].

Proof of Proposition 3.3. Note that

T^n_t (x) − T_t(x) = ∫_t 0 V_n(s, T^n_s (x)) − V (s, T_s(x)) ds = ∫_t 0 V_n(s, T^n_s (x)) − V (s, T^n_s (x)) ds + ∫_t 0 V (s, T^n_s (x)) − V (s, T_s(x)) ds. Set r_n(t) = ‖T^n_t − T_t‖_W k−1,∞_{(D)} and R_n(t) = ∫_t 0 r_n(s) ds. Since V (s) belongs to W^{k,∞}(D), k > 1, V_i(s, T^n_s (x)) − V_i(s, T_s(x)) = DV_i(s, T_s(x) + θ_i(T^n_s (x) − T_s(x)))(T^n_s (x) − T_s(x)), θ_i = θ(n, s, x), i = 1, 2, 3. Then r_n(t) ≤ c_V ∫_t 0 ‖V_n(s) − V (s)‖_W k−1,∞ ds + K_V R_n(t), K_V = ‖DV ‖_{C([0,τ];W} k−1,∞_{(D))}. R^′_n(t) − K_V R_n(t) ≤ c_V τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} (exp(−K_V t)R_n(t))^′ ≤ c_V τ exp(−K_V t)‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))}.

By integration, we get exp(−K_V t)R_n(t) ≤ c_V τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} ∫_t 0 exp(−K_V s) ds R_n(t) ≤ c_V τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} exp(K_V t) − 1 K_V . Then, r_n(t) ≤ τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} + τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} (exp(K_V t) − 1) r_n(t) ≤ τ‖V_n − V ‖_{C([0,τ];W} k−1,∞_{(D))} exp(K_V τ). This last estimation gives the convergence of T^n, strongly in C([0, τ]; W^{k−1,∞}(D)), to T . Moreover, T^n and T are in C^1([0, τ]; W^{k−1,∞}(D)) and d dt T^n = V_n ∘ T^n.

Therefore T^n −→ T, n → ∞, strongly in C^1([0, τ]; W^{k−1,∞}(D)). (3.4)

Proposition 3.5. The mapping V −→ T (V )^{−1} is continuous from C([0, τ], W^{k,∞}(D)) in C([0, τ] × D).

306 R. Dziri, J.-P. Zolésio / Dynamical shape control Proof. Let

Q^∗(t, x) = T^{−1}_t (V + W )(x) − T^{−1}_t (V )(x) = = ∫_t 0 −(V + W )(t − μ, T^{−1}_μ (V + W )(x)) + V (t − μ, T^{−1}_μ (V )(x)) dμ |Q^∗(t, x)| ≤ c ∫_t 0 ‖DV ‖_L∞_{(I×D)}|Q^∗(μ, x)| dμ + τ‖W ‖_L∞_{(I×D)}. The generalized Gronwall inequality gives ‖Q^∗(t, x)‖_L∞_{(I×D)} ≤ b_τ exp(τa). (3.5) So that we obtain the desired result.

Proposition 3.6. Assume V_n −→ V in C([0, τ], C^{k−1}(D, R^3 )), k > 1, and let Σ_V and Σ_{Vn} be the lateral boundaries of the tubes built respectively by V and V_n. Then Σ_{Vn} converges to Σ_V in the Hausdorff distance: max X∈Σ_{Vn} min Y ∈Σ_V |X − Y | + max_{Y ∈ΣV} min_{X∈ΣVn} |X − Y | −→ 0. Proof. From propositions 3.3 and 3.5 we deduce that T_t(V_n)∘T_t(V )^{−1} and T_t(V )∘T_t(V_n)^{−1} converges to the identity in C(I × D). Let (t, x) ∈ Σ_V then min (s,y)∈Σ_{Vn} |(s, y) − (t, x)| ≤ |(t, x) − (t, T_t(V_n) ∘ T_t(V )^{−1}(x))| goes to zero uniformly with n then also max_{(t,x)∈ΣV} min_{(s,y)∈ΣVn} |(s, y) − (t, x)|. Similarly we consider the mapping T_t(V ) ∘ T_t(V_n)^{−1} for the second term.

Corollary 3.7. The tube Q(V ) has the compactivorous property: For any compact K, K ⊂ Q(V ), ∃n(K) s.t. n ≥ n(K) implies K ⊂ Q(V_n).

Now, we shall study the continuity of the solution of the penalized Navier-Stokes equations with respect to the field V. Let U^ϵ_n, n ∈ N^∗ , be the unique solution of

∂_tU^ϵ_n − ηΔU^ϵ_n + DU^ϵ_n.U^ϵ_n + DV_n.U^ϵ_n+DU^ϵ_n.V_n + 1 ϵ χ_Ωc_{t,n} U^ϵ_n = F_n in L^{43} (0, τ; H^1_0 (div, D)^′) div U^ϵ_n = 0 in (0, τ) × D U^ϵ_n(0) = u_0 in D where F_n = f − ∂_tV_n + ηΔV_n − DV_n.V_n and | | | T^{nt} (Ω) = Ω^{t,n}, T^{nt} (Γ) = Γ^{t,n}; t ∈ (0, τ)

T^n_0 (Ω) = Ω.

Lemma 3.8. Assume that V_n −→ V strongly in C([0, τ]; H^{m′}_0 (D)) as n → ∞. Then, U^ϵ_n ⇀ U^ϵ weakly in L^2(0, τ; H^1_0 (D)^3), (3.6) where U^ϵ is the unique solution of (2.6)–(2.8).

R. Dziri, J.-P. Zolésio / Dynamical shape control 307 Proof. It is easy to see that F_n ⇀ F weak in L^43 (0, τ; H^1_0 (div, D)^′). Moreover, we have the boundedness uniformly on n of (see proof of Theorem 2.3): • U^ϵ_n in L^2(0, τ; H^1_0 (D)^3) ∩ L^∞(0, τ; H) • ∂_tU^ϵ_n in L^43 (0, τ; H^1_0 (div, D)^′) •^1_ϵ χ_Ωc_{t,n} (U^ϵ_n) in L^43 (0, τ; H^1_0 (div, D)^′).

Then, there exists a function U^ϵ and a subsequence, still denoted U^ϵ_n, such that U^ϵ_n ⇀ U^ϵ in L^2(0, τ; H^1_0 (D)^3) − weak U^ϵ_n^∗⇀ U^ϵ in L^∞(0, τ; L^2(D)^3) − weak star U^ϵ_n → U^ϵ in L^2(0, τ; L^4(D)^3) − strong. (3.7) To get the continuity result, we should have χ_Ωc_{t,n} U^ϵ_n ⇀ χ_Ωc_t U^ϵ, n → ∞, in L^2((0, τ) × D). (3.8)

Let ψ ∈ L^2((0, τ) × D), ∫_τ 0 ∫ D χ_Ωc_{t,n} U^ϵ_n. ψ dxdt = ∫_τ 0 ∫ Ω^c U^ϵ_n ∘ T^n_t ψ ∘ T^n_t dxdt. At the limit (n → ∞) and thanks to (3.7), we have ∫_τ 0 ∫ D χ_Ωc_{t,n} U^ϵ_n ψ dxdt −→ ∫_τ 0 ∫ D χ_Ωc_t U^ϵ ψ dxdt. Indeed U^ϵ_n ∘ T^n_t − U^ϵ ∘ T_t = (U^ϵ_n ∘ T^n_t − U^ϵ ∘ T^n_t ) + (U^ϵ ∘ T^n_t − U^ϵ ∘ T_t). The first term of the right hand side goes to zero as n → ∞. For the second term, it suffices to prove that ψ ∘ T^n_t → ψ ∘ T_t in L^2((0, τ) × D).

Let ψ ∈ D((0, τ) × D), then ψ(T^n_t (x)) → ψ(T_t(x)) ∀(t, x) ∈ (0, τ) × D and |ψ ∘ T^n_t | ≤ max_{(0,τ)×D} |ψ|. The Lebesgue convergence theorem gives the strong convergence in L^2((0, τ) × D) of the considered sequence. Thus (3.8) holds. Finally, we deduce easily that U^ϵ is solution of ∂_tU^ϵ − ηΔU^ϵ + DU^ϵ.U^ϵ + DV.U^ϵ + DU^ϵ.V + 1 ϵ χ_Ωc_t U^ϵ = F in L^{43} (0, τ; H^1_0 (div, D)^′) div U^ϵ = 0 in (0, τ) × D U^ϵ(0) = u_0 in D.

In order to derive an existence result for the functional J we also need a continuity result when (V_n, ϵ_n) → (V, 0) as n → ∞.

308 R. Dziri, J.-P. Zolésio / Dynamical shape control Lemma 3.9. Assume that V_n −→ V strongly in C([0, τ]; H^{m′}_0 (D)) and ϵ_n → 0 as n → ∞. Then, there exists a function U such that U^{ϵn}_n ⇀ U weakly in L^2((0, τ) × D), (3.9) and U_{|Q(V )} is the unique solution of (2.1)–(2.4).

Proof. It is easy to see that F_n ⇀ F weak in L^43 (0, τ; H^1_0 (div, D)^′). Moreover, we have the boundedness uniformly on n of (see proof of Theorem 2.3). • U^{ϵn}_n in L^2(0, τ; H^1_0 (D)^3) ∩ L^∞(0, τ; H) •^1_{ϵn} χ_Ωc_{t,n} (U^{ϵn}_n ) + ∂_tU^{ϵn}_n in L^43 (0, τ; H^1_0 (div, D)^′) •^1√_{ϵn} χ_Ωc_{t,n} (U^{ϵn}_n ) in L^2((0, τ) × D).

Then, there exists a function U and a subsequence, still denoted U^{ϵn}_n , such that U^{ϵn}_n ⇀ U in L^2(H^1_0 (D)^3) − weak U^{ϵn}_n^∗⇀ U in L^∞(0, τ; L^2(D)^3) − weak star. (3.10)

From the equation satisfied by U^{ϵn}_n , we deduce that χ_Ωc_{t,n} U^{ϵn}_n → 0, n → ∞, in L^2((0, τ) × D). (3.11)

Using the same technic as for the proof of (3.8), we get ∀ψ ∈ L^2((0, τ) × D) , ∫_τ 0 ∫ D χ_Ωc_{t,n} U^{ϵn}_n . ψ dxdt −→ ∫_τ 0 ∫ D χ_Ωc_t U ψ dxdt since ψ ∘ T^n_t (resp. U^{ϵn}_n ∘ T^n_t ) converges strongly (resp. weakly) in L^2((0, τ) × D). All this implies that U(t) = 0 in D \ Ω_t(V ) for a.e. t ∈ (0, τ).To establish that U_{|Q(V )} is solution of (2.1)–(2.4) we proceed as following. Let ψ ∈ D(Q(V )). The tube Q(V ) has the compactivorous property. So there exists n_ψ ∈ N such that the compact support of ψ is in Q(V_n), ∀n ≥ n_ψ. Hence ∫ Q(V ) ∂_tU^{ϵn}_n . ψ dxdt + η ∫ Q(V ) DU^{ϵn}_n .. Dψ dxdt + ∫ Q(V ) ⟨DU^{ϵn}_n . U^{ϵn}_n , ψ⟩dxdt + + ∫ Q(V ) ⟨DU^{ϵn}_n .V_n, ψ⟩dxdt + ∫ Q(V ) ⟨DV_n.U^{ϵn}_n , ψ⟩dxdt + 1 ϵ_n ∫ Q(V ) χ_Ωc_{t,n} U^{ϵn}_n . ψ dxdt = ∫_τ 0 ⟨F_n, ψ⟩_D′_{(Q(V )),D(Q(V ))}dt. But the penalizing term vanishes so we can pass to the limit on n without any difficulty.

3.2. Existence of an optimal tube The initial domain Ω ⊂⊂ D being fixed, we have the following existence result.

R. Dziri, J.-P. Zolésio / Dynamical shape control 309 Proposition 3.10. There exists a vector field denoted V ∈ H^1(0, τ; H^m_0 (D)) solution of (3.1).

Proof. From the previous continuity result on the penalized problem we get that for each positive ϵ the following problem has a solution. Find V solution of min V ∈H1(0,τ;H^m0 (D))

J_ϵ(V ) = 1 2 {∫ Q(V ) |U^ϵ(V ) + V |^2 dxdt + α‖V ‖^2_H1_{(0,τ;}Hm_{0 (D))} } (3.12)

where U^ϵ(V ) is the solution of (2.6)–(2.8).

Let ϵ_n be a sequence which converges to zero and V_n the corresponding minimizing fields. So ∀ V ∈ H^1(0, τ, H^m_0 (D)), J_{ϵn} (V_n) ≤ J_{ϵn} (V ). (3.13) It is easy to see that {V_n} is bounded in H^1(0, τ; H^m_0 (D)). So there exists a subsequence still denoted {V_n} converging weakly to a vector field V . To each V_n we associate the vector field U^{ϵn} (V_n) solution of (2.6)–(2.8) which from Lemma 3.9 converges weakly in L^2((0, τ) × D) to U such that U_{|Q(V )} is the solution of (2.1)–(2.4). We conclude by going to the limit on n in inequality (3.13). As the right hand-side is continuous J_{ϵn} (V ) → J(V ). For the left hand-side we notice that

χ_{Q(Vn)} U^{ϵn} (V_n), weakly converges in L^2((0, τ) × D) to χ_{Q(V )} U(V ) since U^{ϵn} (V_n) ∘ T (V_n), weakly converges in L^2((0, τ) × D) to U(V ) ∘ T (V_n).

4. Sensitivity Analysis with respect to the Field V Let W^{k,∞}_0 (D) be the space W^{k,∞}(D) ∩ H^1_0 (D) and V ∈ H^1(0, τ; H^m_0 (D)). According to [5], we can define a family of transformations by (t, X) −→ T (t, X)^{def}= x(t, X) : [0, τ] × D −→ R^3 , (4.1) where x(., X) is the solution of dx dt (t) = V (t, x(t)), t ∈ [0, τ], x(0) = X (4.2) with the following properties ∀X ∈ D, T (., X) ∈ C^1([0, τ]; R^3 ) ∃c > 0, ∀X, Y ∈ D, ‖T (., X) − T (., Y )‖_C1_{([0,τ];}R3_) ≤ c|X − Y |, ∀t ∈ [0, τ], X −→ T_t(X)^{def}= T (t, X) : D → D is bijective, ∀X ∈ D, T^{−1}(., X) ∈ C^0([0, τ]; R^3 ) ∃c > 0, ∀x, y ∈ D, ‖T^{−1}(., x) − T^{−1}(., y)‖_C0_{([0,τ];}R3_) ≤ c|x − y|. The transformation T involved by the previous ordinary differential equation (4.2) is generally denoted T (V ).

310 R. Dziri, J.-P. Zolésio / Dynamical shape control Remark 4.1. Notice that by induction, one can prove that T_t(V ) ∈ W^{k,∞}(D) → C^{k−1}(D), ∀t ∈ [0, τ]. 4.1. The Transverse Field Z At each fixed time t ∈ [0, τ] and any σ sufficiently small, we consider the moving domain Ω_t(V + σW ) = T_t(V + σW )(Ω), Ω ⊂⊂ D is given.

At fixed t ∈ [0, τ], we should consider a map T^t_σ which maps Ω_t(V ) onto Ω_t(V + σW )(and D onto D). A quite natural choice is T^t_σ = T_t(V + σW ) ∘ T_t(V )^{−1}.

Under some assumptions, see for instance [5], that transformation can be considered as the flow of the vector field Z^t(σ, .) = ( ∂ ∂σ T^t_σ ) ∘ T^t_σ ( . )^{−1}. (4.3)

Proposition 4.2. The mapping σ −→ T (V + σW ), I_0 −→ C^0([0, τ]; W^{k−1,∞}(D)), is continuously derivable and ∂_σ(T_t(V + σW )) satisfies

∂_σ[T_t(V + σW )] = ∫_t 0 D(V + σW )(μ, T_μ(V + σW ))S^μ(σ) dμ + ∫_t 0 W (μ, T_μ(V + σW )) dμ, ∀t ∈ [0, τ].

Proof. For any given t ∈ [0, τ] and x ∈ D, the mapping σ −→ T_t(V + σW )(x) is C^∞(I_0, R^3 ) since σ −→ V + σW is affine in σ. We know that ∂[T_t(V + σW )(x)]/∂σ is the solution of Ṡ^t(σ, x) = D(V + σW )(t, T_t(V + σW )(x))S^t(σ, x) + W (t, T_t(V + σW )(x)) S^0(σ, x) = 0 or equivalently that

S^t(σ, x) = ∂ ∂σ [T_t(V + σW )(x)] = ∫_t 0 D(V + σW )(μ, T_μ(V + σW )(x))S^μ(σ, x) dμ + ∫_t 0 W (μ, T_μ(V + σW )(x)) dμ. We introduce the functions Q^t_ε(σ, x) = ε^{−1} (T_t(V + (σ + ε)W )(x) − T_t(V + σW )(x)) and R^t_ϵ(σ, x) = Q^t_ϵ(σ, x) − S^t(σ, x).

R. Dziri, J.-P. Zolésio / Dynamical shape control 311 More explicitly, we have R^t_ϵ(σ, x) = ∫_t 0 W (μ, T_μ(V + (σ + ϵ)W )(x)) − W (μ, T_μ(V + σW )(x)) dμ + ∫_t 0 DV + σW (μ, T_μ(V + σW )(x))R^μ_ϵ (σ, x)dμ + ∫_t 0 [D(V + σW ) (μ, T_μ(V + σW )x + θ ϵQ^μ_ϵ (σ, x)) − D(V + σW )(μ, T_μ(V + σξ)x)]Q^μ_ϵ (σ, x) dμ. So, ‖R^t_ϵ(σ)‖_W k−1,∞ ≤ ∫_t 0 ‖DV + σW (μ)‖_W k−1,∞ ‖R^μ_ϵ (σ)‖_W k−1,∞ dμ + ∫_t 0 ‖W (μ, T_μ(V + (σ + ϵ)W )(x)) − W (μ, T_μ(V + σW )(x))‖_W k−1,∞ dμ + ∫_t 0 ‖[D(V + σW ) (μ, T_μ(V + σW )x + θ ϵQ^μ_ϵ (σ, x)) − D(V + σW )(μ, T_μ(V + σW )x)]‖_W k−1,∞ . ‖Q^μ_ϵ (σ)‖_W k−1,∞ dμ. For simplicity, we set

b^t_ϵ(σ) = ∫_t 0 ‖W (μ, T_μ(V + (σ + ϵ)W )) − W (μ, T_μ(V + σW ))‖_W k−1,∞ + + ‖D(V + σW )(μ, T_μ(V + σW ) + θ ϵ Q^μ_ϵ (σ)) − D(V + σW )(μ, T_μ(V + σW ))‖_W k−1,∞ . ‖Q^μ_ϵ (σ)‖_W k−1,∞ dμ and a^t(σ) = ‖D(V + σW )(t, T_t(V + σW ))‖_W k−1,∞ . The Generalized Gronwall inequality gives ‖R^t_ϵ(σ)‖_W k−1,∞ ≤ b^t_ϵ(σ) + ∫_t 0 a^μ(σ)b^μ_ϵ (σ) ( exp ∫_t μ a^u(σ)du ) dμ. (4.4)

Thus, max t∈[0,τ] ‖R^t_ϵ(σ)‖_W k−1,∞ −→ 0, ε −→ 0.

Remark 4.3. The above result remains true when C^0([0, τ]; W^{k−1,∞}(D)) is replaced by C^0([0, τ]; C^{k−1}(D)).

The derivability results, we are interested in, shall use only the vector field Z(t, x) = Z^t(0, x) which can be characterized by the following result.

312 R. Dziri, J.-P. Zolésio / Dynamical shape control Proposition 4.4. The vector field Z belongs to C([0, τ], W^{k−1}(D)) and is the unique solution of ∂_tZ + [Z, V ] = W in (0, τ) × D (4.5) Z(0, .) = 0 in D (4.6) where [ , ] denotes the Lie Brackets. First, let us give the next uniqueness result.

Lemma 4.5. The function S, S(t, .) = S^t(0, .), is the unique function in C^0([0, τ]; W^{k−1,∞}(D)) satisfying S(t) = ∫_t 0 W (μ, T_μ(V ))dμ + ∫_t 0 DV (μ, T_μ(V ))S(μ) dμ. (4.7) Proof. Assume that S_i, i = 1, 2, are two solutions of (4.7). Then, S = S_1 − S_2 satisfies S(t) = ∫_t 0 DV (μ, T_μ(V ))S(μ) dμ

‖S(t)‖_W k−1,∞ ≤ c ∫_t 0 ‖DV (μ)‖_W k−1,∞ ‖S(μ)‖_W k−1,∞ dμ (4.8) ≤ c max_{t∈[0,τ]} ‖DV (t)‖_W k−1,∞ ∫_t 0 ‖S(μ)‖_W k−1,∞ dμ. (4.9) Set r(t) = ∫_t 0 ‖S(μ)‖_W k−1,∞ dμ and K = c max_{t∈[0,τ]} ‖DV (t)‖_W k−1,∞ . The previous inequality can be written as follows d dt r(t) ≤ Kr(t) or equivalently d dt (exp(−Kt)r(t)) ≤ 0. It implies that r(.) and ‖S(.)‖_W k−1,∞ vanish in [0, τ]. Proof of Proposition 4.4. We know that S(t, .) = S^t(0, .) satisfies S(t, x) = ∫_t 0 W (μ, T_μ(V )) dμ + ∫_t 0 DV (μ, T_μ(V ))S(μ, x) dμ. (4.10) Equivalently ∂_tS − DV (t, T_t(V )) S = W (t, T_t(V )) S(0, .) = 0

R. Dziri, J.-P. Zolésio / Dynamical shape control 313 in a classical sense since S is C^1 in the variable t. We compute, in a distribution sense, the partial derivative ∂_tZ using the fact that Z(t, .) = S(t, .) ∘ T_t(V )^{−1}. Let φ ∈ D((0, τ) × D), we have ∫_τ 0 ∫ D Z(t, x) . ∂_tφ dxdt = ∫_τ 0 ∫ D S(t) ∘ T_t(V )^{−1} . ∂_tφ dxdt = ∫_τ 0 ∫ D S(t). (∂_tφ) ∘ T_t(V ) dxdt = ∫_τ 0 ∫ D S(t). [∂_t(φ ∘ T_t(V )) − (Dφ(t)) ∘ T_t(V ).V ∘ T_t(V )] dxdt = −⟨∂_tS(t), φ ∘ T_t(V )⟩_D′_{,D} − ∫_τ 0 ∫ D ⟨S(t), (Dφ(t)) ∘ T_t(V ). V ∘ T_t(V )⟩dxdt = − ∫_τ 0 ∫ D W (t, T_t(V )) . φ ∘ T_t(V ) + DV (t, T_t(V ))S(t) . φ ∘ T_t(V ) dxdt − ∫_τ 0 ∫ D ⟨S(t), D(φ(t) ∘ T_t)(DT_t)^{−1} V ∘ T_t⟩dxdt = − ∫_τ 0 ∫ D W (t, x)φ + ⟨DV (t, x)Z(t, x), φ⟩dxdt − ∫_τ 0 ∫ D ⟨Z, Dφ(t).V ⟩dxdt. Thus, ∂_tZ + DZ.V − DV.Z = W in (0, τ) × D. Now, assume that Z_i, i = 1, 2, are two solutions of problem (4.5)–(4.6) and let S_i(t) = Z_i(t) ∘ T_t(V ). We will show that S_i, i = 1, 2, are two solutions, in C^0([0, τ]; W^{k−1,∞}(D)), of problem (4.7). According to the uniqueness result (4.5), we deduce that necessary Z_1 = Z_2.

5. Necessary Optimality Condition 5.1. Derivative with respect to V Here we are interested in the derivability of the mapping

I_0 = [0, σ_0] −→ L^2(0, τ; H^1_0 (div, Ω_t(V )))

σ −→ (DT^t_σ )^{−1}. (U_σ ∘ T^t_σ ), σ_0 is sufficiently small , where U_σ = U(V + σW ) is the solution of (2.1)–(2.4) when V is replaced by (V + σW ). Let V_0 = {v ∈ L^2(0, τ; H^1_0 (div, Ω_t(V ))), ∂_tv ∈ L^2(0, τ; H^1_0 (div, Ω_t(V )))}, V_∞ = {v ∈ L^2(0, τ; H^1_0 (div, Ω_t(V ))), ∂_tv ∈ L^2(0, τ; H^1_0 (div, Ω_t(V ))) ∩ L^∞(0, τ; H(div, Ω_t(V )))} and F = {F ∈ L^∞(0, τ; H^1_0 (div, Ω_t(V ))^′), ∂_tF ∈ L^1(0, τ; H(Ω_t(V ))}. Assume conditions (2.34)–(2.36). So the Weak Implicit Function Theorem (see [13]) works. Indeed let

Φ = (Φ_1, Φ_2) : I_0 × V_0 −→ L^2(0, τ; H^1_0 (div, Ω_t(V ))^′) × H^1_0 (div, Ω)

314 R. Dziri, J.-P. Zolésio / Dynamical shape control defined in a weak form by: for all w ∈ L^2(0, τ; H^1_0 (div, Ω_t(V ))) ⟨Φ_1(σ, v), w⟩ = ∫ Q(V ) (∂_t(DT^t_σ v), DT^t_σ w) dxdt − ∫ Q(V ) (D(DT^t_σ v).(DT^t_σ )^{−1}.∂_tT^t_σ , (DT^t_σ )w) dxdt + η ∫ Q(V ) D(DT^t_σ v).(DT^t_σ )^{−1}..D(DT^t_σ w).(DT^t_σ )^{−1} dxdt + ∫ Q(V ) ⟨D(DT^t_σ v).v, DT^t_σ w⟩dxdt + ∫ Q(V ) ⟨D(DT^t_σ v)(DT^t_σ )^{−1}.(V + σW ) ∘ T^t_σ + D((V + σW ) ∘ T^t_σ ).v, DT^t_σ w⟩ dxdt − ∫ Q(V ) ⟨F_{V +σW} ∘ T^t_σ , DT^t_σ w⟩ dxdt (5.1) Φ_2(σ, v) = v(0) − u_0 (5.2) where ∂_tT^t_σ = −DT^t_σ . V + (V + σW ) ∘ T^t_σ and ∫ Q(V )⟨FV +σW ∘ T t σ , w⟩ dxdt = ∫ Q(V ) ⟨f ∘ T^t_σ − (∂_t(V + σW ) + D(V + σW ).(V + σW ) − ηΔ(V + σW )) ∘ T^t_σ , w⟩ dxdt. Lemma 5.1. We have (i) For any v, w ∈ L^2(0, τ; H^1_0 (div, Ω_t(V ))), the mapping σ −→ ⟨Φ_1(σ, v), w⟩ is C^1(I_0) (5.3) and its derivative is given by ⟨∂_σΦ_1(σ, v), w⟩ = ∫ Q(V ) ⟨(∂_t(D(Z^t(σ) ∘ T^t_σ ), DT^t_σ w⟩ + ⟨∂_t(DT^t_σ v), D(Z^t(σ) ∘ T^t_σ ) w⟩ + ⟨D(D(Z^t(σ) ∘ T^t_σ ).v).V, DT^t_σ w⟩ + ⟨D(DT^t_σ v).V, D(Z^t(σ) ∘ T^t_σ )w⟩ dxdt + η ∫ Q(V ) D(D(Z^t(σ) ∘ T^t_σ ).v)(DT^t_σ )^{−1} − D(DT^t_σ .v)(DT^t_σ )^{−1}D(Z^t(σ) ∘ T^t_σ ).(DT^t_σ )^{−1} ..

D(D(Z^t(σ) ∘ T^t_σ ).w)(DT^t_σ )^{−1} − D(DT^t_σ .w)(DT^t_σ )^{−1}D(Z^t(σ) ∘ T^t_σ ).(DT^t_σ )^{−1} dxdt + ∫ Q(V ) ⟨D(D(Z^t(σ) ∘ T^t_σ ).v)v, DT^t_σ w⟩ + ⟨D(DT^t_σ .v)v, D(Z^t(σ) ∘ T^t_σ )w⟩ dxdt + ∫ Q(V ) ⟨(D(V + σW ) ∘ T^t_σ .Z^t(σ) ∘ T^t_σ + D(W ∘ T^t_σ )).v, DT^t_σ w⟩ dxdt − ∫ Q(V ) ⟨∂_σ(F_σ ∘ T^t_σ ), DT^t_σ w⟩ + ⟨F_σ ∘ T^t_σ , D(Z^t(σ) ∘ T^t_σ )w⟩ dxdt (ii) The map I_0 × L^2(0, τ; H^1_0 (div, Ω_t(V ))) −→ L^2(0, τ; H^1_0 (div, Ω_t(V ))^′), (σ, v) −→ ∂_σΦ_1(σ, v) is weakly continuous.

Proof. As shown in proposition 4.2 the mapping σ −→ T^t_σ is continuously differentiable for the strong topology and we have ∂_σT^t_σ = Z^t_σ ∘ T^t_σ .

R. Dziri, J.-P. Zolésio / Dynamical shape control 315 On the other-hand since f ∈ L^2(0, τ, H), the mapping σ −→ f ∘ T^t_σ is only weakly differentiable. Thus σ −→ Φ_1(σ, v) is weakly differentiable. We denote by ∂_σΦ_1(σ, v) its weak derivative.

The continuity of (σ, v) −→ ∂_σΦ_1(σ, v) is easy to check. Lemma 5.2. The mapping

v −→ Φ_1(σ, v), L^2(0, τ; H^1_0 (div, Ω_t(V ))) → L^2(0, τ; H^1_0 (div, Ω_t(V ))^′) (5.4) is differentiable and (σ, v) −→ ∂_vΦ_1(σ, v) is continuous. (5.5) Moreover, ∂_vΦ(0, U) is an isomorphism (5.6) from V_∞ onto F.

Property (5.6) and the following Lemma are direct consequences of the uniqueness of the solution of the considered Navier-Stokes system.

Lemma 5.3. The mapping σ −→ U_σ ∘ T_σ is Lipschitz-continuous.

Proposition 5.4. Under hypotheses of Lemmas 5.1–5.3, the weak derivative U̇ = ∂_σ((DT^t_σ )^{−1} U_σ ∘ T_σ)_{|σ=0} exists and is the solution of ∂_vΦ(0, U).U̇ = −∂_σΦ(0, U). From now on we assume Ω of class C^2. Note that since the field V is smooth, Ω_t(V ) has the same regularity than Ω for any t ∈ (0, τ). Referring to regularity results for Navier-Stokes equations (see for instance [12]) U(t) ∈ H^2(Ω_t(V ), R^3 ) for a.e. t ∈ (0, τ). Then Proposition 5.5. The field U^′(t) = U̇(t) − DU(t).Z(t), t ∈ (0, τ), satisfies ∂_tU^′ − ηΔU^′+DU^′.U + DU.U^′ + DU^′.V + DV.U^′ = −∂_tW + ηΔW − DW.U − DU.W − DV.W − DW.V in Q(V ) div U^′ = 0 in Q(V ) U^′(t) = −⟨Z(t), n_t⟩DU(t).n_t on Σ(V ) U^′(0) = 0 in Ω.

We set u^′ = U^′ + W (as u = U + V ), then Corollary 5.6. The field u^′(t) = U̇(t) − DU(t).Z(t) + W , t ∈ (0, τ), satisfies ∂_tu^′ − ηΔu^′ + Du^′.u + Du.u^′ = 0 in Q(V ) div u^′ = 0 in Q(V ) u^′(t) = ⟨Z(t), n_t⟩ (DV (t) − Du(t)).n_t + W (t) on Σ(V ) u^′(0) = 0 in Ω.

316 R. Dziri, J.-P. Zolésio / Dynamical shape control 5.2. Adjoint States associated to U^′ and Z Let 2 J_1(V ) = ‖u(V )‖^2_{Q(V )}, u(V ) = U(V ) + V . We have

dJ_1(V ; W ) = lim_{σ↘0}

J_1(V + σW ) − J_1(V ) σ = ∫ Q(V ) (U + V ). U^′ + (U + V ). W dxdt + 1 2 ∫ Σ(V ) |V |^2Z.n_t dΓ_tdt since U = 0 on Σ. That is dJ_1(V ; W ) = ∫ Q(V ) u u^′ dxdt + 1 2 ∫ Σ(V ) |V |^2Z.n_t dΓ_tdt

5.2.1. The adjoint problem associated to U^′ In view of the elimination of U^′ the adjoint is the following one. −∂_tU − ηΔU − DU.U +^∗DU.U +^∗DV.U − DU.V = U + V in Q(V ) U = 0 on Σ(V ) U(τ) = 0 in Ω_τ (V ).

That is −∂_tU − ηΔU − DU.u +^∗Du.U = u in Q(V ) U = 0 on Σ(V ) U(τ) = 0 in Ω_τ (V ).

Then, ∫ Q(V ) u.u^′ dxdt = ∫ Q(V ) (−∂_tU, u^′) − η ΔU.u^′ − ⟨DU.u, u^′⟩ + ⟨^∗DuU, u^′⟩ dxdt = ∫ Σ(V ) ⟨ηϵ(U).n_t − ⟨V, n_t⟩U , u^′⟩ dΓ_tdt dJ_1 can be expressed as follows

dJ_1(V, W ) = ∫ Σ(V ) ⟨η ϵ(U).n_t − ⟨V, n_t⟩U, ⟨Z(t), n_t⟩(DV (t) − Du(t)).n_t + W (t)⟩ dΓ_tdt + 1 2 ∫ Σ(V ) |V |^2Z.n_t dΓ_tdt. But U = 0 on Σ then the expression simplifies in the following one:

dJ_1(V, W ) = ∫ Σ(V ) ⟨η ϵ(U).n_t , ⟨Z(t), n_t⟩(DV (t) − Du(t)).n_t + W (t)⟩ dΓ_tdt + 1 2 ∫ Σ(V ) |V |^2Z.n_t dΓ_tdt

R. Dziri, J.-P. Zolésio / Dynamical shape control 317 Lemma 5.7. As U = 0 on the boundary Σ then DU = DU.n.n^∗ ⟨ϵ(U).n_t, DU.n_t⟩ = ϵ(U)..DU on Γ_t Proof.

Also as Z is a free divergence field we have ∀H, ∫ Σ(V ) HZ.n_t dΓ_tdt = ∫ Q(V ) ⟨∇(H), Z⟩ dx. So that ∫ Σ(V ) η⟨ϵ(U).n_t, ⟨Z(t), n_t⟩(DV (t) − Du(t)).n_t⟩ = ∫ Σ(V ) η ϵ(U)..(DV (t) − Du(t)) ⟨Z(t), n_t⟩dΓ_tdt = ∫_τ 0 ∫ Ωt(V ) η div( ϵ(U)..(DV (t) − Du(t)) Z(t) ) dxdt = ∫_τ 0 ∫ Ωt(V ) (η ∇( ϵ(U)..(DV (t) − Du(t)) ) Z(t) dxdt

and we get

dJ(V ; W ) = ∫_τ 0 ∫ Ωt(V ) (χ_{Q(V )}∇( η ϵ(U)..(DV (t) − Du(t)) + ∇(|V |^2)) Z(t) dxdt + ∫ Σ(V ) η ⟨ϵ(U).n_t, W ⟩dΣ

We set L = χ_{Q(V )}∇( η ϵ(U)..(DV (t) − Du(t)) + |V |^2 ). Concerning the term independent on Z we have, as divW (t) = 0, ∫ Σ(V ) η⟨ϵ(U).n_t, W (t)⟩dΓ_tdt = ∫_τ 0 ∫ Ωt(V ) η div( ϵ(U).W ) dxdt = ⟨−η ϵ(U).∇χ_{QV} , W ⟩ 5.2.2. The adjoint problem associated to Z Lemma 5.8. There exists a unique solution Λ ∈ C^0(0, τ; L^2(D, R^3 )) to the following prob- lem −∂_tΛ − DΛ.V −^∗DV.Λ = L in (0, τ) × D Λ(τ) = 0 in D.

318 R. Dziri, J.-P. Zolésio / Dynamical shape control

Proof. For simplicity we proceed as it was done for the existence result for Z. It means that we study the following ordinary differential equation in C^1(0, τ; L^2(D, R^3 )). −∂_tP −^∗DV (t) ∘ T_t(V ).P = L(t) ∘ T_t(V ) in (0, τ) × D P(τ) = 0 in D.

and take Λ = P ∘ T^{−1}_t (V ).

Using that adjoint state Λ associated to Z, dJ_1 can be expressed as follows

dJ_1(V ; W ) = ∫_τ 0 ∫ D (−η ϵ(U).∇χ_{Ωt(V )} + Λ). W dxdt. (5.7) Proposition 5.9. Let G(V ) be the gradient of J. G(V )(t, .) = (−η ϵ(U).∇χ_{Ωt(V )} + Λ) ) + αV.

Let V be an optimal solution of (3.1). Then there exists a scalar function g such that (−η ϵ(U).∇χ_{Ωt(V )} + Λ) + αV = ∇g in [0, τ] × D. References [1] D. N. Bock: On the Navier-Stokes equations in noncylindrical domains, Journal of Differential Equations 25 (1977) 151–162.

[2] C. Cannarsa, G. Da Prato, J.-P. Zolésio: The damped wave equation in a moving domain, Journal of Differential Equations 85 (1990) 1–16.

[3] G. Da Prato, J.-P. Zolésio: Dynamical programming for non cylindrical parabolic equation, Systems Control Lett. 11(1) (1988) 73–77.

[4] G. Da Prato, J.-P. Zolésio: Existence and control for wave equation in moving domain, Lect. Notes Control Inf. Sci. 144, Springer-Verlag (1990) 167–190.

[5] M. C. Delfour, J.-P. Zolésio: Structure of shape derivatives for nonsmooth domains, Journal of Functional Analysis 104 (1992) 1–33.

[6] M. C. Delfour, J.-P. Zolésio: Shape Optimization, Comett Matari Programme, Mathematical Toolkit for Artificial Intelligence and Regulation of Macro-systems, INRIA-Sophia Antipolis, 1993.

[7] R. Dziri, J.-P. Zolésio: Shape existence in Navier-Stokes flow with heat convection, Annali Della Scuola Normale di Pisa IV, Ser. 24, Fasc.1 (1997) 165–192.

[8] R. Dziri, J.-P. Zolésio: Interface minimisant l’énergie dans un écoulement stationnaire de Navier-Stokes, C. R. Acad. Sci. Paris 324, 12, Juin 1997.

[9] J. L. Lions: Quelques Méthodes de Résolution des Problèmes aux Limites Non Linéaires, Dunod, Gauthier-Villars, Paris, 1969.

[10] J. Necas: Les Méthodes Directes en Théorie des Équations Elliptiques, Masson, Paris, 1967. [11] J. Sokolowski, J.-P. Zolésio: Introduction to Shape Optimization, SCM 16, Springer-Verlag, 1992.

[12] R. Temam: Theory and Numerical Analysis of the Navier-Stokes Equations, North-Holland, 1977.

[13] J.-P. Zolésio: Identification de Domaines par Déformations, Ph.D. Thesis, Nice, 1979. [14] J.-P. Zolésio: Weak form of the shape differential equation, Proc. of the AFORS Conf., Washington, sept. 97, ed. J. Burns, Birkhauser, to appear.