Journal of Convex Analysis Volume 7 (2000), No. 1, 167–181

Euler-Lagrange Inclusions and Existence of Minimizers for a Class of Non-Coercive

Variational Problems

Graziano Crasta

Dip. di Matematica Pura ed Applicata, Via Campi 213/B, 41100 Modena, Italy.

e-mail: crasta@unimo.it

Annalisa Malusa

Dip. di Matematica, Univ. Roma I, P.le A. Moro 2, 00185 Roma, Italy. e-mail: malusa@mat.uniroma1.it

Received August 24, 1998 Revised manuscript received September 7, 1999

We are concerned with integral functionals of the form J(v) .= Z BnR [f (|x| , |∇v(x)|) + h(|x|, v(x))] dx, defined on W^{1,1}_0 (B^n_R, R^m ), where B^n_R is the ball of R^n centered at the origin and with radius R > 0. We assume that the functional J is convex, but the compactness of the sublevels of J is not required. We prove that, under suitable assumptions on f and h, there exists a radially symmetric minimizer v ∈ W^{1,1}_0 (B_R, R^m ) for J. Moreover, we associate to the functional J a system of differential inclusions of the Euler-Lagrange type, and we prove that the solvability of these inclusions is a necessary and sufficient condition for the existence of a radially symmetric minimizer for J.

Keywords: Calculus of variations, existence, Euler-Lagrange inclusions, radially symmetric solutions, non-coercive problems

1991 Mathematics Subject Classification: Primary: 49J10, 49K05; Secondary: 49J30

1. Introduction

In this paper we deal with integral functionals of Calculus of Variations of the form J(v) .= ∫ B^n_R [f(|x| , |∇v(x)|) + h(|x|, v(x))] dx , (1.1) defined on W^{1,1}_0 (B^n_R, R^m ), where B^n_R is the ball of R^n centered at 0 and with radius R > 0. We consider convex functionals, but no assumptions are made concerning the compactness of the sublevels of J. Our interest in this problem arises from its applications to physical models for which the energy functional has the form (1.1) with Lagrangian not necessarily superlinear with respect to ∇v (see, e.g., the Appendix of [11]).

Since, under our assumptions, the functional J need not be coercive, the existence of a minimizer in W^{1,1}_0 (B^n_R, R^m ) cannot be obtained by means of direct methods. However,

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

168 G. Crasta, A. Malusa / Non-coercive variational problems

thanks to the radial symmetry of the problem, it is possible to make a drastic simplification: the vectorial minimization problem involving J can be reduced to a one–dimensional problem, in the sense that J has a minimizer in W^{1,1}_0 (B^n_R, R^m ) if and only if there exists a solution to min_{u∈W} ∫_R 0 t^{n−1} [f(t, |u^′(t)|) + h(t, u(t))] dt , (1.2) where W .= { u ∈ AC_{loc}(]0, R], R^m ); u(R) = 0, t → t^{n−1} |u^′(t)| ∈ L^1(0, R) } (1.3)

(see Lemma 3.8 below). Nevertheless, problem (1.2) presents new nontrivial difficulties. The first one is due to the fact that the set W is not a subset of AC([0, R], R^m ), which is the classical framework for this kind of minimization problem. In addition, (1.2) is not a Dirichlet problem, because no boundary conditions are given at t = 0. Finally, our regularity assumptions on f and h are very mild, hence it is not possible to adapt to (1.2) the indirect methods developed in [2], [5], [6], and [9].

Minimization problems of the form (1.2), defined on scalar functions, were studied in [7] and [8]. In particular, in [8] the existence of a minimizer is obtained by means of a fixed point technique applied to a suitable multifunction. In this paper we adapt this technique to functionals defined on vector–valued functions, obtaining that there exists at least one solution to (1.2), and then a radially symmetric minimizer of J in W^{1,1}_0 (B^n_R, R^m ). More precisely, we find two functions u ∈ W and p ∈ W^∗, where

W^∗ .= { p ∈ AC([0, R], R^m ) | p(0) = 0, t^{1−n}|p^′(t)| ∈ L^1(0, R) } , (1.4)

such that the pair (u, p) satisfies a system of differential inclusions of the Euler–Lagrange type (see (3.8) and (3.9) below), and we show that this implies that u is a solution to (1.2), as one has to expect due to the convexity of the functional.

The last part of the paper is devoted to the study of the Euler–Lagrange inclusions. Since a minimizer u ∈ W of (1.2) need not be an absolutely continuous function, we cannot apply the classical necessary conditions (see [4], [14], [15], and the references therein). Nevertheless, we show that for every solution u of (1.2) there exists p ∈ W^∗ such that the pair (u, p) solves (3.8) and (3.9). These necessary and sufficient conditions for the solvability of (1.2) are the basic tools for the study of non-convex problems, as we show in the forthcoming paper [10].

2. Preliminaries

2.1. Notation

In what follows, ⟨·, ·⟩ and |·| will denote the standard scalar product and the Euclidean norm in R^d , d ≥ 1, while B^d_r ⊂ R^d will denote the open ball centered at the origin and with radius r > 0. We write R .= R^1 , and R .=] − ∞, +∞]. The norm of a matrix

Q = (q_{ij}) i=1..n_{j=1..m} is defined by |Q| .= (∑ ij q^2_{ij} )_{1/2} . We shall denote by A and intA respectively the closure and the interior of a set A. We recall that the relative interior riA of a convex set A is defined as the interior of A regarded as a subset of its affine hull.

G. Crasta, A. Malusa / Non-coercive variational problems 169

As is customary, L^p(Ω, R^d ) and W^{1,p}(Ω, R^d ), 1 ≤ p ≤ +∞, will denote the Lebesgue and Sobolev spaces of functions defined in an open set Ω and with values in R^d . If d = 1 we write L^p(Ω) .= L^p(Ω, R) and W^{1,p}(Ω) .= W^{1,p}(Ω, R). The usual norm in L^p(Ω, R^d ) will be denoted by ‖ · ‖_Lp , and B^p_r ⊆ L^p(Ω, R^d ) will be the ball centered at 0 and with radius r > 0. If Ω = [0, R] ⊂ R, we set AC([0, R], R^d ) .= W^{1,1}([0, R], R^d ), while AC_{loc}(]0, R], R^d ) will denote the set of all functions u such that u ∈ AC([ε, R], R^d ) for every 0 < ε < R.

2.2. Convex functions and subgradients

Given a function ψ : R^d → R, we shall denote by Dom ψ its effective domain, defined as {ξ ∈ R^d ; ψ(ξ) ∈ R}, and by ψ^∗ its dual function, defined by ψ^∗(p) .=sup_{ξ∈}Rd {⟨p, ξ⟩ − ψ(ξ)} for every p ∈ R^d . If ψ is a convex function, we define its subgradient at ξ ∈ Dom ψ by ∂ψ(ξ) .= { p ∈ R^d ; ψ(η) ≥ ψ(ξ) + ⟨p, η − ξ⟩ , for every η ∈ R^{d }} . (2.1)

By definition, we set ∂ψ(ξ) .= ∅ for every ξ ∉ Dom ψ. We recall that, if ψ is differentiable at ξ, then ∂ψ(ξ) = {∇ψ(ξ)}. In the rest of the paper we shall deal with families of convex functions ξ → ψ(t, ξ) depending on a real parameter t, and ∂ψ(t, ξ) will denote the subgradient with respect to the second variable.

A function ψ : [0, R]×[0, +∞[→ R is said to be a convex integrand if the map ξ → ψ(t, |ξ|),

ξ ∈ R, is convex and lower semicontinuous for a.e. t ∈ [0, R], and there exists a Borel

function ψ̂ : [0, R] × [0, +∞[→ R such that ψ̂(t, ·) = ψ(t, ·) for a.e. t ∈ [0, R].

In the following proposition we collect some well known properties of the subgradient (see [13]).

Proposition 2.1. Let ψ : R^d → R be a convex function. Then the following properties hold:

(i) if ψ is bounded from above in a non–empty open set A, then ψ is locally Lipschitz continuous in A;

(ii) for every ξ ∈ R^d , the set ∂ψ(ξ) (possibly empty) is convex and closed in R^d ; (iii) if ξ ∈ int Dom ψ, then ∂ψ(ξ) is a non-empty compact set; (iv) if ψ^∗ ≠ −∞, then p ∈ ∂ψ(ξ) if and only if ξ ∈ ∂ψ^∗(p).

2.3. Set-valued mappings

Let X and Y be normed spaces. A multifunction Ψ: X → 2^Y is said to be upper semicontinuous if Ψ^{−1}(A) is closed in X whenever A ⊆ Y is closed. It can be checked that, if Ψ has compact values, then Ψ is upper semicontinuous if and only if for every sequence (x_k)_k ⊆ X converging to a point x ∈ X and every ε > 0 there exists k_ε ∈ N such that Ψ(x_k) ⊆ Ψ(x) + B_ε(0) for every k ≥ k_ε (see [12], Proposition 1.1). We recall that, if ψ : X → R is a convex function, then the multifunction Ψ(x) .= ∂ψ(x) is upper semicontinuous.

The following fixed point theorem will be fundamental to our aims (see [12], Corollary 11.3).

Proposition 2.2. Let X be a Banach space, D ⊆ X be a nonempty closed bounded convex set, and Ψ: D → 2^X be a upper semicontinuous multifunction with closed convex

170 G. Crasta, A. Malusa / Non-coercive variational problems

values. Assume that Ψ(D) ⊆ D, and Ψ(D) is a compact subset of X. Then Ψ admits a fixed point, that is, there exists x ∈ X such that x ∈ Ψ(x).

3. The existence result

Let us consider the minimization problem min v∈W 1^,10 (B^n_R,R^m) ∫ B^n_R [f (|x| , |∇v(x)|) + h(|x|, v(x))] dx .= min_{v∈W 1,1} 0 (B^n_R,R^m)

J(v) (3.1)

where n, m ≥ 1, and the maps f and h satisfy the following properties:

(H1) The map f : [0, R] × [0, +∞[→ R is a convex integrand.

(H2) The map x → f(|x|, 0) is integrable on B^n_R, that is t → t^{n−1}f(t, 0) is integrable on (0, R).

(H3) M .= ess inf_{t∈[0,R]} M(t) > 0, where M(t) .= lim_{s→+∞} f(t, s)/s. (H4) For every ρ < M there exists a function c_ρ belonging to L^1(0, R) such that f(t, s) ≥ ρs − t^{1−n}c_ρ(t) for a.e. t ∈ [0, R] and every s ≥ 0.

(H5) h: [0, R] × R^m → R is a measurable function such that h(t, ·) is convex for every t ∈ [0, R], and t → t^{n−1}h(t, 0) ∈ L^1(0, R). (H6) There exists a measurable function H : [0, R] → [0, +∞] such that, for every u ∈

R^m , ∂h(t, u) ⊂ B^m_{H(t)} for a.e. t ∈ [0, R], and γ(t)^.= t^{n−1}H(t) ∈ L^1(0, R).

(H7) M_0 .= sup_{t∈]0,R]} { t^{1−n} ∫_t 0 γ(s) ds } < M. Remark 3.1. From the definition of convex integrand given in Section 2.2, it follows that, for a.e. t ∈ [0, R], the map s → f(t, s), s ≥ 0, is monotone non-decreasing. We remark that the same property also holds for the polar function f^∗.

Remark 3.2. From the convexity of h(t, ·) and the definition of H we deduce that, for every u ∈ R^m , |h(t, u)| ≤ |h(t, 0)| + H(t)|u| for a.e. t ∈ [0, R], hence (H5) and (H6) imply that the map t → t^{n−1}h(t, u) belongs to L^1(0, R).

Remark 3.3. If h does not depend on t, then in (H6) we can choose H not depending on t, so that (H7) reduces to H <^{Mn}_R .

Remark 3.4. If f is a superlinear function, then M = +∞ and (H7) is automatically satisfied.

Remark 3.5. The following example shows that the existence of a solution to (3.1) may fail if (H7) is not verified. Let n = m = 1, R = 1, h(t, u) .= λ u with λ > 0, and

f(t, s) = f̃(s) .= { s − √ s, if s > 1/4, −1/4, if 0 ≤ s ≤ 1/4. It is easy to see that f and h satisfy (H1)–(H6), with M = 1 and H(t) ≡ λ, so that M_0 = λR/n. We are going to show that, if (H7) does not hold, that is if λ ≥ n M/R = 1, then the variational problem (3.1) has no solution. Integrating by parts the term in

G. Crasta, A. Malusa / Non-coercive variational problems 171

u, (3.1) can be rewritten as min u∈W 1^,10 (−1,1)

∫_1 −1 [ f̃ (|u^′(x)|) − λ x u^′(x) ] dx. (3.2)

It is easy to check that ξ → f̃(|ξ|) is continuously differentiable and f̃^′(s) = 1 − s^{−1/2}/2 if s > 1/4, while f̃^′(s) = 0 if 0 ≤ s ≤ 1/4. By the classical Euler-Lagrange necessary conditions, for every solution u ∈ W^{1,1}_0 (−1, 1) to (3.2) there exists p ∈ R such that f̃ ′(|u′(x)|) sign u′(x) = p + λ x for a.e. x ∈ [−1, 1]. On the other hand, since |f̃ ′(s)| < 1 for every s, then the Euler-Lagrange conditions cannot hold for a.e. x ∈ [−1, 1] whenever λ > 1. Moreover, if λ = 1, then it must be p = 0, so that u^′(x) = sign(x) [4(1 − |x|)^2]^{−1} for a.e. x ∈ [−1, 1]. Since u^′ ∉ L^1(−1, 1), u cannot be a solution to (3.1).

In order to simplify the notation, we introduce the function g : [0, R] × R^m → R defined by g(t, ξ) .= f(t, |ξ|), so that

∂g(t, ξ) = ∂f(t, |ξ|) ξ |ξ| , if |ξ| ≠ 0, B_{r0(t)}, if |ξ| = 0,

(3.3)

∂g^∗(t, p) = ∂f^∗(t, |p|) p |p| , if |p| ≠ 0, B_{r1(t)}, if |p| = 0,

(3.4)

where r_0(t) .= f^′_+(t, 0) and r_1(t) .= (f^∗)^′_+(t, 0).

The following lemma gives an a-priori bound on the selections of ∂g^∗ which will be frequently used in the rest of the paper.

Lemma 3.6. Assume that (H1)–(H4) hold, and let M_0 ∈]0, M[ be fixed. Then there exists a function U ∈ L^1(0, R) such that for every q ∈ L^∞([0, R], R^m ) with ‖q‖_L1 ≤ M_0, and for every measurable selection ξ(t) of the multifunction t → t^{n−1}∂g^∗(t, q(t)) one has |ξ(t)| ≤ U(t) for a.e. t ∈ [0, R].

Proof. Let δ_0 .= M − M_0 2 , and let us define the function

U(t) .= t^{n−1} f^∗(t, M_0 + δ_0) − f^∗(t, 0) δ_0

. (3.5)

Notice that, by the very definition of M(t) in (H3), one obtains that, for a.e. t ∈ [0, R], Domf^∗(t, ·) = [−M(t), M(t)], and then ] − M, M[⊆ Dom f^∗(t, ·). Hence the function U is well defined. In order to prove that U ∈ L^1(0, R), we show that the map t → t^{n−1}f^∗(t, s) is integrable on [0, R] for every s ∈] − M, M[. Indeed, given s ∈] − M, M[, by (H4) and the very definition of f^∗ we deduce that there exists c_s ∈ L^1(0, R) such that −t^{n−1}f(t, 0) ≤ t^{n−1}f^∗(t, s) ≤ c_s(t) , a.e. t ∈ [0, R] , which implies, together with (H2), that the map t → t^{n−1}f^∗(t, s), and hence U, is integrable on [0, R].

172 G. Crasta, A. Malusa / Non-coercive variational problems

Let us fix q ∈ L^∞([0, R], R^m ) with ‖q‖_L1 ≤ M_0, and let ξ(t) be a measurable selection of the multifunction t → t^{n−1}∂g^∗(t, q(t)). For a.e. t ∈ [0, R] such that q(t) ≠ 0 we have |ξ(t)| ∈ t^{n−1}∂f^∗(t, |q(t)|), so that, thanks to the monotonicity of f^∗(t, ·),

t^{n−1} [f^∗(t, M_0 + δ_0) − f^∗(t, 0)] ≥ t^{n−1} [f^∗(t, M_0 + δ_0) − f^∗(t, |q(t)|)] ≥ ≥ |ξ(t)| (M_0 + δ_0 − |q(t)|) ≥ δ_0 |ξ(t)| , whereas, if |q(t)| = 0, from (3.4) we have |ξ(t)| ≤ t^{n−1}(f^∗)^′_+(t, 0), which directly implies that |ξ(t)| ≤ U(t). As a first step, we reduce problem (3.1) to a minimization problem on the set W defined in (1.3).

Remark 3.7. Notice that, if v ∈ W^{1,1}_0 (B^n_R, R^m ) is a radially symmetric function, that is v(x) = u(|x|) for some function u: [0, R] → R^m , then u belongs to W . Namely, it can be easily checked that u belongs to AC_{loc}(]0, R], R^m ), and, denoting by α_n the (n − 1)– dimensional Hausdorff measure of ∂B^n_1 , α_n ∫_R 0 t^{n−1} |u^′(t)| dt = ∫ B^n_R | | | | ⟨ ∇v(x), x |x| ⟩| | | dx ≤ ∫ B^n_R |∇v(x)| dx , so that t^{n−1}|u^′(t)| ∈ L^1(0, R). Finally, since v(ωR) = 0 for a.e. ω with |ω| = 1, we obtain u(R) = 0, hence u ∈ W .

The following lemma, together with Remark 3.7, shows that problem (3.1) has a solution if and only if problem min_{u∈W} ∫_R 0 t^{n−1} [f(t, |u^′(t)|) + h(t, u(t))] dt .= min_{u∈W} F (u) (3.6) has a solution. The proof follows the lines of the analogue for problems defined in W^{1,1}_0 (B^n_R), proved in [1].

Lemma 3.8. For every v ∈ W^{1,1}_0 (B^n_R, R^m ) there exists a radially symmetric function ṽ ∈ W^{1,1}_0 (B^n_R, R^m ) such that J(ṽ) ≤ J(v).

Proof. Given v ∈ W^{1,1}_0 (B^n_R, R^m ), we define ṽ(x) .= 1 α_n ∫ |ω|=1 v(ω |x|) dω . Clearly ṽ is radially symmetric, and

∇ṽ_i(x) = 1 α_n x |x| ∫ |ω|=1 ⟨∇v_i(ω |x|), ω⟩ dω, a.e. x ∈ B^n_R, for every i = 1 . . . m (see [1]). Then, by the definition of ṽ and the estimate |∇ṽ(x)| ≤ 1 α_n ∫ |ω|=1 |∇v(ω |x|)| dω , (3.7)

G. Crasta, A. Malusa / Non-coercive variational problems 173

we deduce that ṽ ∈ W^{1,1}(B^n_R, R^m ). In order to prove that ṽ ∈ W^{1,1}_0 (B^n_R, R^m ), we consider the functions

φ̃_k(x) = 1 α_n ∫ |ω|=1 φ_k(ω |x|) dω , x ∈ B^n_R , k ∈ N ,

where (φ_k)_k is a sequence of functions belonging to C^∞_c (B^n_R, R^m ) which converges to v in the strong topology of W^{1,1}(B^n_R, R^m ). It can be easily checked that (φ̃_k)_k converges to ṽ in the same topology, which implies that ṽ ∈ W^{1,1}_0 (B^n_R, R^m ). Finally, from the convexity of f and h, and Jensen’s inequality, we conclude that J(ṽ) ≤ J(v).

Now our aim is to find a solution to problem (3.6). Our starting point is the fact that, even if we deal with functions not belonging to AC([0, R], R^m ), it is possible to associate to problem (3.6) a system of differential inclusions of the Euler-Lagrange type. More precisely, if W and W^∗ are the sets defined in (1.3) and (1.4) respectively, then the following lemma holds.

Lemma 3.9. Assume that (H1) and (H5) hold, and suppose that the pair (u, p) ∈ W × W^∗ satisfies the differential inclusions p^′(t) ∈ t^{n−1}∂h(t, u(t)), (3.8) p(t) ∈ t^{n−1}∂g(t, u^′(t)), (3.9) for a.e. t ∈ [0, R]. Then u is a solution to problem (3.6).

Proof. The case m = 1 is proved in [8], Remark 3.5. Although the general case does not present new difficulties, we give here a sketch of the proof for the reader’s convenience. Assume that the pair (u, p) ∈ W × W^∗ satisfies (3.8) and (3.9), let w ∈ W be fixed, and let z .= w − u. From (3.8) and (3.9) we have that

F (w) − F (u) ≥ ∫_R 0 [⟨p(t), z^′(t)⟩ + ⟨p^′(t), z(t)⟩] dt . (3.10) We claim that the functions ⟨p(t), z^′(t)⟩ and ⟨p^′(t), z(t)⟩ belong to L^1(0, R), and ∫_R 0 ⟨p^′(t), z(t)⟩ dt = − ∫_R 0 ⟨p(t), z^′(t)⟩ dt , (3.11) so that, by (3.10), F (w) ≥ F (u) for every w ∈ W .

Given ε > 0, we have that both z and p belong to AC([ε, R], R^m ). Since z(R) = 0, integrating by parts we get ∫_R ε ⟨p^′(t), z(t)⟩ dt = − ⟨p(ε), z(ε)⟩ − ∫_R ε ⟨p(t), z^′(t)⟩ dt . (3.12) Moreover, z belongs to W , so that there exists ξ ∈ L^1([0, R], R^m ) such that z(t) = − ∫_R t s^{1−n}ξ(s) ds for every t ∈]0, R], whereas p belongs to W^∗, so that there exists q ∈

174 G. Crasta, A. Malusa / Non-coercive variational problems

L^1([0, R], R^m ) such that p(t) = ∫_t 0 s^{n−1}q(s) ds for every t ∈ [0, R]. One can easily check that |⟨p^′(t), z(t)⟩| ≤ ‖ξ‖_L1 |q(t)| , |⟨p(t), z^′(t)⟩| ≤ ‖q‖_L1 |ξ(t)| , |⟨p(t), z(t)⟩| ≤ ‖ξ‖_L1 ∫_t 0 |q(s)| ds , ∀t ∈]0, R] . Then we can pass to the limit in (3.12), obtaining (3.11).

As a first step, we prove the existence of a minimizer of F provided that h is a smooth function with respect to u.

Theorem 3.10. Assume that (H1)–(H7) hold and that h(t, ·) ∈ C^1(R^m ) for every t ∈ [0, R]. Then problem (3.6) admits at least one solution u ∈ W .

In view of Lemma 3.9, our aim will be to find a pair (u, p) ∈ W × W^∗ satisfying (3.8) and (3.9). This goal will be achieved by introducing a multifunction defined on a subset of W , whose fixed points are solutions of (3.8) and (3.9) for a suitable p ∈ W^∗. Let U ∈ L^1(0, R) be the function defined in (3.5) corresponding to the constant M_0 introduced in (H7), and let V be the set V .= {v ∈ AC([0, R], R^m ) | v(R) = 0 , |v^′(t)| ≤ U(t) a.e. t ∈ [0, R]} . (3.13) For every v ∈ V we define B_v(t) .= t^{1−n} ∫_t 0 s^{n−1}∇h ( s, − ∫_R s σ^{1−n}v^′(σ) dσ ) ds (3.14)

for t ∈]0, R], and B_v(0) .= 0. Notice that, by (H6) and (H7), we have that ‖B_v‖_L1 ≤ M_0, hence, from Lemma 3.6, for every v ∈ V the set

Φ(v) .= { u ∈ AC([0, R], R^m ); u(R) = 0, u^′(t) ∈ t^{n−1}∂g^∗(t, B_v(t)) a.e. t } (3.15)

is well-defined and

|u^′(t)| ≤ U(t) for every u ∈ Φ(v). (3.16)

In particular, the estimate (3.16) implies that Φ(v) ⊂ V for every v ∈ V . We want to show that the multifunction Φ: V → 2^V has a fixed point, that is there exists v ∈ V such that v ∈ Φ(v).

In order to apply Proposition 2.2, we have to investigate some convergence properties of the subgradients of convex functions (see [8], Lemma 4.6).

Lemma 3.11. Let ψ_k : [0, R] × R^m → R, k ∈ N, be a sequence of Borel measurable functions such that, for a.e. t ∈ [0, R], ψ_k(t, ·) is convex for every k ∈ N, and there exists a nonempty open set D(t) ⊂ ⋂ k Dom ψ_k(t, ·). Assume that, for a.e. t ∈ [0, R], the sequence (ψ_k(t, ·))_k converges pointwise on D(t) to a finite function ψ(t, ·). Let q_k : [0, R] → R^m , k ∈ N, be a sequence of measurable functions converging a.e. to a function q, and assume that q(t) ∈ D(t) for a.e. t ∈ [0, R]. Furthermore, assume

G. Crasta, A. Malusa / Non-coercive variational problems 175

that there exists G ∈ L^1(0, R) such that, for a.e. t ∈ [0, R], ∂ψ(t, q(t)) ∩ B^m_{G(t)} ≠ ∅ and sup {|p|; p ∈ ⋃ k ∂ψ_k(t, q_k(t))} ≤ G(t). Let us define the sets L_k .= {η ∈ L^1(0, R); η(t) ∈ ∂ψ_k(t, q_k(t)), a.e. t}, k ∈ N, and L .= {η ∈ L^1(0, R); η(t) ∈ ∂ψ(t, q(t)) a.e. t}. Then, for every ε > 0 there exists k_ε ∈ N such that L_k ⊂ L + B^1_ε for every k ≥ k_ε. Furthermore, if ξ_k ∈ L_k for every k ∈ N, and ξ_k ⇀ ξ w-L^1, then ξ ∈ L.

Lemma 3.12. For every v ∈ V , Φ(v) has nonempty convex compact values in L^∞([0, R], R^m ).

Proof. The convexity is trivial. Moreover, for every v ∈ V , Φ(v) is a nonempty relatively compact subset of L^∞([0, R], R^m ). Namely, if ξ(t) is a measurable selection of the multifunction t → t^{n−1}∂g^∗(t, B_v(t)), then by Lemma 3.6, ξ ∈ L^1([0, R], R^m) and u(t) .= − ∫_R t ξ(s) ds belongs to Φ(v). Furthermore, from (3.16) we deduce that the set {u^′; u ∈ Φ(v)} is equiabsolutely integrable so that, by the Ascoli-Arzelà theorem, Φ(v) is relatively compact in L^∞([0, R], R^m ) (see [3], 10.2.i).

It remains to prove that the set Φ(v) is closed in the same space. Assume that (w_k)_k is a sequence in Φ(v) converging to a function w strongly in L^∞([0, R], R^m ). From (3.16) we easily infer that w ∈ AC([0, R], R^m ) and (w^′_k)_k converges to w^′ in the weak topology of L^1([0, R], R^m ). Hence, applying Lemma 3.11 to ψ_k(t, ·) = ψ(t, ·) = t^{n−1}g^∗(t, ·), q_k = B_v, D(t) =] − M, M[ for every t ∈ [0, R], L_k = L = {u^′; u ∈ Φ(v)}, ξ_k = w^′_k, we obtain that w ∈ Φ(v). Lemma 3.13. The multifunction Φ is upper semicontinuous in the strong topology of L^∞([0, R], R^m ).

Proof. Since, by Lemma 3.12, the multifunction Φ has convex compact values, it is enough to show that for every sequence (v_k)_k ⊂ V converging strongly to v in L^∞([0, R],

R^m ), and for every ε > 0 there exists k_ε ∈ N such that Φ(v_k) ⊆ Φ(v) + B^∞_ε for every

k ≥ k_ε. Since v_k ∈ V , we have that |v^′_k(t)| ≤ U(t) a.e. in [0, R], which implies that (v^′_k)_k converges to v^′ in the weak topology of L^1([0, R], R^m ) (notice that the whole sequence converges to v^′ due to the fact that the sequence (v_k)_k converges to v in L^∞([0, R], R^m )). Hence (B_{vk} (t))_k converges to B_v(t) for a.e. t ∈ [0, R], and we can apply Lemma 3.11 to ψ_k(t, ·) = ψ(t, ·) = t^{n−1}g^∗(t, ·), q_k = B_{vk} , D(t) =] − M, M[ for every t ∈ [0, R], L_k = {u^′; u ∈ Φ(v_k)}, L = {u^′; u ∈ Φ(v)}, obtaining the required property for Φ.

Proof of Theorem 3.10. By Lemmas 3.12 and 3.13 we infer that Φ is a upper semicontinuous multifunction with nonempty convex compact values in the space L^∞([0, R], R^m ). On the other hand one can easily check that V is convex and compact in the same space. Hence we can apply Proposition 2.2, obtaining that there exists v ∈ V such that v ∈ Φ(v). If we define u(t) .= − ∫_R t s^{1−n}v^′(s) ds , p(t) .= t^{n−1}B_v(t) , then u ∈ W , p ∈ W^∗, u^′(t) ∈ ∂g^∗(t, t^{1−n}p(t)) and p^′(t) = t^{n−1}∇h(t, u(t)) for a.e. t ∈ [0, R]. Hence (3.8) and (3.9) are fulfilled, so that, by Lemma 3.9, u is a solution of problem (3.6).

176 G. Crasta, A. Malusa / Non-coercive variational problems

In order to deal with nonsmooth h, we need the following notion of solution to problem (3.6) obtained by approximation. In Proposition 3.17 we shall show that every solution of this kind is actually a solution to (3.6).

Definition 3.14. We say that u ∈ W is a solution to (3.6) obtained by approximation if there exist three sequences (h_k)_k, (u_k)_k and (p_k)_k such that: (i) lim_k u_k(t) = u(t) for a.e. t ∈ [0, R];

(ii) for every k ∈ N, h_k : [0, R] × R^m → R is a measurable function, h_k(t, ·) is convex and of class C^1 for every t ∈ [0, R], and (h_k(t, ·))_k converges pointwise to h(t, ·) for a.e. t ∈ [0, R];

(iii) for every k ∈ N, (u_k, p_k) ∈ W × W^∗ is a solution of the Euler–Lagrange inclusions

p^′_k(t) = t^{n−1}∇h_k(t, u_k(t)), (3.17) p_k(t) ∈ t^{n−1}∂g(t, u^′_k(t)), (3.18) for a.e. t ∈ [0, R].

Remark 3.15. One can easily check that, if u is a solution obtained by approximation, and (h_k)_k, (u_k)_k, (p_k)_k are the sequences appearing in Definition 3.14, then, for every

k ∈ N, u_k is a solution to the problem min_{v∈W} ∫_R 0 t^{n−1} [f(t, |v^′(t|) + h_k(t, v(t))] dt . (3.19) In the following lemma we list all the a-priori estimates on the approximating sequences that will be needed in the last part of this section.

Lemma 3.16. Assume that (H1)–(H7) hold, and let (u_k, p_k) ∈ W × W^∗ be a solution to (3.17)–(3.18). Then |p^′_k(t)| ≤ γ(t), a.e. t ∈ [0, R], (3.20) ‖ ‖t^{1−n}p_k(t) ‖ ‖_L1 ≤ M_0, (3.21) |u^′_k(t)| ≤ t^{1−n}U(t), a.e. t ∈ [0, R]. (3.22) Proof. The estimate (3.20) follows from (3.17) and (H6), while (3.21) is a direct consequence of (3.20) and (H7). Finally, by (3.21), (3.18), Proposition 2.1(iv) and Lemma 3.6 we obtain (3.22).

Proposition 3.17. Assume that (H1)–(H7) hold. Then every solution to (3.6) obtained by approximation is a solution to (3.6).

Proof. Let u ∈ W be a solution to (3.6) obtained by approximation, and let (h_k)_k, (u_k, p_k)_k be the sequences appearing in Definition 3.14.

From (3.20) we infer that there exists a subsequence, still denoted by (p^′_k)_k, which converges to a function z in the weak topology of L^1([0, R], R^m ). It is easy to see that the function p(t) .= ∫_t 0 z(s) ds belongs to W^∗, and lim_k p_k(t) = p(t) for every t ∈ [0, R].

Since lim_k u_k(t) = u(t) for a.e. t ∈ [0, R], from (3.22) we deduce that

t^{n−1}u^′_k(t) ⇀ t^{n−1}u^′(t) weak-L^1([0, R], R^m ). (3.23)

G. Crasta, A. Malusa / Non-coercive variational problems 177

From Proposition 2.1(iv), the inclusion (3.18) can be rewritten as t^{n−1}u^′_k(t) ∈ t^{n−1}∂g^∗(t, t^{1−n}p_k(t)), a.e. t ∈ [0, R]. (3.24) Since lim_k p_k(t) = p(t) for every t ∈ [0, R], from (3.23), (3.24) and Lemma 3.11 applied to ψ_k(t, ·) = ψ(t, ·) = t^{n−1}g^∗(t, ·), q_k(t) = t^{1−n}p_k(t), q(t) = t^{1−n}p(t), D(t) =] − M, M[ for every t ∈ [0, R], ξ_k(t) = t^{n−1}u^′_k(t), ξ(t) = t^{n−1}u^′(t), we obtain t^{n−1}u^′(t) ∈ t^{n−1}∂g^∗(t, t^{1−n}p(t)), a.e. t ∈ [0, R] , (3.25) which implies, thanks to Lemma 2.1(iv), that (u, p) satisfies (3.9). Finally, from (3.17), and Lemma 3.11 applied to ψ_k(t, ·) .= t^{n−1}h_k(t, ·), ψ(t, ·) .= t^{n−1}h(t, ·), D(t) = R^m for every t ∈ [0, R], q_k = u_k, q = u, G = H, ξ_k = p^′_k, and ξ = p^′, we conclude that the pair (u, p) also satisfies the inclusion (3.8). Hence, by Lemma 3.9, u is a solution to problem (3.6).

Now we are in a position to prove that, even if h(t, ·) is not a smooth function, there exists at least one solution obtained by approximation of problem (3.6). Theorem 3.18. Assume that (H1)–(H7) hold. Then problem (3.6) admits at least one solution obtained by approximation.

Proof. Let (ϕ_k)_k be the standard mollifiers and let h_k(t, ·) .= ϕ_k ∗ h(t, ·). It can be easily checked that, for every k ∈ N, h_k(t, ·) is a smooth convex function which satisfies (H6) and (H7). Hence, by Theorem 3.10, there exists u_k ∈ W solution of (3.19), and there exists p_k ∈ W^∗ such that (u_k, p_k) is a solution to (3.17) and (3.18). From (3.22) there exist a subsequence of (u_k)_k, still denoted by (u_k)_k, and a function u ∈ W such that lim_k u_k(t) = u(t) for a.e. t ∈ [0, R]. Since (h_k(t, ·))_k converges pointwise to h(t, ·) for every t ∈ [0, R], then u is a solution to (3.6) obtained by approximation.

4. Euler-Lagrange inclusions In the previous section we exhibited a solution to problem (3.6) which satisfies also the Euler–Lagrange inclusions (3.8) and (3.9). Now we want to prove that the solvability of these inclusions provides a necessary and sufficient condition for minimality. Theorem 4.1. Assume that (H1)–(H6) hold. Then u ∈ W is a solution of problem (3.6) if and only if there exists p ∈ W^∗ such that (u, p) is a solution of the Euler-Lagrange inclusions (3.8) and (3.9).

We shall use the following result concerning necessary minimality conditions for functionals defined on absolutely continuous functions (see [15], Corollary 1). Proposition 4.2. Let us consider the minimization problem min v∈AC([a,b],R^m) { l(v(a), v(b)) + ∫_b a L(t, v(t), v^′(t)) dt } (4.1)

where (i) l and L(t, ·, ·) are convex functions, lower semicontinuous and not identically +∞;

178 G. Crasta, A. Malusa / Non-coercive variational problems (ii) L is a normal convex integrand;

(iii) there exist p ∈ L^∞([a, b], R^m ), s ∈ L^1([a, b], R^m ), and α ∈ L^1(a, b) such that L(t, u, ξ) ≥ ⟨u, s(t)⟩ + ⟨ξ, p(t)⟩ − α(t) for a.e. t ∈ [a, b];

(iv) for every u ∈ R^m there exist v ∈ L^1([a, b], R^m ), and β ∈ L^1(a, b) such that L(t, u, v(t)) ≤ β(t) for a.e. t ∈ [a, b];

(v) let C_l .= {(c_a, c_b) ∈ R^m × R^m ; l(c_a, c_b) < +∞} and let C_L be the set of all pairs (c_a, c_b) ∈ R^m ×R^m such that there exists v ∈ AC([a, b], R^m ) with v(a) = c_a, v(b) = c_b and (v(t), v^′(t)) ∈ DomL(t, ·, ·) for a.e. t ∈ [a, b]. Assume that riC_l ∩ riC_L ≠ ∅.

Then u ∈ AC([a, b], R^m ) is a solution to (4.1) if and only if there exists p ∈ AC([a, b], R^m ) such that p^′(t) ∈ ∂_2L(t, v(t), v^′(t)), (4.2) p(t) ∈ ∂_3L(t, v(t), v^′(t)), (4.3) for a.e. t ∈ [a, b] and p(a) ∈ ∂_1l(v(a), v(b)), (4.4) −p(b) ∈ ∂_2l(v(a), v(b)), (4.5) where ∂_i denotes the subdifferential with respect to the i−th variable.

Proof of Theorem 4.1. If (u, p) ∈ W × W^∗ is a solution of (3.8) and (3.9), then the minimality of u follows from Lemma 3.9.

Conversely, assume that u is a solution of problem (3.6). For every k ∈ N, k > 1/R, let us consider the set W_k .= {v ∈ AC([1/k, R]) | v(R) = 0} and the functional F_k(v) .= ∫_R 1/k t^{n−1}[f(t, |v^′(t)|) + h(t, v(t))] dt

defined for v ∈ W_k. Let us define ε_k .= ∫_{1/k} 0 γ(t) dt, where γ is the function defined in (H6), and l_k(x) .= ε_k |x − u(1/k)| for every x ∈ R^m . We remark that, from (H6) and the absolute continuity of the Lebesgue integral, lim_{k→∞} ε_k = 0. (4.6)

We want to prove that the restriction u_k of u to the interval [1/k, R] is a solution to the problem min_{v∈Wk} {F_k(v) + l_k (v (1/k))} (4.7)

G. Crasta, A. Malusa / Non-coercive variational problems 179

for every k > 1/R. To do so, fix v ∈ W_k, and define δ .= v(1/k) − u(1/k) and w(t) .= { u(t) + δ, if t ∈]0, 1/k], v(t), if t ∈ [1/k, R]. Since w belongs to W and u is a solution of (3.6), we have that F (u) ≤ F (w), which implies that

F_k(u_k) ≤ F_k(v) + ∫_{1/k} 0 t^{n−1}[h(t, u(t) + δ) − h(t, u(t))] dt ≤ F_k(v) + ε_k|δ| , (4.8) where the last inequality follows from (H6) and the definition of ε_k. From (4.8) we obtain

F_k(u_k) + l_k(u_k(1/k)) = F_k(u_k) ≤ F_k(v) + l_k(v(1/k)) for every v ∈ W_k, so that u_k is a solution of (4.7).

Now we claim that it is possible to apply Proposition 4.2 to problem (4.7). Namely (i) and (ii) follow from (H1) and (H5), (iii) is satisfied with p ≡ 0, α(t) = −t^{n−1} [f(t, 0) + h(t, 0)], which belongs to L^1(1/k, R) due to (H2) and (H5), and s(t) a measurable selection of t → t^{n−1}∂h(t, 0), which is integrable since |s(t)| ≤ γ(t) for a.e. t ∈ [0, R]. Condition (iv) is satisfied with v ≡ 0 and β(t) = t^{n−1} [f(t, 0) + h(t, u)], which belongs to L^1(1/k, R) due to (H2) and Remark 3.2. It remains to prove that (v) is satisfied. Clearly riC_{lk} = C_{lk} = R^m × {0}, so that we have to prove that the set of starting points of arcs v ∈ AC([1/k, R], R^m ) with v(R) = 0 and such that v^′(t) ∈ Domf(t, ·) for a.e. t ∈ [1/k, R] contains an open subset. From (H2) we infer that 0 ∈ Domf(t, ·) for a.e. t ∈ [0, R]. We can assume, without loss of generality, that there exists v_0 ∈ W with v^′_0(t) ∈ Domf(t, ·) for a.e. t ∈ [0, R] and v_0 ≢ 0. Indeed, if this is not true, then Dom f(t, ·) = {0} for a.e. t ∈ [0, R], so that ∂g(t, 0) = R^m for a.e. t ∈ [0, R]. Hence, choosing a measurable selection z(t) of t → t^{n−1}∂h(t, 0), the Euler–Lagrange inclusions (3.8) and (3.9) are fulfilled with p(t) .= ∫_t 0 z(s) ds. Let v_0 be as above and let r_k .= ∫_R 1/k |v^′_0(t)| dt. Since v^′_0 ≢ 0, there exists k_0 ∈ N such that r_k > 0 for every k ≥ k_0. For every ξ ∈ B^m_1 , let us define v_ξ(t) .= ξ ∫_R t |v^′_0(s)| ds . We have v_ξ(1/k) = r_kξ and, thanks to the monotonicity of the map s → f(t, s), s ≥ 0, we obtain that f(t, |v^′_ξ(t)|) ≤ f(t, |v^′_0(t)|) for a.e. t ∈ [1/k, R]. Hence, if k ≥ k_0, B^m_{rk} × {0} ⊂ riC_{lk} ∩ riC_{Lk} , and (v) in Proposition 4.2 is satisfied.

Thus we can conclude that for every k ≥ k_0 there exists p_k ∈ AC([1/k, R], R^m ) such that p^′_k(t) ∈ t^{n−1}∂h(t, u(t)), a.e. t ∈ [1/k, R], (4.9) p_k(t) ∈ t^{n−1}∂g(t, u^′(t)), a.e. t ∈ [1/k, R], (4.10) p_k(1/k) ∈ ∂l_k(u(1/k)) . (4.11)

Notice that (4.11) can be rewritten as |p_k(1/k)| ≤ ε_k . (4.12)

180 G. Crasta, A. Malusa / Non-coercive variational problems

Let ξ(t) be a fixed summable selection of the multifunction t → t^{n−1}∂h(t, u(t)), t ∈ [0, R]. We extend p_k to [0, R] by setting p_k(t) .= p_k(1/k) − ∫_{1/k} t ξ(s) ds, t ∈ [0, 1/k]. (4.13) Hence the inclusion (4.9) is satisfied for a.e. t ∈ [0, R], so that, by (H6),

|p^′_k(t)| ≤ γ(t), for a.e. t ∈ [0, R]. (4.14)

Then p_k ∈ AC([0, R], R^m ) for every k ≥ k_0. Moreover, from (4.13), (4.14), and (4.12) we get |p_k(0)| ≤ |p_k(1/k)| + ∫_{1/k} 0 γ(s) ds ≤ 2ε_k, (4.15)

which implies, together with (4.6), that lim_k p_k(0) = 0. Then, by the Ascoli–Arzelà compactness theorem, there exists a subsequence of (p_k)_k which converges uniformly to a function p ∈ AC([0, R], R^m ) with p(0) = 0, |p^′(t)| ≤ γ(t) a.e. t ∈ [0, R], and (p^′_k)_k converges to p^′ weakly in L^1([0, R], R^m ). From (4.9) and Lemma 3.11 we deduce that p^′(t) ∈ t^{n−1}∂h(t, u(t)), for a.e. t ∈ [0, R]. Finally, for every k ≥ k_0, let us consider the set N_k ⊆ [1/k, R] with Lebesgue measure zero such that (4.10) holds for every t ∈ [1/k, R]\N_k, and define N .= ⋃ k N_k. For each t ∈]0, R] \ N, we have p_k(t) ∈ t^{n−1}∂g(t, u^′(t)) for every k > 1/t. Since lim_k p_k(t) = p(t) and, by Proposition 2.1(ii), the set ∂g(t, u^′(t)) is closed, we infer that p(t) ∈ t^{n−1}∂g(t, u^′(t)) for every t ∈]0, R] \ N, which concludes the proof.

References [1] A. Cellina, S. Perrotta: On minima of radially symmetric functionals of the gradient, Nonlinear Anal. 23 (1994) 239–249.

[2] A. Cellina, G. Treu, S. Zagatti: On the minimum problem for a class of non-coercive functionals, J. Differential Equations 127 (1996) 225–262.

[3] L. Cesari: Optimization - Theory and Applications, Springer-Verlag, New York, 1983. [4] F. H. Clarke: The Euler-Lagrange differential inclusion, J. Differential Equations 19 (1975) 80–90.

[5] F. H. Clarke: An indirect method in the calculus of variations, Trans. Amer. Math. Soc.

336 (1993) 655–673.

[6] F. H. Clarke, P. D. Loewen: An intermediate existence theory in the calculus of variations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 16(4) (1989) 487–526.

[7] G. Crasta: On the minimum problem for a class of non-coercive non-convex variational problems, SIAM J. Control Optim. 38 (1999) 237–253.

[8] G. Crasta: Existence, uniqueness and qualitative properties of minima to radially symmetric non-coercive non-convex variational problems, Math. Z., to appear.

[9] G. Crasta, A. Malusa: Existence results for non-convex variational problems, SIAM J.

Control Optim. 34 (1996) 2064–2076.

[10] G. Crasta, A. Malusa: Non-convex minimization problems for functionals defined on vectorvalued functions, in preparation.

G. Crasta, A. Malusa / Non-coercive variational problems 181

[11] B. Dacorogna: Direct Methods in the Calculus of Variations, Springer-Verlag, Berlin, Heidelberg, 1989.

[12] K. Deimling: Multivalued Differential Equations, De Gruyter, Berlin, 1992. [13] I. Ekeland, R. Temam: Convex Analysis and Variational Problems, North-Holland, Amsterdam, 1977.

[14] R. T. Rockafellar: Conjugate convex functions in optimal control and the calculus of variations, J. Math. Anal. Appl. 32 (1970) 174–222.

[15] R. T. Rockafellar: Existence and duality theorems for convex Bolza problems, Trans. Amer.

Math. Soc. 159 (1971) 1–40.