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ABSTRACT. By introducing a parameter, we have given generalization of Hilbert's type in-
tegral inequality with a best possible constant factor. Also its equivalent form is considered, and
the generalized formula corresponding to the double series inequalities are built.
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1. INTRODUCTION
Ifp>1,0+.=1fg>0satisfy0 < [ fP(t)dt < coand0 < [ ¢(t)dt < oo, then

(1.1) Amﬂwgg%ﬁmw<§§§L[Uﬂmﬂpuff@ﬁr,

where the constant factar/(sin7/p) is the best possible. Inequality (I.1) is called Hardy-
Hilbert’s inequality (se€ [1]) and is important in analysis and applications (cf. Mitretal.
[2]). Recently, Yang gave an extension|of (1.1) as (see€l[4, 5]):

(1.2) / / f dxdy
PAA=2 G+ X =2\ [ w17 [ [ o ]
<B< ) [ ol [T eeoa]

where the constant factds (p“ 2 qtA- 2) (A > 2 — min{p, ¢}) is the best possible, and

q
B(u,v) is the function. Hardy et al.[1] gave an inequality similar fo (1.1) as:

@) [ ey <o | [ ) dt}l{/omgq(”dtr’
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where the constant factpy is the best possible. The double series inequality is:

5
m=1

where the constant factpy is the best possible. In particulargif= ¢ = 2, one has the Hilbert
type integral inequality:

@y [ L gy i [ [ [ on]

Recently, Kuang gave an extension|of {1.4) as (see [3]):

RS

(1.4) Z Z max{m n} <P (Z aﬁ)

n=1m=1

(1.6) Z Z max{m o (Z[pq - G(p, n)]@i) p (Z[pq - G(g, n)]%) |

n=1 m=1 n=1 m=1
whereG(r,n) = W > 0 (r = p,q). Yang and Debnath have also considered other
Hilbert type integral inequalities in [6].

The main objective of this paper is to build a new inequality with a best constant factor,
related to the double integrd]® [;° —L&9W_ dzqy, which improves mequaht 5). The

max{z>,y>}

equivalent form and the correspondlng double series form are considered.

2. MAIN RESULTS

Theorem 2.1.1f A > 0,p > 1, . + . =1, f, g > 0 such that) < [™ =" fP(t)dt < oo,
0 < J;Tt71gi(t)dt < oo, then one has

(2.1) /OOO /OOO %dmy< % Uoootp—l—kfp(t)dtr Uoootq 1= ()dt}

and

(2.2) /OOO Ap=1)- (/ max{ﬁ =) ) <(pq> /Oooxpl’\fp(x)dx,

where the constant facto#$, (4¢)" are the best possible. Inequalify (2.1) is equivalenf td (2.2).
In particular, for A = 1, (2.1) and [(2.R) respectively reduce to the following two equivalent
inequalities:

(2.3) / / max{x y}da:dy < pq [/OOO tp—QfP(t)dtr [/OOO tf%%t)dtf

and
(2.4) /000 yP2 (/000 %dm) dy < (pq)? /000 P72 fP(z)dx.
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Proof. By Holder’s inequality, one has

R maX{xA A}dmy_/ I [max{ﬁ N () i
X <m{g(y) 7 (£)7 bt

ST <z>3zzldmy}é |

AL () e}

Equality holds in[(2.p) if there are two constantsB, such thatd? + B2 # 0 and

fr(x) <g>3—1$5_1__3 9'(y) (E);_lyg—l
x Y

max{z*, y*} max{z*, y*}

a.e. in(0,00) x (0,00), or AzP~* fP(x) = By?*¢%(y) =constant a.e. if0, o) x (0, 0o), this
contradicts the fact thak < [ "1~ f2(¢)dt < co. Thus the inequality (2|5) is strict.
Define the weight functiomw, (r, ¢) as:

o 1 uy 5+l
-1 S _ .
wy(r,t) =t /0 Ty <t> du, r=p,qt e (0,00).
By computing, one has:
(26) w)\<pa t) = X = w)x(Q) t)a

and we obtain

——~ 27 _dxd
/ / max{a:k,y’\} ray

<| [ wane el % [T oo o)

_ 1% [ /0 h tp‘l_Afp(t)dt]; { /0 N t‘I‘l‘qu(t)dt} q

For0 < e < \, settingf(t),(t) as: t € (0,1), f(t) = g(t) = 0; ¢t € [1,00), f(t) =

A—p—e __ A—qg—¢

£, gt) =t
< f2)g(y)
2.7 —— 2 _dxd
(2.7) /0 / max{z*, y*} ray
. A— q e /\—p—sd d
_/ / max{x’\,y/\}x roar ey
o0 A—g—¢ Y 1 A—p—¢ o0 A—qg—¢ o0 1 A—p—¢
:/ y o« { —x v dx]dy+/ Yy a {/ —T v d:c]dy
1 1 Y 1 y £
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p (1 q 1 p
)\—5(5+)\—)\q—5)+5 p—Ate
LD _ Pq
e\ — )\p )\+€ A—e)Ag—A+¢e)

On the other hand,

(2.8) UOOO tp_l_Afp(t)dt]; UOOO A G (¢ )dt} 1 — é

If the constant factof! in (2.1) is not the best possible, then there exists a positive nuinber
(with & < &), such that[(2]1) is still valid if one replac€sby k. By (2.7) and|(2.B), one has:

p p bge
2.9 —
(2.9) A—¢ +/\p A+e (/\—5)(/\q—/\+6)

alf e peaf [

=k.

Settings — 07, then% + o m < kor & < k. By this contradiction we can conclude that the
constant factof! in (2.1) is the best p055|ble
Define the weight functiong(y) as

gly) =y ® V7! [/ W r_l, y € (0,00).
By (2.1), one has:

(2.10) 0< [/Ooqu—l Agi(y )dyr

L | ] ot
[ [ L dd]p

o max(et, ]
oo oo p—1
<) [Tepw | [T temal)

(2.11) 0</Ooqu =204 () dy

_ - Al(p—1)—1 - f(x) r
/0 Y {/0 max{:r;’\,y’\}dx dy

< pq)P/ 2P 1A P (1) da < oo
0
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Hence by using (2]1)[ (2.1.0) takes the form of strict inequality; so (2.11). One then has
(2.2). On other hand, if (2 2) holds, by Holder’s inequality, one has

(2.12) /OO S @)

max{z?, y*}

- /0°° {yw /OO %dfﬂ} v 9| ay

AL [ sy L o)

By (2.2), we have[(2]1).

If the constant factor in(2}2) is not the best possible, we may show that the constant factor
in (2.7) is not the best possible by usirg (2.12). This is a contradiction. Hence the constant
factor in (2.2) is the best possible. Inequaljty {2.1) is equivaler[t i (2.2). Thus the theorem is
proved. O

Remark 2.2. Forp = ¢ = 2, (2.3) reduces tq (1.5); (3.1), (2.3) are generalizationf of (1.5), but
(2.7) is not a generalization df (1.3).

Theorem 2.3.1f p > 1, 1/p+1/q = 1,0 < A < min{p,q¢}, a, > 0, b, > 0 such that

0< an 172 < 00,0 < an 1724 < o0, one has:

n=1 n=1

(2.13) szax{mA = <P bq (Z p—1-X > (an 1- ’\bq)

n=1
and

[e.9]

0o p o
A(p—1)—1 m Pg\P —1-A
D Dl (Zm> <(3) X,
n=1 m=1 ’ n=1

where the constant factor, (%)p are the best possible. Inequali is equivalent to
2.14).
In particular, for A = 1, (2.13) and(2.14)) respectively reduce to the following two equivalent

inequalities:

~ 1 1
2.15 p—2,p 9-2p4
e Yt () ()
and

o0

(2.16) an 2 (Z %) < (pq)pan_Qaﬁ.

Proof. Define the weight coefficient, (), n) as

o0

_ 1 21
(2.17) wy(r,n) =n*"" E _ (@> , r=p,q; néeN.
n

— max{m*,n*}
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Since0 < A < min{p, ¢}, we have:

A_1

oo m 1 u =
_ A—1 - =2y
(2.18) ) <) /m ] ()

1 /OO 1 (u)ild
—— (= u
o max{ur,n*} \n

bq
:wz\(rvTL):Tu r=p,q

By Holder’s inequality and (2.17), following the method of proof in Theofem 2.1, one has:

Z Z max{mA ) (Z A4 n>n”‘“aﬁ) p (Z i (p, n)n"”‘*aﬁ) q

By (2 -) we havei 13), fdb < ¢ < ), settingd, = n" + , b, —=n + ,n € N. Since
0 < A < min{p, ¢}, by G) we get:

T / | m{}

n=1m=1

_ 1 n B Pq
£ )\— )\p—)\+5 A—e)Ag—A+¢)
On other hand,

—1-A~, —1-X
E n? ab g n? bl | = E n1+5<1+;
n=1 m=1

n=1
By using the above inequalities and the method of proof in Theprem 2.1, we may show that the
constant factor iff (2.13) is the best possible.

Settingb,, as:
00 p—1
a
b, = np—1)-1 . m ,
7;:1 max{m?*, n*}

we obtain:

00 00 00 p
B Z Z max{m)‘ n}

m=1 n=1

By (2.13) and using the same method of Theofem 2.1, we (2.14). We may show that the
constant factor irf (2.14)is the best possible, and inequglity|(2.13) is equivalgnt fo (2.14).
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