A GENERAL NOTE ON INCREASING SEQUENCES

HUSEYIN BOR
Department of Mathematics
Erciyes University

38039 Kayseri, TURKEY
EMail: bor@erciyes.edu.tr

Increasing Sequences
Hiseyin Bor
vol. 8, iss. 3, art. 82, 2007

Title Page
Received: 23 December, 2006 Clorlteinis
Accepted: 08 August, 2007 44 44
Communicated by: S.S. Dragomir < >
2000 AMS Sub. Class.: 40D15, 40F05, 40G99.
. . . . Page 1 of 13
Key words: Absolute summability, Summability factors, Almost and power increasing se-
quences, Infinite series. e
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J
1. Introduction ||\v
S

-~

A positive sequencéb,,) is said to be almost increasing if there exists a positive
increasing sequence,, ) and two positive constant$ and B such thatdc,, < b, <

Be, (see []). We denote by3),, the expressioBY N C», whereCp andBY are

the set of all null sequences and the set of all sequences with bounded variation,
respectively. Led  a,, be a given infinite series with partial surfis,). We denote

by u& andt! then-th Cesaro means of order with o > —1, of the sequences;,)
and(na,), respectively, i.e.,

Increasing Sequences
Huseyin Bor

vol. 8, iss. 3, art. 82, 2007

a 1 - a—1
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where < 4
(1.3) AY=0(n"), a>-1, Aj=1 and A% =0 for n>0. Page 3 of 13
The series  a, is said to be summabl€’, of,, k > 1, if (see B, 8]) Go Back

R Full Screen

(1.4) ;n {un — un_l‘ = ; - < 00. —

If we takea = 1, then we getC, 1|, summability.

Let (p,) be a sequence of positive numbers such that journal of inequaifies

in pure and applied
n mathematics
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The sequence-to-sequence transformation

1 n
(1.6) o, = Fn ;Opvsy

defines the sequende,,) of the Riesz mean or simply theV, p,,) mean of the
sequenceés, ), generated by the sequence of coefficiépty (see []). The series

> a, is said to be summableV, p,|, , k > 1, if (see R, 3])

(1.7) > (Pufpn) A" < o0,
n=1
where
Pn
(1.8) Adn =5 p— ;Pv_law n>1.

In the special casg, = 1 for all values of n,|N,pn
|C, 1, summability.

|, summability is the same as
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2. Known Results

Mishra and Srivastava )] have proved the following theorem concerning the p,, |
summability factors.

Theorem A. Let (X,,) be a positive non-decreasing sequence and let there be se-
quences/3,,) and(\,,) such that

(21) |A)\n‘ < ﬁm Increasing Sequences
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(2.2) 6, — 0 as n — oo,
Title Page
(2.3) Z n |Aﬁn| X, < o0, Contents
n=t « >
(2.4) An] Xn = O(1). < >
If Page 5 of 13
- |50] Go Back
25 Lt g
(2.5) Z " O(X,) as n— oo
v=1 Full Screen
and(p,) is a sequence such that Close
(2.6) P, = O(npy,),
journal of inequalities
in pure and applied
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. 00 P’n)\n . —
then the serie$"" | a, 72 is summableN, p, |.
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Later on Bor fi] generalized Theorerm for |N,pn
ing form.

|, summability in the follow-

Theorem B. Let (X,,) be a positive non-decreasing sequence and the sequences

(6,) and(\,,) are such that conditions(1) — (2.7) of TheoremA are satisfied with
the condition £.5) replaced by:

[

n k
(2.8) Z'S”| = O0(X,) as n— oo
v=1

. 00 Pn)\n . =
Then the serie3 " | a, 72 is summablgN, p,|, .k > 1.

I

It may be noticed that if we takle = 1, then we get Theorem.
Quite recently Bor%] has proved Theorerid under weaker conditions by taking
an almost increasing sequence instead of a positive non-decreasing sequence.

Theorem C. Let (X,,) be an almost increasing sequence. If the conditichs) (
~ (2.4 and @.6) - (2.9) are satisfied, then the seri€s, ", a, ™ is summable
}N,pn o k> 1

Remarkl. It should be noted that, under the conditions of Theoren(\,) is
bounded and\\,, = O(1/n) (see #]).

Increasing Sequences
Huseyin Bor

vol. 8, iss. 3, art. 82, 2007

Title Page
Contents
44 44
< 14
Page 6 of 13
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bor@erciyes.edu.tr
http://jipam.vu.edu.au

3. Main Result

The aim of this paper is to prove Theoremunder weaker conditions. For this
we need the concept of quasipower increasing sequences. A positive sequence
(7») is said to be a quasi-power increasing sequence if there exists a constant
K = K(fB,v) > 1 such that

(31) Knﬁ’yn Z mﬁ"ym Increasing Sequences
Huseyin Bor
holds for alln > m > 1. It should be noted that almost every increasing sequence is vol. 8, iss. 3, art. 82, 2007

a quasig-power increasing sequence for any nonnegativbut the converse need
not be true as can be seen by taking the exampley,sayn—" for 3 > 0.

Now we shall prove the following theorem. Title Page
Theorem 3.1.Let (X,,) be a quasi3-power increasing sequence for sothe 5 < Clalteinis
1. If the conditions Z.1) — (2.4), (2.6) — (2.9) and <« >
(3.2) (An) € BVo < >
are satisfied, then the serigs " | a, 72 is summablgN, p,|,, k > 1. Page 7 of 13

It should be noted that if we takeX,,) as an almost increasing sequence, then we Go Back
get Theorent. In this case, conditior(2) is not needed. Full Screen

We require the following lemma for the proof of Theorém.

Lemma 3.2 (B]). Except for the condition3(2), under the conditions o0X,), (3,) close

and ()\,) as taken in the statement of Theorém, the following conditions hold, journal of inequalities

when @.3) is satisfied: in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bor@erciyes.edu.tr
http://jipam.vu.edu.au

(3.4) i B X, < oc.
n=1

Proof of Theoren3.1. Let(7,,) denote thé N, p,,) mean of the series >* | nlndn

npn

Then, by definition, we have

(3.5) T, = vazarm :sz Jo ety

UPv

and thus

Pn = Pv—lpvav)\v
3.6 Ty — Tpy = : > 1.
( ) ! PnPnfl ; UPy "

Using Abel’s transformation, we get

n - Py_1 P\, AnSn
T, =T, = P Z SvA (1—> + °
1

PnPn—l o— VPy n
Sn)\n + Dn — Pv+1PvA>\v
= 81)—
n PnPn—l =1 (U + 1)pv+1
n—1 n—1

pTL P'U pn ]_

Pv v)\vA - ,UP@)\U—

* PnPn—IUX; ° (Upv> PnPn—l ;S v

= 1In + Tn,? + Tn,3 + Tn,47 say.
To prove Theoren3.1, by Minkowski’s inequality, it is sufficient to show that

0 P k—1
(3.7) > (-") T,.|" < oo, for r=1,234.

n=1 n
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Firstly by using Abel’s transformation, we have

m

D

n=1

by virtue of the hypotheses of Theoréim and Lemmas.2.

P\
_> ]Tn,1|k -

(i

n=1
m

m Pn k—1 -
> (n—> a7 Al
D

n

_ Z el

n=

m—

Al)\n Z |8U|
1

1

|Sn|k

= |Sn|k
O Al Y- 12
n=1

[AAn] X+ O(1) M| X

n=1

m—1
Zﬁnx +O(1) |Am| Xn = O(1) as m — oo,

Now, using the fact thaP,,; = O((v + 1)p,41), by (2.6), and then applying
Holder’s inequality, we have

m—+1

D

n=2

(

I

n

k—1
) Tl

n—1 k
pn Pv k k 1
=01 — Sol” Pu |AN,
<);Pnpn—1;(pv> | | b | | (Pn—l

m—+1

= 0(1) Z

m+1

PP’C

v=1

Z P SUA)\
I n—1 P k
- 215yl po [AN,

n—1
zpv)
v=1

k—1
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m+1

— (P, ‘ k k Pn
D ] e N e e

v

v=1 n=v+1
TP AN\
—om - (BEA) i
=1 P
m P k—1
= 0(1) Z ‘ v‘k ’AAv‘ (U - ) Increasing Sequences
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; Alvf) — mﬁm; v Contents
iy «“ 33
=0(1) > |A@WB)| X, + O(1)mB, X . .
v=1
m—1 —
:O()Z \Aﬁv]X —|—O Z’ﬂv‘X —|—O( )mﬁm Page 10 of 13
v=1 Go Back
- O<1) Full Screen
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Finally, using Holder’s inequality, as ifi, ; we have

m+1

2

n=2

k—1 m—+1
) | T | = Dn

m—+1 n—1
- k k
= 0(1) nZPP Z( )pv\sv! Al {
m P k m+1 D
=0(1 Sul” Do [ Ay T
<>;(Upv) sl 3
- P, : k r 1w
= 1 —.—
oWy (i) welnl Wl
- Pv kot k—1 ’5v|k
=0(1 Ay Ay
( >;(vpv A
- |5v|k
—om Yo
v=1
m—1
=0(1) X8y + O() X, | A = O(1)  as
v=1
n—1 k
P,
B |2y
n=2 "N n=1|,=1
k

m+1 n—1

P,
> s, oy

n=2 = " n=1 |y=1

n—1 k
{ pvlsulM I—}
v=1

m — OQ.
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m—+1 n—1 k n—1 k—1
Dn k Pv k 1
< S () it (5 50)

n=2 v=1 -1
T Pv k k k 1 v
pu— ]_ A —_— e —
oWy () bl me 5
m 5y
oyl
v=1
m—1
=001) Y X,0,+01)Xn| \n] =0(1) as m — .
v=1
Therefore we get
m )z k—1
> (—") T,."=0(1) as m—oco, for r=1,234.
Pn
n=1

This completes the proof of Theoreinl
Finally if we takep, = 1 for all values ofn in the theorem, then we obtain a new
result concerning thg”, 1|, summability factors. O
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