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Abstract

In this paper inequalities between univariate moments are obtained when the
random variate, discrete or continuous, takes values on a finite interval. Further
some inequalities are given for the moments of bivariate distributions.
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Therth order momeng,. of a continuous random variate which takes values on
the interval[a, b] with pdf ¢(z) is defined as

b
(1.1) ,u;:/ " p(x)dw.

For arandom variate which takes a discrete set of finite valu@s= 1, 2,...,n)
with corresponding probabilities (i = 1, 2,...,n), we define

(12 b= piai.
=1
The power mean of orderis defined as
(1.3) M, = (u)"'" for r #0,
and
(1.4) M, = lir% AR for r = 0.

It may be noted here thdt/_,, M, and M, respectively define harmonic mean,
geometric mean and arithmetic mean.
Kapur [1] has reported the following bound fof wheny, is prescribed; >

s, and the random variate, discrete or continuous, takes values in the interval

[a, b] with a > 0,

(br _ ar) M/s + arbs _ asbr

1.5 <yl <
(1.5) ()" <y < T
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Inequality (L.5) gives the condition which the given moment values must
necessarily satisfy in order to be the moments of a probability distribution in the
given rang€a, b|. Kapur [1] was motivated by the consideration of maximizing
the entropy function subject to certain constraints. But before maximizing the
entropy function one has to see whether the given moment values are consistent
or not i.e whether there is any probability distribution which corresponds to
the given values of moments. If there is no such distribution then the efforts
of finding out the maximum entropy probability distribution will not produce
any result and hence we should not proceed to apply Lagrange’s or any other  some Inequalities Between
method to find the maximum entropy probability distributiot, [ M°mel;§r?guﬁ;’::b““y

Here we try to obtain a generalization of inequality5) for the case where
ands can assume any real value. This shall help us in deducing bounds between
power means. This will also provide us with an alternate proof of inequality
(1.5 and enable us to tighten it when the random variate takes a finite set of
discrete values, zs,. . ., T,,.

In addition some inequalities between the moments of bivariate distributions Contents
are also obtained. «“ b

< >
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We prove the following theorems:

Theorem 2.1.1f r is a positive real number angis any non zero real number

with » > s then fora < z < b; with ¢ > 0, we have

(0" —a") x* 4+ a"b® — a®b"
b5 — as ’

(2.1) " <

and forz lying outside(a, b) we have

(0" —a") z® 4 a"b® — a’b"
bs — as ’

(2.2) " >

If r is a negative real number with > s then inequality 2.1) holds forz lying
outside(a, b) and inequality 2.2) holds fora < x < b.

Proof. Consider the following functiorf (x) for positive real values of:

bT_ T sbr_ rbs
(2.3) fl@)=a" — gty

bs_as bs_as

wherer ands are real numbers such that- s ands # 0. The functionf(x) is
continuous in the intervdk, b] with a > 0. Thenf’(x) is given by

(2.4) fl(x) =2t lr:ﬁ_s -5 (bT — ar)} .

bs_as
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f'(x) vanishes at: = 0 andc, where

s (b —a" =
- SHEA

By Rolle’s theorem we have thaties in the intervala, b).

If r is a positive real number ands a negative real number with> s then
f'(x) < 0iff z < c. This means thaf(z) decreases in the intervé), ¢) and
increases in the intervat, co). Further, since: lies in the interval(a, b) and
f(a) = f(b) =0, it follows that

(2.6) flz) <0 for a <ax <hb,

and forz lying outside(a, b)
(2.7) f(x) >0.

On substituting the value of(x) from equation 2.3) in inequalities 2.6) and
(2.7), we obtain inequalities?(1) and @.2) respectively.

If r is a negative real number with > s then f'(z) < 0iff + > ¢. This
means thatf(x) increases in the intervaD, ¢) and decreases in the interval
(¢,00). Sincec lies in the interval(a, b) and f(a) = f(b) = 0 it follows that
inequality @.7) holds fora < z < b while inequality @.6) holds forz lying
outside(a, b) and thus we get inequalities for the case whes negative real
number. ]

Theorem 2.2.For a < x < bwitha > 0, we have
(b" —a") logz + a"logh — b" loga

2.8 "<
(2.8) v= logb — loga

9
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and forz lying outside(a, b), we have

(0" —a") logz + a"logh — 0" loga

2.9 ">
(2.9) = logh — loga

)

wherer is a real number.

Proof. Consider the following functiorf(x) defined for positive real values of
x,

(v — o)

B b"loga — a" logb
logb — loga '

(2.10) flz)=2a" T+

logh — loga

The functionf(x) is continuous in the intervak, b] wherea > 0. Thenf’(z)
is given by

1

(2.11) f(x)=~= {r:c’"

T “logb—logal’

b —a" ]
and we havef’(z) = 0 atx = ¢ where

(2.12)

B b" —a” r
‘= L" (logb — loga)} ‘
By Rolle’s Theorem we have thaties in the intervala, b). Also f'(z) < 0iff
x < c. This means thaf(z) decreases in the intervél, ¢) and increases in the
interval (¢, c0). Further, since lies in the intervala, b) and f(a) = f(b) = 0
it follows that

(2.13) flx) <0

for a <ax <b,
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and forz lying outside(a, b) we have
(2.14) f(z)>0.

On substituting the value ¢f(x) from equation2.10) in inequalities .13 and
(2.14), we obtain inequalities(8) and .9) respectively. m
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Theorem 3.1.Letr be a positive real number andbe any non zero real num-
ber withr > s. If a positive random variate takes values(i = 1,2,...,n) in
the interval[a, b], witha > 0, then we have

(br _ ar) M; + arbs _ asbr

(3.1) fh, < ,
bs —a’
and

wherej =2,3,...,n

If a continuous random variate takes values in the intefval], with a > 0,
then the upper bound fqr,. is given by the inequality3(1) whereas the lower
bound is given by following inequality

(3.3) = ()"

Proof. It is seen thaj:!. can be expressed in termsdfin the following form :

xh —x" xiaxl — xd
(3.4) u. = <f—j> M;_i_w

Th— X, Trh — T,
T =S T S
+sz x _(L’ﬁ l‘axs_i_l’ﬁﬂja—xal’ﬁ
ry — g ry -y |
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wherea and take one of the values among2,...,n with o # (. Without
loss of generality we can arrange values of the variate suchuthatr; <
Ty < - < x, = b Ifwetakea = 1 andf = nthenz; < z; < =z,
fori = 1,2,,...,n. It follows from (2.1) that the last term in equatior3.¢)
is negative and we conclude that the upper bound:fds given by inequality
(3.1). Furtherifz, = z;,_; andzs = z;, j = 2, 3,.. ., n then each, lies outside
(x;_1,z;) and it follows from @.2) that the last term in equatiof .¢) is positive
and we conclude that the lower bound fdris given by inequality §.2). It is
also clear that equality in the inequaliti€s 1) and 3.2) holds iffn = 2.

If the value ofy;, coincides with one of?_, or z?, then from inequality §.2)
we have
(3.5) > ()"

Also if z,_, approaches;we get inequality §.5) and we conclude that for a
continuous random variate the lower bound fioris given by inequality §.5).
The upper bound fog, can be deduced from Theoreil. Multiplying both
sides of inequalityZ.1) by pdf ¢(z) we get, on using the properties of definite
integrals, inequalityd.1). O

Theorem 3.2. Letr and s be negative real numbers with> s. If a positive
random variate takes values (i = 1, 2,...,n) in the interval|a, b], witha > 0,
we have

(br _ ar) ,U; _|_ arbs _ asbr
bs —a’

(3.6) 1, >

)
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and

(3.7) < (@] — @) py + 2 4o — 25 4

e ’
wherej = 2,3,...,n.
If a continuous random variate takes values in the intefwal], witha > 0,
the lower bound foy... is given by inequality.6) whereas the upper bound for
(.. is given by following inequality:

Some Inequalities Between
Moments of Probability

(3.8) . < (/LIS)T/S . Distributions

r —

. . . o o R. Sharma, R.G. Shandil, S. Devi
Proof. We again consider equatio3.{). If we takea = 1 and = n then S e

r <z < x,fori =1,2,...,n. It follows from Theorem2.1 that the last
term in equationd.4) is positive and we conclude that the lower boundpr
is given by inequality §.6). Also if z, = z;_; andxg = z;, 7 = 2,3,...,n

then eachy; lies outside(z;_;, x;). It follows from Theorem?.1 that the last Contents
term in equationd.4) is negative and we conclude that the upper bound.for

Title Page

is given by inequality §.7). Also if z;_, approaches,; we get inequality §.5). S dd
The lower bound for.,.can be deduced from Theorefil. Multiplying both < >
sides of inequality4.2) by pdf ¢(x) we get, on using the properties of definite Go Back
integrals, inequality3.6). O
) ) _ Close
Theorem 3.3. For a random variate which takes values (i = 1,2,...,n) in p—
ul

the interval(a, 0], witha > 0, we have
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and

(3.10) v (acj — ) log Mo + @_ log xj —  log xj 4
' re loga; — log T ’

wherej = 2,3,...n, r is a real number and

(3.11) My =zhgl> . af

For a continuous random variate which takes values in the intefevadl with
a > 0 the upper bound fop.. is given by inequality3.9) whereas the lower

bound fory.. is given by the following inequality
(3.12) fr > (Mo)".

Proof. It is seen thaf./.can be expressed in terms log ), in the following
form:

zy logas — xjlogx,

(3.13) 1, =
logzs — log z,,

zjlog xe — xy log s

log zg — log x4

Without loss of generality we can arrange values of the variate suclx that
T < X9 < --- < 1w, = b. Ifwe takea = landf = n thenz; < z; < x,
fori =1,2,...,n. It follows from Theoren®.2that last term in equatior8(13
is negative and we conclude that the upper bound:fds given by inequality
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(3.9. Also if z, = z;_; andzz = z;, j = 2,3,...,n then each; lies outside
(zj_1,;). It follows from Theorem?2.2 that the last term in equatior8.(L3
is positive and we conclude that the lower bound,ibiis given by inequality
(3.10.

If the value of M/, coincides with one of:;_; or z; then from inequality
(3.10 we have

(3.14) i > (M)

Alsoif z;_, approaches; we get inequality§.14) and we conclude that for the
continuous random variate the lower boundi6iis given by inequality §.14).
The upper bound for!. can be deduced from Theoret?. Multiplying both
sides of inequality4.8) by pdf ¢(x) we get, on using the properties of definite
integrals, inequality3.9). O
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The moments of a bivariate probability distribution are the generalizations of
those of univariate one and are equally important in the theory of mathematical

statistics. For a discrete probability distributionpijfis the probability of the
occurrence of the pair of valués;,vy;) « = 1,2,...,n, the momeny., about
the origin is given by

(4.1) o=y Paly:.
i=1

We obtain a bound opn’., in the following theorem:

Theorem 4.1. Let ;. be the moment of orderin x and of orders in y, about
the origin (0,0), of a discrete bivariate probability distribution. The random
variatesx and y vary respectively over the finite positive real intervalsb|
and|c, d]. If u}.,. is the corresponding moment of ordeimn x andm in y such
thatr > k, s > m andrm = ks then we must have by necessity,

(brds - CLTCS) N;cm + arcsbkdm _
bkdm _ akcm

Proof. If u, v, a and are positive real numbers with + 5 = 1 then from
Holder’s inequality ],

n n @ n B
i=1 i=1 i=1

rts k mpr s
(42) ()" <, < rveE

(4.3)
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We make the following substitutions,

k
(4.4) u; = pityl, vi=p; and a = tm
r4+s
This gives,
(4.5) ufv) = pafyl.
Also,
k+m
n r+s
@s) (z ) (zpzx y) |
=1
and
n 8
(4.7) (Z Ui) =1.
=1

From @.3), (4.5), (4.6) and @.7), we get

(4.8) iy s

Fora <z <bc<y<dr>k s>mandrm = ks, inequality ¢.3)

will remain valid if we substitute: = 2, u1 = p1a’c®, us = pb"d®, v1 = py,

k4+m
p21a - T_,’_Sl

r+s

> (Mp ) .

Pr= bkdm _akcm’
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and
B :Ck:ym o akcm
D2 = bkdm — gkem !
These substitutions give

(brds - arcs) xkym + arcsbkdm - akcmbrds

bedm — gkem '
Without loss of generality we can have that the random variate take vatses
T <z <---<zp=bandc=y <y <--- <y, = dthereforea < z; <b
andc <vy; <d,i=1,2,...,n. From inequality 4.9), it follows that

(4.9) x'y’ <

(brd® — ac®) aky™ + a"cSVFd™ — aFembrd®

Tyd <
LilYi = bkdm _ &kcm ’
or
zn: P < (brd® —ac®) D1 Py + (arcsbkdm — akcmb’"ds) Yo P
WY > )
— Y bkdm — akcm
or

(brd® — ac®) ., + a"cfbFd™ — aFembrds

bkdm — gkcm '
Inequality @.2) also holds for the continuous bivariate distributions. The up-
per bound in inequality4.2) is a consequence of inequali®.). Multiplying
both sides of inequality4(9) by joint pdf ¢(x, y) and integrating over the cor-
responding limits, we get the maximum value.of where

b d b d
M'TSZ//xryscb(x,y)dxdy and //cb(fﬂ,y)dxdy:l.

Hy s <
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Now consider,
Ji [ fogPdady

(02 12 anay)” (2 [ g dady)’

a B
:/b/d 3 df . dg dzdy
a Je fa fc fdxdy fa fc g dxdy

bord af Bg
dx d
Sll[ﬁﬁﬂmenﬁM@]xy

=1,

wherea + $ = 1 and f andg are positive functions. We therefore have

(4.10) /ab/cdfagﬂdx dy < (/ab/cdfdxdy)a (/ab/cdgdxdy>ﬁ,

and make the following substitutions,

k+m
— TS — d — .
f=2"y" o¢(z,y),9g=0¢(xy)  an T

Inequality @.10) then yields the minimum value @f .
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On using the results derived in Sectidrand giving particular values toand
s it is possible to derive a host of results connecting the Harmonic m&an (
Geometric mean(g), Arithmetic mean {1) and Root mean squar&) when one

of the means is given and the random variate takes the prescribed set of positive

valueszy, zo, ..., x,.
If we putr = +1 ands = —1 we get inequalities betwee# and H, if we
putr = 0 ands = —1 we get inequalities betweer and /, and so on. Root

mean squaré corresponds te = 2. In particular the following inequalities
are obtained from the general result,

(5.1) [(ﬂfj—1+xj)A—xj_1xj]% <R< [(a—i—b)A—ab]%’
ab Tiqx

5.2 - < H< J J

( ) a+b—A_ _‘rjfl—i_-rj_A’

63 )T o (o) T

(5.4) |2, +ajiw;+al —
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wherej = 2,3,...,n.

We now deduce the result that the power mé4nis an increasing function
of r. If r is positive ands is any real number witlh > s then from inequality
(3.3 we have

=

1
s

> (),

3

(5.13) (#1r)

or M, > M;,

If r is a negative real number with> s we again get inequalitys(13 from
inequality 3.8). From inequality 8.12 we haveM, > M, for r > 0, and
M, < M, for r < 0. Hence we conclude that the power mean of orderan
increasing function of. In particular, we get that

M_y < My < My < M.
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