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ABSTRACT. This paper deals with some extensions of Hardy-Hilbert's inequality with the best
constant factors by introducing two parametg@nda and using the Beta function. The equiv-
alent form and some reversions are considered.
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1. INTRODUCTION
If a, b, > 0 satisfy

0<§:ai<oo and O<§:bi<oo,

n=1 n=1

then one has two equivalent inequalities as:

1
o0 oo ambn oo o0 2
(1.1) sz+n<w{;ai;bi}

n=1m=1
and
o o0 2 o
U,
12) > (mz:lm”) S

where the constant factorsand 72 are the best possible. Inequalify (1.1) is well known as
Hilbert's inequality (cf. Hardy et all [1]). In 1925, Hardy![2] gave some extensiors of (1.1) and
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2 BICHENG YANG

) by introducing thép, ¢)—parameter as: If > 1, 1 + 1 = 1, a,, b, > 0 satisfy
0<> ah<oo and 0<) b < oo,

n=1 n=1

then one has the following two equivalent inequalities:

(1.3) szﬂ m?@ {i}{ib}

and
Y >(Sat) - () ot

where the constant facto#sm and [m] are the best possible. Inequali1.3) is called

Hardy-Hilbert’s inequality, and is important in analysis and its applications (cf. Mitrineti
al. [3]).

In 1997-1998, by estimating the weight coefficient and introducing the Euler congtant
Yang and Gad [4,/5] gave a strengthened versiop of (1.3) as:

oo p oo

7 1—7 T 1—7
(15)sz+n 2 sin<;{)_ ol ; Sin(%)_ e

n=1 m=1 n=1 ne nd

wherel — v = 0.42278433" is the best value. In 1998, Yang [6] first introduced an indepen-
dent parametek and the Beta function to build an extension of Hilbert’s integral inequality.
Recently, by introducing a parameterYang [7] and Yang et al. [8] gave some extensions of

(1.3) and[(1.}4) as: 12 — min{p, ¢} < A < 2, a, b, > 0 satisfy

o0 o0
0< anf’\aﬁ <oo and 0< anﬂbz < 00,

then one has the following two equivalent inequalities:

(16) ii(ﬂjmen<k)\ {an A n}p{inl—)\bz}q
n=1 m=1 n=1
and
o P
2.7) Zn(p DO [Z m+n>‘ dy < [kx(p an Aa
m:l

where the constant factokg(p) = B (%, mﬁ) and|k, (p)]? are the best possibl&(u, v)

is the g function). For = 1, inequalities[(1.6) and (1].7) reduce respectively to|(1.3) (1.4).
By introducing a parameter, Kuang [9] gave an extension df (1.3), and Yahgl/[10] gave an
improvement of[9] as: 10 < o < min{p, ¢}, a,.b, > 0 satisfy

o (e e}
0<> nr0=gr <00 and 0< Y @ 07h < oo,

n=1 n=1
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then one has two equivalent inequalities as:

(1.8) sza+na asm(){znplla }

n=1 m=1

1

)

dy < anllo‘
asm()

S =

and

00 p

oe] o a
(1.9) ; no1 LZ:l P

where the constant factopsw and m are the best possible. Far= 1, inequali-

ties (1.8) and (1]9) reduce respectively{to1.3) @nd (1.4). Recently, Hong [11] gave an extension
of (1 ) by introducing two parameteksanda as: Ifa > 1,1 — -~ < A <1 (r = p,q), then

(1.10) ZZ ma+na < Hyaolp {Zn (= } {Zn =Npr } :

n=1 m=1

1 1 v 1 1 o
H)\u(p):[B(l——,)\‘F——l)} [B(l——,/\Jr——l)] .
aq aq ap ap

For\ =« = 1, (1.10) reduces t¢ (1.3). However, it is obvious tat (JL.10) is not an extension of
(.8) or [L.3).

In 2003, Yang et al. [12] provided an extensive account of the above results. More recently,
Yang [13] gave some extensions [of (1.1) gnd](1.2) a8:4f X < min{p, ¢}, satisfy

where

[e.9] o0
0< an_l_)‘aﬁ <oo and 0< an_l_’\aﬁ < 00,
n=1 n=1

then one has the following two equivalent inequalities:

(1.11) ZZ m+n K/\(p){znp—l—kaﬁ} {an—l—/\b;g}

n=1 m=1

and

(1.12) an DA

p

dy < [Kx(p anl)‘

e

1

where the constant&’, (p ( 2) and[K,(p)]? are the best possible. Far= 1, (1.11)
and [1.12) reduce to the following two equivalent mequalltles

(1.13) Z Z — + - in?ﬂ> {Zlnp—%g } {Zlnmbg}

n=1m=1

and

(1.14) an 2 (

Mg

E nP~ 2ap

3
I

p
1 —i—n) sin <1>
p
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Forp = ¢ = 2, inequalities[(1.1]3) and (I.]L4) reduce respectively i (1.1) (2.2). We find
that inequalities] (1]3) anfl (1.[13) are different, although both of them are the best extensions of
(1.3) with the(p, ¢)—parameter.

The main objective of this paper is to obtain some extensiorjs gf (1.3) with the best constant
factors, by introducing two parameteksand o and using the Beta function, related to the
double seriesas - >~ | % (A, a > 0), so that inequality| (1.10) can be improved.

The equivalent form and some reversions are considered.

2. SOME LEMMAS

First, we need the form of the Beta function as (cf. Wang et al. [14]):

2.1) Blu,v) = /Ooo mtuldt — Bv,u) (w0 0).

Lemma 2.1.0fp > 0(p # 1), ; + 2 =1, \a>0,¢, = ¢.(\a) > 0(r = p,q), satisfy
¢p + ¢, = Ao, define the weight functian, (x) as

0o pAa—¢r 1 1—¢r
2.2 wrx::/ —(—) d x>0;7r=pq).
(2.2) W= | mmly) W )
Then forx > 0, eachw,(z) is constant, that is
@3) o) = 2B (2.%)  @>0r=pa)
Oz a o

Proof. Settingu = () in the integral), one haly = Zu«~"du and

o0 1*(257”
wr(x) = $)‘°‘_¢T/ ! L L s du
o (x®+zou)r \ zul/e o

1 1 ér_q
= /0 § u)Au U (r=mp,q)

By (2.1), sincep, + ¢, = Aa, one has[(2]3). The lemma is proved. O

Lemma 2.2.If p > 1, % +§ =1, \Na>0 ¢ >0(r=p,q),satisfyo, + ¢, = A, and
0 < e < q¢p, then one has

—14¢q—
. '_/ / (¥ 1}@/ o dady

(2.4) L (ﬂ _c @ _) o).
Ex e} ga’ « qo
If 0 <p<land0 <e < —q¢,, with the above assumption, then one has
00 00 —1+¢q—=
m P
b= / y T ady
’ mzl o (mo+yo)*
1 (¢ e g £\ e 1
2.5 —_pl2r_= X4 = ‘
(2:5) « <a qa’a—i—qoz)mz::lmprE
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Proof. Settingu = (£)” in the integral;, one has

o0 € oo 1 5
I :/ 1 T%s [/ _ y—l-&-qﬁp_qdy} dx
' 1 (zr +ye)

T / o
= — x~ =y ae dude
« L (14 u)A
oo ¢P 1 oo - - T A
u « qa —e T u « qo
- — T ———dudx
e /0 (1 +u e /1 /0 (14 u)?
00 o _ 1 00 L ®
u o qa & D e
/ — —/ ZL’_l/ we a0 dudx
ex Jo (1 a Jq 0
0o ¢p—i— -2
TCERT:
2.6 - .
eo = [ (0 )

By (2.1), it follows that[(2.%) is valid. Fab < p < 1, settingu = (£)* in the integral off;, in
the same manner, one h 2.5). The lemma is thus proved. O

3. MAIN RESULTS

Theorem 3.1.1fp > 1, L + . =1, \,a > 0,0 < ¢, < 1(r = p,q), ¢, + ¢, = A and
an,b, > 0 satisfy

[0.9] o
1—¢g)—1 1—¢p)—1
0< E nP1=9)-1P < oo and 0 < E nd1=9n)"1pt < oo,
n=1 n=1

then one has

¢p¢q 1 q(1—¢p)—11q
CEID 9) peSCUSSSATY (1 a){z o0 }{zn< . b},

n=1 m=1 n=1

where the constant factdy3 <¢p d"‘) is the best possible.

Proof. By Holder’s inequality with weight (seé [15]), one has

H(apm, by) = i o~ mbn

_ i i 1 m(l—aﬁq)/qa n(1=%»)/p )
(me + no)A | n(=dp)/p " | | mO-da)/a "

n=1m=1
1
S S me— o 1 p(1—¢q)—1 _p ’
< . —Pq)—
1
o S Aa—dq 1 q
n , q(1—¢p)—1pq

(32) » {Z S ml_%] =g |

Since), a > 0, andl — ¢, > 0(r = p, q), in view of (2.3), we rewrite[(3]2) as

H(am,b,) < {iwp(m)mp(l $a)— } {Zw ynd(1=¢») 1bq}q,

m=1
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and then by3), one h.l). For< ¢ < q¢,, settinga/,andb/, as: a/, = n~ "5,
V., =n """ n e N, then we find

1 1
[e.e] P e} q e} 1
(3.3) {Z np(l_%)_laff} {Z nq(l—%)—lb;g} =1+ Z T
n=1 n=1 n=2

* 1
<1+/1 t1+sdt

= é(l +¢).

If the constant factof:B ( ) is not the best possible, then there exists a positive

constant: (with k& < lB e fj ) such that.l) is still valid if one replacés3 (¢” ¢q) by
. In particular, by@) an

éB(@_ c @ —)—50(1)<€Il

a qa a g

< eH(ay,, by,)

< Ekf Z np(1_¢q)_1ag7} {Z nQ(l_Qsp)_lb;g}
{nl n=1

=k(1+¢),

a’l «a «

and then! B (¢” "*’) < k (¢ — 0%). This contradicts the fact that< 1B (% q) . Hence
the constant factokB (E" ¢q> in ) is the best possible. The theorem is proved. [

«

Theorem 3.2.1f p > 1,11)+% =1, \a>0,0<¢, <1(r=p,q),d,+ ¢, =Aaxanda, >0
satisfy

oo
0< an(l_%)_laﬁ < 00,

n=1
then one has

o0

Pdp— m ’ ¢p ¢q pl—=¢q)—1 P
3.4 znwlzm <[Ln (2 )] Sy

n=1

where the constant fact %B (‘i—”, %ﬂp is the best possible. Inequali.4) is equivalent to
B.D).
Proof. Set

o) p—1
— pop—1
=nor [Z me + na ] )

m:l
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and use[(3]1) to obtain

(3.5) 0.< > nit=on =1yt
n=1

(e 9]

= ;nl@pl [Z (moc(:innoc>>\

m=1

AN
Q|
oy
VR
° &
Q&
N———
—N—
I 3
=
T
>
QH
3
——

S
——
g

3
2
T
<
)
AN
S
[{)
——
Q|

and
oo 1
0< ZnQ(1¢p)1bgL}
{n:l
o0 o0 .
— pop—1 am P
B (B}
(3.6) <1p (@, @) {anu—qsq)—lag} .
« (670 1

It follows that [3.%) takes the form of strict inequality by using [3.1); so dpe$ (3.6). Hence, one

has [3.4).
On the other hand, if (3}4) is valid, by Holder's inequality, one has

o0 9] 14
[ - Jrd)pam

e A bn
B 22 ety ~ 2 | 2 G ey

i)

n=1 m=1 n=1 Lm=1
1 1
0o 0o a Py 0o q
< pop—1 m a(l=¢p)—=1pa \

By (3.4), one hag (3]1). It follows that inequalities (3.4) gnd|(3.1) are equivalent. If the constant
factor in [3.4) is not the best possible, one can obtain a contradiction that the constant factor in
(3.7) is not the best possible by usifig {3.7). Hence the constant facforin (3.4) is still the best
possible. Thus the theorem is proved. O

Theorem3.3.1f0 <p < 1,5 + . =1,
A={(N\a) Aa>0,0<¢. <1(r=p,q), ¢p + ¢, = Aa} # P,

anda,, b, > 0 satisfy

o0 (e e}
0<> n=07lgl <00 and 0< Y n=) 7l < oo,

n=1 n=1
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then for(\, o) € A, one has
(38) z;z:l ma+na
> éB (%7%) {i[l_g( ) nP(=a)= } {an(l ) 1bq} 7

n=1

where0 < 0,(n) = O (=) < 1; the constant B ( 2 d’q) is the best possible.

Proof. By the reverse of Holder’s inequality (see [15]), following the method of proof in Theo-
rem[3.1, sinc® < p < 1 andq < 0, one has

(3.9) H(ap,by,) {Zw npl $a)= 1ap} {Zw 1=¢p)= 1bq} ;

wherew,(n) is defined as irf (2]2) and

0 nre—op 1 1-¢p

A - )
(3.10) ; e (k) (n € N)
Defined,(n) as

nAa—¢p 1 1 1 1-¢p

3.11 0,(n) = / <—> d n € N).
( ) p( ) wp(n) 0 (na + ya))\ y y ( )
Since

1 Aa—o 1—¢p
n P 1
wy(n) > —_— | - dy,
() /0 (ne +y~)* (y)

then we find) < 6,(n) < 1, and

0 Ao—dyp 1—¢p
(3.12) mn) > [T () =) - (o).
By (3.12), [2.8) and (3]9), one h4s (3.8). Since
I TS D 1 1
(849 O<bin) < wy(n) /0 nAe <§> W= wy(n) oy “nér’

andw,(n) is a constant, we havi(n) = O () (n — o0).

n®p
For0 < e < min{q(¢, — 1), ~q¢,}, settinga, and, as:a;, = n” " *o5 b, = 01O,
n € N, sinceg, > 0, then

>0 (i) =ome -0,

n=1
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and
(3.14) {2[1 — 0, (n)|nPU—da) ’p} {an —%») 1b'q}
n=1
_i": 1 1_Zf_10(m) '
n=1 n1+a E?:l #
=1 1
=3 (= o1)?,
n=1
If the constant—B ( L |n .) is not the best possible, then there exists a positive number
K (with K > 1B (‘f’j, fj)) such that8) is still valid if one replacés3 ( te a) by K. In

particular, by|:(3;I]4) and (2.5), one has

K e {1 o)}

:K{i[l—@,(n)]np(l_% -1 ’p} {an —op) 1b/q}

n=1
< H(ap, by,)
¢op € ¢q — 1
<h=lp(%_°5 % <
T o <a g’ « qoz ZnHE’

n=1
) (¢ — 07). By this contradiction we can conclude that the constant

s the best possible. Thus the theorem is proved. O

Theorem3.4.1f0 <p<1,1+1=1,
A:{()\,a);)\,a>0, O<¢r§ 1(T:p,Q), ¢p+¢q:)\a}7éq>7
anda,, b, > 0 satisfy

oo
0< an(l_d’q)_lafl < 00,
n=1

for (A\,a) € A, one has

) [ p
ppp—1 Um P P _ p(1=¢g)—1,p
(3.15) nzln ;mama)x > L (a a)} 1[1 0,(n)In La,

rt B (f E‘Z)]p is the best possible.

«

where0 < 6,(n) = O (—5;) < 1, and the constant facto
Inequality [3.15) is equivalent tp (3.8).
Proof. Still setting

(|

0o p-1
b — np¢p 1 [Z —+ ) ] ,
m* + n¢

m:l
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by (3.8), one has

(3.16) 0< ) npat=on-tpr
n=1

o

= Z nPer—1 lmz m

o ;mZI (moz + na))\
> 1p % % i[l — 0,(n)]nP0—9a)"1gp ’ inq(lzﬁp)lbq ’
e a’ « — P n o n
and
0 < an(l—%)—lbg}
{n:l
o] [e'e] p %
e Zn}%ﬁp*l [Z am }
{n:1 — (moc + na))\
1 by @ > o v
3.17 >_p 2 X 1—6 p(l—¢g)—1 p _
3.7 2 o (2 5) {20 -t

If 32 ndl=90-1p7 < oo, by using [3.8),[(3.16) takes the form of strict inequality; so does
3.17). Ifz nql ép) 1bq = 00, 1' takes naturally strict inequality. Hence we have
3. 1-)

On the other hand, if (3.15) is valid, by the reverse of Holder’s inequality,

+¢pam
18) >3 TR -y [Zm

[n! =% b,)

nlml n=1

S Bt ] (S

Hence by[(3.15), one hds (B.8). If the constant factof in {3.15) is not the best possible, we can
conclude that the constant factor n (3.8) is not the best possible by (3.18). The theorem
is proved. O

Note: In view of (3.1), if ¢, = ¢,.(\, a) (r = p, ¢) satisfy

™

B(¢p(1» 1)7 ¢q(17 1)) = ma

andrqur(l 1) =1 (r = p,q), one can get a best extension [of {1.3)Bif¢,(1, 1), ¢,(1,1)) =
eI (or%),andr¢,.(1,1) # 1 (r = p, q), one can get a best extensionl.l) but not a best

extension of[(1]3). For example, setting = [1(a —2) + 1] A (r = p,q), thenr¢,(1,1) =
r —1# 1, by Theorem§ 3|1 | 3.4, one can get a best extensign of (1.13) ahd (1.1) as follows:
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Corollary 3.5. If p > 1, %—1— =1,A>0,a>2—min{p, ¢}, [ (v —2) + 1} A<1(r=np,q),
an,b, > 0, satisfy

0 < an[lf)\(afl)]Jr(an)/\flag < 00

n=1

and

0 < an[lf/\(afl)]Jr(an))\fleql < 00,

n=1

one has equivalent inequalities as:

@19 >3

n=1m=1
< Ky o(p) x {an[l—k(a—l)} (a=2)A-1, } {anl Ma—1)+(a—2)A— 1bq}
n=1
and
o0 [e'e) P 00
3.20 pPra=2)A-1 < Koo (p)P ST ppli-Aa-D+a=22-14p
where

1 -2 -2
Kyo(p) = —B /\p+a 7)\q+a
’ «Q ap aq

and[K, .(p)]" are the best possible. In particular,

(i) fora =1, one ha¥) < A < min{p, ¢} and [1.11);
(i) for A =1, 0one ha® — min{p, ¢} < o < 2 and

1 1
(3.21) Z Z % < K1.a(p) {Z n(p_l)@_a)_laﬁ} {Zn(q_”(z‘“)_lbz}
mCM na ’
n=1m=1 n=1 n=1
and
[e'e] [e'e) p
am

@22 Y e [Z o | < el Zn‘” v

n=1 m=1

If 0 <p<1,for()a)=(1,2) € A(# ), by (3.8),3.15) and (3.13), one can obtain
two equivalent reversions as

ez Yyl (i 2)Y }{i”—}

n=1 m=1 = n=1

and

[e.9]

(3.24) an ! [Z mz——tn?

where the constant factors in the above inequalities are the best possible.

T\P 2\ ad
> (X |
<2>Z1( Wn)n’

n=
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4. SOME BEST EXTENSIONS OF (1.3)
Settingg, = 2% (r = p,q), by Theorem§ 3|1 |- 34, one has

Corollary 4.1. If p > 1, - + £ =1, X\,a > 0, \a < min{p, ¢}, a,, b, > 0, satisfy

0< Zn(p_l)(l_’\a)aﬁ <oo and 0< Zn(‘]_l)(l_m)bﬁ < 00,

n=1 n=1

then one has the following equivalent inequalities:

1
@ S enoaae VS n0-a
(4.1) ZZ ma+na a( ) {Zn@ 1)(1-A >a¢;} {Zn(q 1)(1-X )bZ}
n=1 n=1

1

n=1 m=1
and
oo oo p K (p) p
4.2 Aa—1 g h (p—1)(1-Xa) P

whereK,(p) = B (2 A) In particular,

(i) for a =1, one had) < A < min{p, ¢} and the following two equivalent inequalities:

T S Y| S s

n=1 m= 1
and
%S p 00
A1 am p (p—1)(1—X)
(4.4) Zn Lzl—ern)A ] ;nz’ aP

(i) for A = 1,0 < o < min{p, ¢} one has two equivalent inequalities as:

(4.5) ZZWM& asm(){znm(la }{anua }

n=1 m=1
and
0 % a p
(4.6) no! — u - nP~DU-a)gp
S P e >

where the constant factors in the above inequalities are the best possible.

Note: Since for0 < p < 1, ¢, = 2 < 0, thenA = @. It follows that both [(4..) anﬂ [ (412) do
not possess reversions. Sett't;mg_ *"‘ 14 7{ (r =p,q), by Theorem.l 4 one has

Corollary 4.2. If p > 1, - + - = 1, A\,a > 0, 1—2m1n{ }</\oz< 1+2mm{;1» ;}
an, by, > 0, satisfy

O<Z:n§1 AP < 0o and O<Z:n%1 MBI < o0,
n=1

n=1
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then one has the following equivalent inequalities:

n=1m= 1
1
pAa —p+ 2 q)\a—q—i-Q){ 2(1-Xa) } { 2(1-2a)
B( S 5o
2pa
and
) p
Z(ha-1) am
(48) Zn2 [ (ma+na)A dy
m=1
P oo
- [lB (p)\a—p+2’q)\a—q+2)] anu—)\a)aﬁ
« 2p0é 2(]0( n=1
In particular,

(i) for « = 1, one hasl — Qmm{% l} <A<1+ len{% é} . and the following two
equivalent inequalities:

(4.9) ZZ m+n

n=1 m=1
1

pPA—p+2 q)\—q+2 B(1-X), ’
<B( 2 ){Zn o

1
0 q
{an“‘”bz}

=1
and

(4.10) Zn 5(A-1) [OO m+n

n=1 m=1
PA — p+2 qA—q+2 " i ) gp
<[B( ! 3k

n=1

dy

(i) for A = 1, one hasl — 2mm{l é} <a<1+ 2min{%, %} and two equivalent
inequalities as:

(4.11) Z Z — + "

n=1m=1

« 2pa 2qa

n=1

|—=

/—/:«
gk
13\3@
1
A

H/—/

and

[e.9]

(4.12) Zn g(a=1) [ZW‘L—:W

~|ip (P p+2’qa q+2 S nb-lgr,
Q@ 2pa 2qa "

n=1

where the constant factors in the above inequalities are the best possible.
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Note: Since for0 < p < 1, we find

Aa—1 1
2 +r— (T p’Q)} )

A—{()\,a); Aa>0,0<

it follows that both[(4.f') and (4]8) do not possess reversions. Setting(1 — 1) (Aa—2) +1
(r = p,q), by Theorem§ 3]1 - 3.4, one has

Corollary 4.3. If p > 1, % + 5 =1, \a>0,2—min{p,q} < Aa <2, a,,b, > 0, satisfy
0< an_)‘o‘aﬁ <oo and 0< an_’\ab% < 00,

then one has the following equivalent inequalities:

4.13
1 P+ Aa—2 q+)\a—2 1)
B Ot
- ( por ){Zn

3=

1
1—)\abq
=)

Q|

and

D S P
— m +n

m=1

1 P+ Ao —2 q—l—/\a—Q 1A
g aq
<[ ( | P

po

where the constant factors in the above inequalities are the best possible.
If 0 <p < 1,0nehaga/2,«) € Aandtwo equivalent reversions as:

1 1
G 1\ |7 =1, "
(4.15) ZZ ma+na 7 >ka{z (“ﬂ) Eaﬁ} { Ebgg}

n=1 m=1 n=1 n=1
and
o oo p oo 1 1
4.16 N O N (o ) S

wherek, = 1B (1, 1)  and the constant factors are the best possible.

Proof. For0 < p < 1,

¢T:(1—1)(Aa—2)+1§1 (r=mp,q),

r

we obtain\a = 2 and¢, = 1. By (3.13), we find

0<6,(n) < ! L1
pAT wp(n)p, n%  kan’
Hence by[(3.8) and (3.15), one has (4.15) and {4.16). The corollary is proved. O
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Remark 4.4.
(i) Fora =1, by (4.13) and[(4.14), one hds (IL.6) and|1.7);Xet 1, by (4.13) and[(4.14),
one has[(1]8) and (1.9). It follows that (4.13) is an extensiof of (1.6)[and (1.8), which
is an improvement of (1.10), and (4]14) is an extensiorn of (1.7) (1.9).] (4.11) and
(4.12) are extensions df (3]23) and (3.24).

(i) Inequalities(1.6),[(4.3) andl (4.9) are different extension§ of (1.3) with a parameter
equalities[(1.B)[(415) anfl (4.]11) are different extensionis of (1.3) with a paramater
inequalities[(4.]1),[ (4]7) and (4.113) are different extensionf of (1.3) with two parameters
A anda.

(iii) Inequalities [1.7),[(4.4) and (4.10) are different extension$ of (1.4) with a paratketer
inequalities[(1.9),[(4]6) andl (4]12) are different extension§ of (1.4) with a parameter
and inequalitieq (4]2)} (4.8) and (4]14) are different extensiorjs af (1.4) with two param-
eters\ anda. Since the above inequalities and some reversions are all with the best
constant factors, one gives some new results.
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