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A.M. Ostrowski proved the following inequality (seé, [p. 226—227]):

O |- [ o< ] (fb_?)Q)](b—a)Hf’Hoo,

la,b] € R — R is continuous ona, b] and differ-
(a,b) — R is bounded or{a, b), i.e

for all z € [a,b], wheref :
entiable on(a, b), whose derivativef’ :

1f'[lc = sup |f'(z)] < oco.
z€(a,b)

Recently, by using a fairly elementary analysis, B.G. Pachpajtedtab-
lished the following inequality of typelj involving two functions and their
derivatives.

Theorem 1. Let f, g :
differentiable on(a, b), whose derivativef’, ¢’ :

[a,b] € R — R be continuous functions dn, b| and
(a,b) — R are bounded on
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(a,0), 1.8, [[f'l|ec = sup |f'(x)] <00, ||g'llec = sup [¢'(x)] < oco. Then

z€(a,b) z€(a,b)

1

[gm / Fw)dy + @) / bg(y)dy}

L ()’
TW] (b= a).

< %{\g(flf)l 1 oo + £ (@) 19l }

forall x € [a, b].
In this paper, by means of B.G. Pachpatte’s idea, we prove the following

Theorem 2. Let D = [a,b] X [a,b], intD = (a,b) x (a,b), f,g : D — R be
continuous functions of and differentiable ornt D, whose partial derivatives
fz, fys Gz, 9y - intD — R are bounded omntD, i.e.,

fallo = sup |falz,y)| <oo, |[fyllw=sup [fy(z,y)| < oo,
(z,y)€intD (z,y)€intD
1gelloe = sup |g2(z,y)| <00, lgylleo =  sup |gy(z,y)| < oo
(z,y)€intD (z,y)€intD
Then

flur, v1)g(ur, vr) — ﬁ {g(uhvl) //D fuz, v2)duzdv,

+ flun o) / /D g(u2,v2)du2dvg]
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Uy — atb 2
< 5 llgems, o) 1 Felle + 17, 00)] lgllo] i+%} (b~ a)
+ 5 gm0 W fylle + 1,00 ] i+%} (b~ a)

forall (uy,vy) € D.

By taking g(x,y) = 1 in Theorem2, we get the following Ostrowski like

inequa”ty inRQ, A Generalization for Ostrowski’s

Inequality in R?

Corollary 3. Baoguo Jia
1
- dusd
f(u,v1) b—a)? //D f (uz, vo)dugdvy Title Page
1 wy — atb)? Contents
4 (b—a) 4« »
1 (v — aTer)Q < >
o |-+t ———|(b—a).
zl 4 - (b—a)? b=a) Go Back
Proof of Theoren?. By the mean value theorem, there existn;, &, n. € Close
(a, b) such that :
Quit
(2)  f(ur,v1) = flug,v2) = fol&,01)(wr — ug) + f(ug, m)(v1 — v2), Page 4 of 8
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Multiplying both sides of2) and @) by g(u1, v1) andf(uy, v1) respectively and
adding we get

2f(u1,v1)g(ur,v1) — [f(ug,v2)g(ur, v1) + fur, v1)g(uz, v2)]
= g(ur, v1)[fo(§1,v1)(wa — u2) + fy(ug, m)(v1 — v2)]
+ fur,v1)[92(&2, v1) (w1 — ug) + gy(uz, n2)(v1 — v2)].

Integrate both sides with respectdg, v, over D. Note that by the proof of
the mean value theorem, we know th@a{&,,v1), fy(u2,m), g.(&,v1) and
gy (u2,n2) are Riemann-integrable f¢u,, v2) € D. Rewriting we get

Flun gt o) = 557 [gwwl) J[ #us va)auades
+f(u1,vl)//Dg(ug,vg)dquvg]

- ﬁgwh ") //D[fx(fl’ v1)(ur — uz) + fy(uz, m)(v1 — v2)]dusdus
i mﬂm? ") //D[gcc(€2, v1)(u1 — ug) + gy (uz,72) (V1 — v2)]duzdv,.
So

D

’f(ul,vl)g(ul,vl) - Z;G)Q {9(“1»’01) // f(uz, v2)duzdvy

(b—
+f(uy,v1) /Dg(u2,v2)du2dvg]
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1
< 0 —a) l9(

x [fouoo / / s — | duuzdvs + ||, o / / o, —vzuum}
D D

1

+ mﬁ(ul,vlﬂ

ulavl)|

y {||gz||oo// it = wa|dusdus + |9y o // |v1—v2|du2d1j2}
D D

Note that

//D |uy — ug|dugdvy = (b — a) {(ul —a)? ;_ (uy — b)Q]

1 (Ul a_b)2
- [4+ o—ap |79
and ,
N,
//D ’1)1 - ’l]2|dU,2dU2 = Z —+ W (b — CL).
We obtain that

‘f(uhvl)g(ul,vl) - ﬁ {g(uhvl) //D (g, v2)dugdvs

+fun, o) / /D g(u2,vg)du2dv2}

A Generalization for Ostrowski's
Inequality in R?

Baoguo Jia

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 6 of 8

J. Ineq. Pure and Appl. Math. 7(5) Art. 182, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mcsjbg@zsu.edu.cn
http://jipam.vu.edu.au/

AN
DN | —

+

Remark 1. Let f(z,y) = f(x),g(xz,y) = g(x) in Theorem2. Thenf, =

N | —

lgCus, o) 1 o + 1, 0] lgel o] |5 +
lgCun, o) 1yl +17Cer, o) gyl 1] | 5 +

0, g, = 0. We obtain Theorerh.

Remark 2. Let f(x,y) = f(z),g(z,y) = 1in Theorem2, we recapture the

well known Ostrowski inequality.
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