Journal of Inequalities in Pure and
Applied Mathematics

SOME INEQUALITIES ASSOCIATED WITH A LINEAR OPERATOR
DEFINED FOR A CLASS OF ANALYTIC FUNCTIONS

volume 7, issue 1, article 6,
2006.

S. R. S WAMY Received 07 March, 2005;
ted 25 July, 2005.
P. G. Department of Computer Science CECERIE uly

R. V. College of Engineering Communicated by: H. Silverman
Bangalore 560 059, Karnataka, India.

EMail: mailtoswamy@rediffmail.com

Abstract

Contents

44
4

Home Page
Go Back

Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
064-05


Please quote this number (064-05) in correspondence regarding this paper with the Editorial Office.

mailto:silvermanh@cofc.edu
http://jipam.vu.edu.au/
mailto:mailtoswamy@rediffmail.com
http://www.vu.edu.au/

Abstract

In this paper, we give a sufficient condition on a linear operator L, (a, ¢)g(z)
which can guarantee that for o a complex number with Re(a) > 0,

(a,c)f(z) Ly(a+1,¢)f(2)

, L
Re{ (1 — )220 : = . 1,
( {(‘ ”)L,M-r)f/(:) o Ly(a+ l-(')!](i)} S

in the unit disk £, implie

S

RP{W} >p, >p, z€FE.

Ly(a,c)g(2)

Some interesting applications of this result are also given.
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Let A(p, n) denote the class functiorfsnormalized by

(11) f(Z) =2 4+ i akzk (pvn eN= {172737 })7

k=p+n

which are analytic in the open unitdigk={z: z € C, |z| < 1}.

In particular, we setl(p, 1) = A, andA(1,1) = A; = A.

The Hadamard produclf * ¢)(z) of two functionsf(z) given by (L.1) and
g(z) given by

z) = 2P + Z b2" (p,n € N),

k—pin
is defined, as usual, by

(f*g)(z) =27+ > abez® = (g% f)(2).
k=p+n
The Ruscheweyh derivative ¢f z) of ordery + p — 1 is defined by

2P

(12) D6+p_1f(z) = m *f(Z) (f S A(pa TL)75 € R\ (—OO, _p])

or, equivalently, by

- k—1
(1.3) DPTPTLE(2) = 2P + Z (“ > apz”,

k=p+n
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wheref(z) € A(p,n) andé € R\ (—oo, —p|. In particular, ifé =1 € N{J{0},
we find from (L.2) or (1.3) that

P dl+k 1

o O

Dlf(z) =

The author has proved the following result ifj.[

Theorem A. Leta be a complex number satisfyifg:(«) > 0 andp < 1. Let
d>—p, f,g€ A,and

D6+p 1
Re{a—g@} >7, 0<vy<Rela), z€E.

Do+rg(z)
Then 01 f () 2000 4+ p)
DT f(z 2p(0 +p) +7v
fe { D5+p—lg<z>} T R ER
whenever
Dl f(z) DM f(z)
1— E.
Re{( (X)D“P—lg(z) +&D5+Pg(z)} > p,z €

The Pochhammer symboh),. or the shifted factorial is given bf\), = 1
and(N)g = AXA+1)(A+2)---(A+k—1), k € N. Interms of(\),, we now
define the function,(a, c; z) by

CL @)k
dpla,c;z) = 2P + E P z€FE,
(e)x
k=
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wherea € R, c € R\ 25525 = {0,—-1,-2,... }.
Saitoh [F] introduced a linear operatdrp(a, ¢), which is defined by
(1.4) Ly(a,0)f(z) = ¢pla,c,;2) * f(2),  z€E,

or, equivalently by
CL
(1.5) Ly(a, —zP+Z @t €,

wheref(z) € A,,a € R,c e R\ z;.
For f(z) € A(p,n) andd € R\ (—o0, —p|, we obtain

(1.6) Ly +p,1)f(2) = D"~ f(2),

which can easily be verified by comparing the definitiohs)and (L.5).

The main object of this paper is to present an extension of Thedrém
hold true for a linear operatdtp(a, ¢) associated with the clasf{p, n).

The basic tool in proving our result is the following lemma.

Lemma 1.1 (cf. Miller and Mocanu [2, p. 35, Theorem 2.3 i(i)]). LetQ2 be
a set in the complex plan€. Suppose that the functioh : C? x E — C
satisfies the conditiol (iz,, y1; 2) ¢  for all z € E and for all realz, andy,
such that

1
(1.7) y < —5n(l +a3).

If p(2) = 14+¢,2"+--- isanalyticinE and forz € E, ¥(p(2), zp'(2); z) C Q,
thenRe(p(z)) > 0in E.
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Theorem 2.1.Leta be a complex number satisfyilRg(«) > 0 andp < 1. Let
a>0,f g€ A(p,n)and

Ly(a, c)g(2)
pla+1,c)g(2)

(2.1) Re {aL } > 7, 0 <~y <Re(a), z€E.

Then

e {pr,c)f(z)} Jdwtm

L,(a,c)g(z) 20+ ny’
whenever
L,(a,c)f(z) N &Lp(a +1,0)f(2)
Ly(a,c)g(z)  Lyla+1,¢)g(2)

Proof. Let T = (2ap + ny)/(2a + ny) and define the functiop(z) by

R Ve e

Then, clearlyp(z) = 1 + ¢,2" + c,412" + - -+ and is analytic inE. We set
u(z) = aLy(a, c)g(2)/Ly(a+1, c¢)g(z) and observe fromA 1) thatRe(u(z)) >
v, z € E. Making use of the familiar identity

2(Ly(a,0)f(2)) = aLy(a+1,¢)f(z) — (a — p)Ly(a,c) f(2),

(2.2) Re{(l—a) }>p, 2 € E.
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we find from @.3) that

Ly(a, ) f(2)
Ly(a, c)g(2)

Ly(a+1,¢)f(2)

24) (1-a) “La+1,09(2)

If we define¥(z, y; z) by

=rt(—r) (™
(2.5) U(r,y;2) =7+ (1 )( + . y),
then, we obtain from4.2) and @.4) that
{U(p(2),20'(2);2) : |2] <1} € Q@ ={w € C : Re(w) > p}.

Now for all z € E and for all realr, andy, constrained by the inequality (7),
we find from @.5) that

]_ _
Re{W(is. 1:2)} = 7+ Ly, Refu()
<, U= _
2a
Hence W (izy,y1;2) ¢ Q. Thus by Lemmal.l, Re(p(z)) > 0 and hence
Re {%} > 7in E. This proves our theorem. O

Remark 1. TheoremA is a special case of Theorefhl obtained by taking
a =9+ pandc=n = 1, which reduces to Theorem 2.1 ¢f[whenp = 1.
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Corollary 2.2. Let« be a real number witlh > 1 andp < 1. Leta > 0, f,
g € A(p,n)and

o { Lot

)}>% 0<~y<1l, z€F.
z

p(a +1,¢)g(
Then
Ly(a+ Lc)f(z)} a(2ap +ny) — (1 - p)ny
R P > , €L,
e{Lp(a+ 1,¢)g(2) a(2a + ny) ‘
whenever
Ly(a,c)f(z)  Lp(a+ Lc)f(Z)}
Re< (1 —a)=2 a2 >p, z€E.
) e RS as e B
Proof. Proof follows from Theoren2.1(Sincea > 1). O

In its special case whem = 1, Theorem2.1yields:

Corollary 2.3. Leta > 0, f, g € A(p,n) andRe {%} >~,0<y<
1, then forp < 1,

Re {Lp(a +1,¢)f(2)

>p, z€FE
Lp<a+1,c>g<z>} P

implies
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If we set

v(z) =

Ly(a+1,0)f(2) (l B 1) L,(a,c)f(z)
Lp(a+1,c)g(2) Ly(a,c)g(z)’

(0%
then fora > 0, > 0 andp = 0, Theorem?2.1reduces to
Re(v(z)) >0, z€E

implies

Ly(a,c)f(2) nay
(2.6) Re { L,(a,0)9(2) } > 20+ noy’ z€eF,

wheneveRe(L,(a,c)g(z)/Ly(a+1,¢)g(z)) >~,0 <~y < 1. Leta — oo.

Then @.6) is equivalent to

Re {Lp(a +1,0)f(2)  Lyla,c)f(z)
Ly(a+1,¢)9(z) Ly(a,c)g(z)

implies
p(a, ¢)f(2) :
Re{ L,(a,)g (z)} >1inkE,
wheneveRe(L,(a,c)g(z)/Ly(a+1,¢)g(z)) >~,0 <~y < 1.

In the following theorem we shall extend the above result, the proof of which

is similar to that of Theorerd.L
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Theorem 2.4.Leta > 0,p < 1, f,g € A(p,n) andRe{%} > 7,
0<~v<1
If
Re {Lp(a—i— Lo)f(z) Lp(a,c)f(z)} - (L - p)’ LcE
Ly(a+1,¢)9(z) Ly(a,c)g(2) 2a
then .
RQ{M} ~b eB
L(a, ()
and
Re{Lp(a+ 1,c)f(2)} _ P2atny) — " Lep
Ly(a+1,¢)9(z) 2a

Using Theoren?.1and Theoren2.4, we can generalize and improve several
other interesting results available in the literature by takjtg) = =7. We
illustrate a few in the following theorem.

Theorem 2.5.Leta > 0, p < 1and f(z) € A(p,n). Then
(a) for a« a complex number satisfyiiRe(«) > 0, we have

Re {(1 —q) Ly(a,c)f(2) I &Lp(a +1,0)f(2)

}>p, z € F,

zP zb
implies
Re Ly(a,c)f(2) - 2ap + nRe(Oz)7 o
2P 2a + n Re(a)
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(b) for o real anda: > 1, we have

e {(1 PSP} (RN ACRR 10 } o B
implies
Re { Ly(a +le, o) f(2) } _ (2a+ Z)ap fnn;a -V g
(c) forz € F,
e {Lp<a +, Ofz) Lp<a,;>f<z>} N _n<12; p)

imoli
TPIES R Ly(a+1,¢)f(2) (2a+n)p—n

{ . } > Baxnpon

Remark 2. By takinga = § + p,c = n = 1 in Theoren?.5we obtain Theorem
1.6 of the author {], which whenp = 1 reduces to Theorem 2.3 of Bhoosnur-
math and Swamyl].

In a manner similar to Theorefl, we can easily prove the following, which
whenr = 1 reduces to part (a) of Theorehb.

Theorem 2.6.Leta > 0,7 > 0, p < 1 and f(z) € A(p,n).Then fora a
complex number witRe(a) > 0, we have

(22} 3y

z e F,
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whenever

e {1 - o) (22O

zP

ta (Lp<a + Lc>f<z>) (Lp(a,c)f(Z))H

zP zP

> p,

ze k.
Some Inequalities Associated
with a Linear Operator Defined
for a Class of Analytic
Functions

S. R. Swamy

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 12 of 13

J. Ineq. Pure and Appl. Math. 7(1) Art. 6, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mailtoswamy@rediffmail.com
http://jipam.vu.edu.au/

[1] S.S. BHOOSNARMATHAND S.R. SWAMY, Differential subordination
and conformal mappings, Math. Res. Expol4(4) (1994), 493-498.

[2] S.S. MILLER AND P.T. MOCANU, Differential Subordinations: Theory
and Applications Series on Monographs and Text Books in Pure and Ap-
plied Mathematics (No. 225), Marcel Dekker, New York and Besel, 2000.

[3] H. SAITOH, A linear operator and its applications of first order differential Some Inequalities Associated
subordinationsMath. Japon.44 (1996), 31-38. with a Linear Operator Defined

for a Class qf Analytic
[4] S.R. SWAMY, Some studies in univalent functions, Ph.D thesis, Karnatak Functions
University, Dharwad, India, 1992, unpublished. S.R. Swamy

Title Page

Contents
44
<
Go Back
Close
Quit
Page 13 of 13

J. Ineq. Pure and Appl. Math. 7(1) Art. 6, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mailtoswamy@rediffmail.com
http://jipam.vu.edu.au/

	Introduction
	Main Results

