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Abstract: In this paper we derive the Hyers-Ulam stability of the quadratic functional equa-
tion
f(zy) + f(zo(y)) = 2f(z) +2f(y), =,y €G,
respectively the functional equation

f(zy) + g(za(y)) = f(x) + g(y), =,y €G,

whereG is an amenable semigroup,is a morphism of7 such thatr o o = 1,

. . . . Hyers-Ulam Stability
respectively where is an amenable semigroup asds an homomorphism of Bouikha Ene BeRid ElqorashiEIRoucEn
G suchthav oo = 1.

and Redouani Ahmed
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1. Introduction

In 1940, Ulam P1] raised a question concerning the stability problem of group ho-
momorphisms:

Given a group;, a metric group (-, d), a numbee > 0 and a mapping
f : Gi — G+ which satisfies the inequalit)( f (zy), f(z)f(y)) < ¢ for
all z,y € Gy, does there exist a homomorphism G; — G and a _ HyersUlam Stabilty
constant: > 0, depending only o, andG’, such that( f(z), h(z)) < podlieione Beas, Eloach] Ehoucten
ke forall x in G, ?

vol. 8, iss. 2, art. 47, 2007

The case of approximately additive mappings was solved by D. H. H@érs [
under the assumption th&t, andG, are Banach spaces.

In 1978, Th. M. Rassiadlp] gave a remarkable generalization of the Hyers’s re-
sult which allows the Cauchy difference to be unbounded. Since then, several math- Contents
ematicians have been attracted to the results of Hyers and Rassias and investigated a <« N
number of stability problems of different functional equations. See for example the
monographs of the following referencés 6, 9, 10, 11, 16). < >

The quadratic functional equation

Title Page

Page 4 of 36
(1.1) fle+ty)+ fle—y)=2f(x)+2f(y), z2,yeC SNV
has been much studied. It was generalized by Stetk&rt¢ the more general Full Screen
equation

cl

(1.2) f@+y)+ fa+ o) = 2f (@) + 2f(y), =y€G,
whereo is an automorphism of the abelian gro@ipsuch that? = I, (I denotes the journal of inequalities
identity). in pure and applied

mathematics

A stability result for the quadratic functional equatidni) was derived by Skof cen: Tuuac7eL

[18], Cholewa B] and by Czerwik 4].

© 2007 Victoria University. All rights reserved.
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~
Recently, Bouikhalene, Elgorachi and Rassias stated the stability theorem of I
equation (.2), see ] and [2]. o ai>
Székelyhidi P0O] extended the Hyers’s result to amenable semigroups. He re- B -
placed the original proof given by Hyers by a new one based on the use of invariant
means.
In [22] Yang obtained the stability of the quadratic functional equation
(1.3) flay) + flay™) = 2f(z) + 2f(y), =,y €G, Hyers-Ulam Stability

Bouikhalene Belaid, Elqorachi Elhoucien
and Redouani Ahmed

in amenable groups.

The purpose of the present paper is a joint treatment of the functional equations
(1.1 and (L.3) and their generalization, where the unifying object is a morphism like
the one introduced inl(2). Title Page

New features of the paper:

vol. 8, iss. 2, art. 47, 2007

Contents
1. In comparison with20] and [22], we work with a general morphism « "
2. In contrast to 1] and [2] we here allow the (semi)grou to be non-abelian. p ,
In Section2, we obtain the stability of the quadratic functional equation
Page 5 of 36
(L.4) fay) + f(@o(y) = 2f(x) + 2f(y). @,y €G. -~
wherecs is a morphism of7 such thatr o 0 = I. The result of this section can be
compared with the ones of Yangd] because we formulate them in the same way Full Screen
by using some ideas fron28). Close
In Section3, we obtain the stability of the generalized quadratic functional equa-
tion journal of inequalities
in pure and applied
(1.5) flay) +g(xo(y)) = flz) +9(y), =,y €G, mathematics

whereo is an automorphism aff such thatr o o = 1. issni 1483-57sk
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2. Stability of Equation (1.4) in Amenable Semigroups

In this section we investigate the Hyers-Ulam stability of the quadratic functional
equation

(2.1) flzy) + f(zo(y)) = 2f(x) + 2f (),

where G is an amenable semigroup with unit elemerindo : G — G is a
morphism ofG, i.e. ¢ is an antiautomorphismt(zy) = o(y)o(x) forall z,y € G
or ¢ is an automorphismo(zy) = o(x)o(y) for all z,y € G. Furthermore, we
assume that satisfieSo o o)(z) =z, forall z € G.

We recall that a semigrou is said to be amenable if there exists an invariant
mean on the space of the bounded complex functions definéd dve refer to ]
for the definition and properties of invariant means.

Throughout this paper, as iB][ we use the following definition.

x,y € G,

Definition 2.1. Let G be a semigroup ané a Banach space. We say that the equa-
tion
(2.2) flay) + f(xo(y) = 2f(x) + 2/ (y),

is stable for the paifG, B) if for every functionf : G — B such that

r,y€eG

@3) | 51sten) + Fao)] - ) £ <5 2y G forsomes =0,

there exists a solutioq of equation £.2) and a constant > 0 dependent only o
such that

(2.4) |f(x) —q(z)|| <~ forall z € G.

Hyers-Ulam Stability
Bouikhalene Belaid, Elqorachi Elhoucien
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Proposition 2.1. Leto be an antiautomorphism of the semigrasguch thav oo =
I. Let B a Banach space. Suppose thfat G — B satisfies the inequality?(3).
Then for every: € G, the limit

(25)  g(x)= lim 272" | f(

n—-+00

)Y 2 ((xZ”_ko(x)Qn_k>2k_l>]

exists. Moreovey : G — C is a unique function satisfying

2.6) |If(z) —g(z)|| <94, and g(2*) + g(zo(z)) = 4g(z) forall z € G.

Proof. Assume thalf : G — C satisfies the inequality?(3) and define by induc-

tion the sequence functiofy(z) = f(z) and f,(z) = 3[fu-1(2?) + fa_i1(zo(2))]
for n > 1. By direct computation, we obtain

falw) =27" [ ”) +—2532k A (O L

foralln > 1.
By lettingz = v, in (2.3) we get
@7) |17 + Faoto)] - 210
SO
(2.8) | f1(x) = 2fo(x)|| < 6 forall z € G.

In the following, we prove by induction the inequalities

(2.9) [fa(@) = 2fna(z)] <6

Hyers-Ulam Stability
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(2.10) [fnl) =2 f ()] < (2" = 1)0

foralln € Nandx € G. Itis clear that 2.9) is (2.9) for n = 1. The inductive step

must now be demonstrated to hold true for the integer1, that is
(2.11)  |[fosr(@) = 2fu()|]
1 1
=[5ty + oot = 251 + ostaot)

< S5 = 2@l + | 5l o0 (0) — 2fos (oot

1
< — = 0.
_2[6+5] )

This proves that{.9) is true for any natural number.
Now, by using the inequality

(2.12)  [Ifu(2) = 2" f(@)]| < [ fal2) = 2fucs(@) ]| + 2/ fua(2) — 277" f(2)]

we check that4.10) holds true for any, € N.
Let us define

(213)  gale) = 22 g | p) £ 30 0 (@ o))

2n
k=1
for any positive integen andz € G.
Now, by using £.11) and .13, we get

o
(214) Hgn-l-l(l‘) - gn(x)H < on+1-

Hyers-Ulam Stability
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It easily follows that{g,(z)} is a Cauchy sequence for all € G. SinceB is
complete, we can defing(z) = lim,, ... g,(z) foranyxz € G. From @.10),
one can verify thay satisfies the first assertion dof.¢). Now, we will show that

g satisfies the second assertion fd. By induction one proves that the sequence
fn(z) satisfies

1
(215) Hi[fn(x2> + fn($0($))] - fn(x> - fn(x> Hyers-Ulam Stability
Bouikhalene Belaid, Elqorachi Elhoucien
and Redouani Ahmed
foralln € N.

vol. 8, iss. 2, art. 47, 2007
Forn = 1, we have

(2.16) H () + filzo(@)] - fi(2) - fi(z) M FaE
171 Contents
=515 [ () + oter) + sitant@) + (ot <«
1 9 1 2)
- L) + o)) - 1) + o) .
SH%B £ () + f(:c2a(:c)2)—2f(:c2)H o
+ 5[5 o) + wot@)) - 2rtoto]| —
< %[5 +0] = journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

So (2.19 is true forn = 1. We assume then that (.5 holds forn and we prove
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that .15 is true forn + 1.

@7) |3l () + a0 = Fr) = Fosa(o)

- H% 5 [ () + 2o + flwot0)) + fullao @)
—%[fn<x2>+fn<m<x>>1—1[fn< )+ falao(e }H
<3310 () e son )|
" H% Ul o0)?) + fol(a0)) ~ 2y fao()] H

[5+ 0] = 6.

[\DI»—t

Consequently, the sequengg ) satisfies

(2.18) ‘B@Aﬁy+%uvwm—ﬂdw—ﬂA@ S;;

for all n € N and then by lettingp — +o0o we get the desired result.

Assume now that there exists another mapping G — B which satisfies
| f(x) — h(z)|| < andh(z?) + h(zo(z)) = 4h(z) for all z € G.

First, we will prove by mathematical induction that

(2.19) 1fu(2) — 2°h(x)| < 6 forall z € G
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Forn = 1, we have

2200 |fi(x) - 2b(a)]| = H )+ flaala))] = 51 + hteo(e)]

< §[Hf(l’ ) = h(@®)|| + || f(wo(2)) — h(zo(2))]]
< l+d =5

Suppose4.19 is true forn and we will prove it forn 4+ 1. Hence, we have
(2.21) | fu1(z) = 27 h()]|

- Hl[fnw)  flaa@)] = 2 + hao(w)]|
14u(a) = 2h(a) |+ o lwo(z) — 2 h(ao ()]

[\DII—‘[\')I!—A

[0+ 9] =0

ThIS proves that{.19 is true for alln € N. From .19, we obtain

nm H

Qn, so by lettingn — +o0o and by using the definition af we getg = h. This com-
pletes the proof of the theorem. O

By using the precedent proof we easily obtain the following result.

Proposition 2.2. Leto be an automorphism of the semigraGsuch thaivoo = 1.
Let B a Banach space. Suppose tlfatG — B satisfies the inequality?(3). Then
for everyx € G, the limit

g(x) = lim 27"f,(x)

n—-—+o00
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exists, andy is a unique function satisfying
1 f(z) = g(a)]| <6, and g(2?) + g(zo(x)) = 4g(x) forall z € G,

where the sequence of functiofisis defined orZ by the formulasfy(z) = f(x)
and f,(z) = [ fu-1(2?) + fuoi(zo(z))] forn > 1.

The following result shows that in this context the only propertydDefinition

2.1) involved is the completeness. For the proof, we refer to the one used by Yang

in [22].

Theorem 2.3.Leto be a morphism of the semigrogpsuch thav oo = I. Suppose
that equation?.2) is stable for the paifG, C) (resp.(G, R)) Then for every complex
(resp. real) Banach spacB, (2.2) is stable for the paifG, B).

The main result of the present section is the following

Theorem 2.4. Let o be an antiautomorphism of the amenable semigréupuch
thato o 0 = I. Then equation.?2) is stable for the paifG, C).

First, we prove the following useful lemma
Lemma 2.5. Leto be an antiautomorphism of the semigrausuch thaizoo = 1.
Let B be a Banach space. Suppose tliatG — B satisfies the inequality

(2.22)

3(1e) + F(ao(w) = 1(2) = 7] < for somes > o

Then for every: € G, the limit

@23 ()= i 2 {1 2 - DA @)

n—-+00

exists. Moreover, the mappinrgsatisfies the inequality
(2.24) | f(z) —q(z) |< 76 forallz € G.
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Proof. Assume thatf : G — B satisfies the inequality?(22). We will prove by
induction that

@25) |f(0) - g (f2a) + (2 - 5@+ 2o}

7 3 19
<2 (5 o W) 0
for some positive integer. By lettingy = z, in (2.22) we get

(2.26) 1f(2*) + (2 = 1) f(zo(2)) — 2*f(2)] < 2,

SO

22n

2.27) Hf(x) - 2—12{f(:1;2) +2- 1)f(wo(:c))}H < (1 - %) forall z ¢ G.

This proves 2.25 for n = 1. The inductive step must now be demonstrated to hold
true for the integen + 1, that is

|60) = g {77+ @ = Do) |

< 2— |£@ )+ F (@ o(@)”) - 47"
22(n+1 ‘2 —)f ( 2 10(;,:)2"‘1;1:2"‘10(:6)2“‘1) 42" —1)f <x2n_1a(:c)2n_l) H

n n n—1 n—1 n
+WH4JC (#2) + 42" = Df (+¥ 0@ ) = 220 f ()

2”_1 TL n n— n— n— n—
S 67w s (7 o e )|

+
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20 (2" —1)26 7 3 19
< 92(n+1) + 92(n+1) (_ ) 20

92 + 92n—1  9n+l
2” - 1 n on n— n—1 n—1 n—1
22 — Hf 2 5 (2)?") — f (ﬁ ()2 e o ()? ) ‘

To complete the proof of the induction assumpti@n?f), we need the following
inequalities. Letr = y = e in (2.22) to get||2f(e)|| < 2. Puttingz = e in (2.22),

gives
| f(y) + flo(y)) —2f(e) = 2f(y)| < 26.

Consequently,

(2.28) 1 (y) = Fle()]l < 40.

By interchanginge by y in (2.22), we obtain

(2.29) 1/ (yx) + f(yo () = 2f(x) = 2f (y)|| < 20.

By using .22, (2.29, (2.29 and the triangle inequality, we deduce that
(2.30) 1/ (zy) = flyx)|| < 86.

Now, from (2.22), we obtain

@31) |[2f («* o)) —2f (o)) ~2f (o) e )|
< 26.

Since

(2.32) |/ (a*o(x)™) = f(o(x)”2”")|| <86
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and

(2.33) H f <a:2”*1a(x)2"x2”*1) ~ f@ o)) < 86
then
(2.34) H2f< 2 o )2"952"*1) _4f (gﬂ"“a(x 2 )H < 186
Hyers-Ulam Stability
and Bouikhalene Belaid, Elqorachi Elhoucien

and Redouani Ahmed

(2.35) Hf(xzno( ) - 2f( *o(x )QH>
< (o) - 6ot

’ vol. 8, iss. 2, art. 47, 2007
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+ Hf( 2 ( )2nx2n—1> —f (xQn_IU(I)2n_1>H Contents
184
<80+ - =170, « >
| >

Finally, we deduce that

(2.36) Hf(x2n<7 (2)2") - f <x2"_10(:1:')2"‘1x2”_10(1‘)2"‘1) H

Page 15 of 36
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and consequently,

Hf )~ gz 1 () + @ 0y (xQna(a:)Qn)}H

26 2(2 —1)5+(7 3 19)25 2(2n —

1)18(5

< 92(n+1) - 92(n+1) 92 - 92n-1  on+1 + T92(ntl)

7 3 19
=2 (5 + 92n+1 2n+2) 0.
This proves the validity of the inequality (25).
Let us define

@37) ) = g LT+ @ - 0T 0@ )

for any positive integen andzx € G.

Then{q,(x)} is a Cauchy sequence for everye G. In fact by using £.22),

(2.36 and @.37), we get
1gn+1(2) = gn ()|
= % Hf <$2n+1) + (@ a(x)") — 4f (=)
! ﬁ 202" = 1)f (¢ o(@)) - 42" = 1)f (+* o)) |
6 2 - v (+* o) e o (a)* )
_ 4(2” —1)f <x2"—la<x)zn—l> H

S 22(n+1) + 22(n+1)
e o) = 1 (5 ot e o)
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< 20 202" —1)0  365(2" —1) _ 404
= 92(n+1) + 22(n+1) + 22(n+1) = 9n

It easily follows that{q,(x)} is a Cauchy sequence for all € G. SinceB is
complete, we can defingz) = lim, .. g,(x) for anyz € G and, in view of
(2.29 one can verify thag satisfies the inequality?(24). This completes the proof
of LemmaZ2.5. ]

Proof of Theoren?.4. We follow the ideas and the computations used2#.[ By
using ¢.30) one derives the functional inequality

(2.38) f((zy)") = f((yx)")] < 8.
In addition, from £.3), (2.39 and the triangle inequality we deduce that

(2.39)|f ((zy)* (o (xy))*") — f((y2)* (o (yx))*")]
< |f((zy)* (o (2)®") + f((2y)* (2y)*") — 4f ((zy)*")]
+ = F((y2)* (y2)*") — f((y2)* (o (yx))*") + 4f ((y2)*))
+ [ F () (29)®") = f((yz)> (yz)?) | + 4 f((z9)*) — F((y2)*)]
< 96+ 26 + 85 + 326 = 440,

From Lemma2.5, for everyz € G, the limit

@40)  gle)= tm 2 {7) + @ - Df (¢ o))}

n—-4-o00

exists and
(2.41) f(x) — q(x)| < 70.
Furthermore, in view of4.39 — (2.39) ¢ satisfies the relation

(2.42) q(zy) = qyx), r,yeC
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and by ¢.41) — (2.22) q satisfies the inequality equation

(2.43) lq(xy) + q(zo(y)) — 2q(x) — 2q(y)| < 440

forall x,y € G.
Consequently, for any fixegd € G the function
x +— q(zy) + q(zo(y)) — 2q(2)

is bounded. Sincé' is amenable, there exists an invariant meanon the space
of bounded, complex-functions d@r. With the help ofm, we define the following
function onG

(2.44) V(y) = ma{ay + ¢ory) — 2¢}
forall y € G, whereg,(z) = ¢(zy), z € G.
Furthermore, by using?(29 and @.44), we get

(2.45)  Y(2y)+v(o(2)y)
= mm{sz 1 Qo(y)o(z) — 2q} + mz{%(z)y t do(y)z — 2q}
= Moty + Go)oz) = 2aF + Ma{oyd + doty: — 24}
= My {20 Fo(2)y 4 = 2(,9)} + Mu{do)o(z) T Gow)z — 2000}

+ ma{2qy + 2¢5() — 44¢}

= 2¢(2) + 2¢(y).

So0,Q(y) = @ satisfies equatior?(2) and the following inequality

246) Q) — aly)] = 5lme{ay + dot — 20— 24(u)}

< sup %\{Q(xy) +q(zo(y)) — 2q(x) — 2q(y)}|
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44

Consequently, there exists a mappgvhich satisfies the functional equatidh)

and the inequalityf(y) — Q(y)| < 294. This completes the proof of the theorem.

0
Theorem 2.6. Let o be an automorphism of the amenable semigréupuch that
o oo = I. Then equation.?) is stable for the paifG, C).
Proof. From inequality £.3), we deduce that for any fixade G the functionx —
f(zy) + f(xzo(y)) — 2f(z) is bounded. Sincé&' is amenable, then we can define
(247) (b(y) = mx{fy + fo(y) - 2f}

forally € G.
We have

(2.48)  o(yz)+9(yo(2))
= ma{fy: + fowyoz) = 2/} + mad fyo(s) + fow): — 2/}
= ma{fyz + fyoz) — 2fy} + Mad fowioz) + fow) — 2fom}
+2me{ fy + fow) — 2f}
= ¢(2) + ¢(0(2)) + 20(y) = 26(2) + 2¢(y),

S0 ¢ is a solution of equation?(2). Moreover, we have

(249) f(y) - @’ = %|mx{fy + fa(y) - 2f - 2f<y)}|
< 5wl (ey) + fao(y) - 2f(e) - 26()| < &
This completes the proof of theorem. O
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By using Theoren?.4 and the proof of Propositiod.1 we get the following
corollaries.

In the first corollary, the estimate improves the ones obtained in the proof of

Theorem?.4.

Corollary 2.7. Let o be an antiautomorphism of the amenable semigréuguch
thato o 0 = I. Let B a Banach space. Suppose that G — B satisfies the
inequality ¢.3). Then for every € G, the limit

(250)  Q(z)= lim 27" [f(xgn) +) 2k ((m2nka(x)2nk)2“)]

n—-+oo

exists. Moreovexy) is the unique solution of equation.{) satisfying
(2.51) IIf(x) —Qx)|| < forall z € G.

Corollary 2.8. Leto be a morphism of the amenable semigratipuch thatv oo =
I. Then for every Banach spaég equation .2) is stable for the paif{G, B).

Corollary 2.9 ([20]). Leto = I. LetG be an amenable semigroup. Then for every
Banach spacés, equation

(2.52) fley) = f2)+ fly), ©yed
is stable for the paifG, B).

Corollary 2.10 ([22]). Leto(z) = x~!. LetG be an amenable group. Then for
every Banach spacB, equation

(2.53) flay) + flay™) = 2f(2) +2f(y), z,y€C
is stable for the paifG, B).
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Corollary 2.11 ([2]). Let o be an automorphism of the vector spagesuch that
o oo = I. Then for every Banach spaég the equation

(2.54) fle+y)+ fle+oly) =2f(2) +2f(y), z,yeC
is stable for the paifG, B).
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3. Stability of Equation (1.5 in Amenable Semigroups

In this section we investigate the Hyers-Ulam stability of the functional equation

(3.1) f(zy) + g(xo(y)) = f(z) +9(y), z,y€G,

whereG is an amenable semigroup with element uritgnde : G — G is an
automorphism o7 such that o o = I.

The stability of equationd 1) was studied by several authors in the case where
G is an abelian group angl= — . For more information, see for examplE].

First we establish some results which will be instrumental in proving our main
results.

In the following lemma, we will present a Hyers-Ulam stability result for Jensen’s
functional equation:

(3.2) flay) + flzo(y)) = 2f(x), ©,yeG.

Lemma 3.1. Let G be an amenable semigroup. Letbe an homomorphism @f
such thato o 0 = I and letf : G — C be a function. Assume that there exists
o > 0 such that

(3.3) |f(zy) + fzo(y)) —2f(2)| <0

for all x,y € G. Then, there exists a solutioh: G — C of Jensen’s functional
equation 8.2) such that

(3.4) |f(z) = J(x) — fe)] <6
forall z € G.

Proof. Let us denote byf¢(z) = L&) the even part off and by fo(z) =
H@=J17l)) the odd part off.
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By replacingz by o(x) andy by o(y) in (3.3), we get
(3.5) [f(o(z)o(y) + flo(x)y) —2f(o(z))] <o

Now, if we add (subtract) the argument of the inequaliiy3) to (from) inequality
(3.5, we deduce that the functiorf§ and f° satisfy the following inequalities

(36) ’fe<xy) + fe(l’O'(y)) - 2fe<x>| S 5 Hyers-Ulam Stability

Bouikhalene Belaid, Elqorachi Elhoucien
and Redouani Ahmed

vol. 8, iss. 2, art. 47, 2007

(3.7) |fo(zy) + [(zo(y)) — 2/°(x)] <6
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By puttingz = e in (3.6), we obtain Contents
)
(3.8) W)= fel< 5 “« »
The inequality £.7) can be written as follows ¢ >
Y o o Page 23 of 36
(3.9) |f(yz) = f(o(y)z) — 2f°(y)| < 0.
Go Back
This implies that for fixed, € G, the functionr — f°(yz)— f°(o(y)x) is bounded.
SinceG is amenable, letr, be an invariant mean on the space of complex bounded el
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Consequently from3. 10, we obtain that) satisfies the Jensen’s functional equation

(3.11) Y(y2)+y(yo(2))
= My{y: I —o)oz) [} + Madyo) [ —ow)
= Mafy= /" =)z [+ Madyo2) f* —o)ot2)
= M2y f” —otw) f1} + Mo [ f” —ow) ]}
= 2¢(y) Hyers-Ulam Stability

Bouikhalene Belaid, Elqorachi Elhoucien
and Redouani Ahmed

/3
f°

The functionJ(y) = # satisfies the Jensen’s functional equatiér) and the

. . . vol. 8, iss. 2, art. 47, 2007
following inequality

1 )
(3.12) [ J(y) = f°(y)] < 5 Sup |f(yz) = floy)e) = 2f°(y)l < 5. Title Page
xe
Finally, we obtain Contents
<« >

(3.13) fy) = J(y) = fle)l = [f(v) + f(y) — T(y) — f(e)]
<|f ) = flel+1rw - Jy) <o < >

This completes the proof of Lemngal. O Page 24 of 36

By using the proof of the preceding lemma, we get the stability of the Jensen Go Back
function equation Full Screen
(3.14) flyz) + flo(y)x) =2f(z), z,y€q. Close
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forall z,y € G. Then, there exists a solutioh: G — C of Jensen’s functional
equation 8.14) such that

(3.16) [f(z) = J(z) = fle)] <6
for all z € G. More precisely,J is given by the formula
(3.17) J(y) =m{f,) — f5,} forallyeG.

In the following lemma, we obtain a partial stability theorem for the Pexider’s

functional equation

(3.18) filzy) + folwo(y) = f3(z) + fuly), ©,y€G
that includes the functional equatioh f) and the Drygas’s functional equation:

(3.19) flay) + f(zo(y) =2f(x) + f(y) + flo(y)), v, yeC
as special cases.

Lemma 3.3. LetG be an amenable semigroup. leebe an automorphism @f such
thato o o = I. If the functionsfy, f5, f3, f4 : G — C satisfy the inequality

(3.20) |fi(zy) + folzo(y)) — f3(z) — faly)| <0

for all x,y € G, then there exists a unique functign. G — C, a solution of
equation (.4). Also, there exists a solutioh, (resp. J;): G — C of Jensen’s
functional equation¥.14), (resp. ¢.2)) such that,

(3.21) |[f3(z) = Ja(2) — qz) — f3(e)] < 160,

(3.22) |[fa(z) = Ji(2) — q(z) — fa(e)] <160,
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(3.23) () + () — ala) — 5 ile) — 3 fole)| < 65

(3.24) (T = f5)(zy) — (T = f5)(zo(y))| <126,
fi(z) - %Jl(l') — %JQ(Z‘) < 106
and

1 1
f5(@) = 5 (@) + 5 Ni(x)| < 100
forall z,y € G.

Proof. In the present proof, we follow the computations used in the pafgislp],

and R3].
For any functionf : G — C, we definel'(z) = f(z) — f(e).
By puttingz = y = e in (3.20), we get

(3.25) [f1(e) + fale) = fs(e) = fale)| < 0.

Consequently, if we subtract the inequalityZ0 from the new inequality3.25, we
obtain

(3.26) |Fi(zy) + Fa(zo(y)) — Fa(z) — Fi(y)| < 20.

Now, by replacinge by o(z) andy by o(y) in (3.26) and if we add (subtract) the
inequality obtained to3.26), we deduce that

(3.27) |FY (zy) + F5 (xo(y) — F5(x) — Fi(y)] < 26,
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and
(3.28) |FY (y) + F5 (w0 (y)) — F5(x) — F(y)] < 26

forall z,y € G. Hence, if we replace by e, andx by e respectively in §.27), we
get

(3.29) |FY (2) + F5(x) — Fy ()] <20

and

(3.30) [FY(y) + F5(y) — Fi(y)] < 26.

So, inview of 3.27), (3.29 and .30, we obtain

(3.31) |FY (zy) + F3(xo(y)) — (FT + F5)(x) — (FY + F5)(y)]

< [Fi(zy) + F5(xo(y) — Fy () — F{(y)]
+|F(2) + Fy (o) = Fy (o) + [F{(y) + F3 (y) = Fi(y)]
< 66.

By replacingy by o(y) in (3.31), we get the following
(3.32) [FY (o (y)) + F3 (zy) — (FY + F5)(x) — (F} + F5)(y)| < 60.
If we add (subtract) the inequality (31) to (3.32), we get

(3.33) [(FY +F3) (wy) + (FT +15) (2o (y)) —2(F7 +F5) () =2(F7+ F5) (y)| < 129,

(3.34) |(FY = F5)(wy) — (FY = F5)(zo(y))| < 120
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forall z,y € F4. Hence, in view of Theorerf.6, there exists a unique functigna
solution of equation(.4) such that

(3.35) |(FY + F3)(z) — q(z)| <65 forall x € G.
Consequently, from3( 29, (3.30 and (3.35, we deduce that

(3.36) |5 (7) — q(z)] < 85
and

(3.37) |Ff(7) — gq(z)] < 8
forallz € G.

On the other hand, fronB(28 we get

(3.38) |Fy(z) — FY(z) — F3 ()] <26
and
(3.39) |FY(z) — FY(2) + F3(2)] < 24,

for all z € G. Hence, we obtain

(3.40) 2F9 () — F3(x) — F(x)] < 40
and
(3.41) 2P (x) — F3(x) + F{(x)] < 46
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for all x € G and consequently, we have

(3.42) |5 (zy) + F5(zo(y)) — 2F5 (2)]
< [Fy(zy) — FY(zy) — F5(zy)]
+ |F (zo(y)) — FY (w0 (y)) — FY(zo(y))]
+ |FY (zy) + Fy(wo(y)) — F¥(z) — F{(y)]
+ |FY (zo(y)) + F5 (zy) — F5(x) — F{(o(y))]
< 86
and
(3.43) [F)(yx) + F{(o(y)zx) — 2F}(z)|
< [F{(yz) — FY(yr) + F5 (yz)|
+ |F{(o(y)x) — FY(o(y)z) + F3 (o (y)x)]
+ |FY (yx) + Fy(yo(x)) — F3(y) — Fy ()]
+ |FY (o (y)x) + F5(o(y)o(x)) — FY(o(y)) — F{ ()]
< 8§

forallz,y € G.
Now, from Lemma3.1and Lemma.2 there exist two solutions of Jensen’s func-
tional equation$.14) and (3.2), J;, J> : G — C such that

(3.44) |FP(x) — Ji(z)| < 86.
and
(3.45) |F9(x) — Jo(z)| < 86

for all x € G. Now, by small computations, we obtain the rest of the proof. []
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By using the previous lemmas, we may deduce our main result.

Theorem 3.4.Let G be an amenable semigroup. Letbe an automorphism af
such thatr o o = I. If the functionsf, g : G — C satisfy the inequality

(3.46) |f(zy) + g(za(y)) — f(z) —g(y)| <9,

for all z,y € G, then there exists a unique functign: G — C, a solution of
equation (.4). Also, there exist two solutiong, (resp. J;): G — C of Jensen’s
functional equation¥.14), (resp. ¢.2)) such that

(3.47) |f(z) = J2(z) — q(z) — f(e)| < 160
and

(3.48) g9(z) — Ji(z) — q(x) — g(e)| < 160,
forall z € G.

The stability of the Drygas’s functional equatiof 19 is a consequence of the
preceding theorem.

Theorem 3.5. Let G be an amenable semigroup. Lete an automorphism af
such thatr o 0 = I. Let the functioryf : G — C satisfy the inequality

(3.49) |f(zy) + f(zo(y)) —2f(x) — fly) — flo(y))| <9,

for all x,y € G. Then there exists a unique functipn G — C, a solution of
equation (..4), and a solution/ : G — C of Jensen’s functional equatiofs.¢)
such that

(3.50) |f(z) = J(x) — q(z) — f(e)| < 165
forall z € G.

Hyers-Ulam Stability
Bouikhalene Belaid, Elqorachi Elhoucien

and Redouani Ahmed

vol. 8, iss. 2, art. 47, 2007

Title Page
Contents
44 44
< >
Page 30 of 36
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:bbouikhalene@yahoo.fr
mailto:
mailto:elqorachi@hotamail.com
mailto:
mailto:redouani_ahmed@yahoo.fr
http://jipam.vu.edu.au

Corollary 3.6. Let G be an amenable semigroup with a unity element.oLbé an
automorphism of7 such thate o ¢ = I. If the functionsfi, fs, f3, f1 : G — C
satisfy the functional equation

(3.51) fi(zy) + fa(zo(y)) = f3(z) + fa(y)

for all z,y € G, then there exists a quadratic functign: G — C. There also

exists a function : G — C, a solution of Hyers-Ulam Stability
Bouikhalene Belaid, Elqorachi Elhoucien

(352) V(l‘y) _ V(ZL’O'(y)), l’,y c G and Redouani Ahmed
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In addition, there existy, 3,7, € C and two solutions/;, (resp. J,) of Jensen’s
equation §.14) (resp. 3.2)) such that
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1 1 1 1
(3.53) filz) = 5,]1(35) + §J2<5U) + 5”(9‘7) + 5@(37) +a, SIS
44 44
1 1 1 1 < >
(3.54) fo(@) = —§J1(37) + §J2($) - 5”(37) + 5@(1') + 0,
Page 31 of 36
Go Back
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Corollary 3.7. Let G be a vector space. If the functiorfg, fo, f3, f1 : G — C
satisfy the inequality

(3.57) |filx +y) + folr —y) — f3(z) — fuly)| <0

for all x,y € G, then there exists a unique functign: G — C, a solution of
equation (.2). Also,a € C exists, and there are exactly two additive functions
as : G — C such that

(358)  [fi(r) ~ gar(r) — youle) — ga(x) ~ F(0) — 0| <195
1 1 1

(3.59) fo(@) + §a1(37) - 5%(@ - 5(1(1’) = f2(0) + o < 196,

(3.60) | f3(x) — az(x) — q(x) — f3(0)] < 166

and

(3.61) |fa(z) — ai(z) — q(x) — f1(0)] < 166

forall z € G.

The following corollary follows from Lemm&.3. This result is well known in
the commutative case, see for examplg |

Corollary 3.8. LetG be an amenable semigroup. If the functigisfs, f5 : G —
C satisfy the inequality

(3.62) |filzy) = falx) = f3(y)] <6
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forall =,y € G, then there exists a unique additive functionG — C such that

(3.63) |fi(x) —a(z) — fi(e)| < 384,
(3.64) | f2(x) — a(z) — fa(e)| < 166
and Bouikhalell)éeéség:;;TElst;gg;% Elhoucien
and Redouani Ahmed
(3.65) |fs(z) — a(z) — f3(e)] < 164 vol. 8, iss. 2, art. 47, 2007
forall z € G.
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