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ABSTRACT. In this article we improve two well known bounds for the roots of polynomials
with complex coefficients. Our method is algebraic, unitary and was used among others by L.
Panaitopol and D. Staéhescu.
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1. INTRODUCTION

Determining bounds for the zeros of polynomials is a classical problem to which many au-
thors have made contributions, beginning with Gauss and Cauchy. Since the days of Gauss and
Cauchy many other mathematicians have contributed to the further growth of the subject, using
various methods (the theory of analytical functions, matrix analysis, the theory of operators
,differential equations of second order).

In [6] Williams established the following result:

Theorem 1.1.1f f(z) = ap2™ + ap_12" * + ...+ a; +ay € C[X], a,, # 0 andz is an arbitrary
root of f, then:
Qp — Qp—1 2

2 2
Qo a; — Qg

_|_

(1.1) 12 <1+ + ..+

Qp G Qn

In [1, p. 151] we find a statement that can be reformulated as:

Proposition 1.2. If f is polynomial like in Theorem 1.1 ande {1,2,...,n}, then at leasp
roots of f are within the disk:
2) 3

In what follows we want to refine the inequalitigs (1.1) apd](1.2), by applying a unitary
method, used by L.Panaitopol and D. &tefscu.

(1.2) 2] <1+ (i Z—J

J=0

n
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2. THE MAIN RESULTS

In this section we present Theorems|2.1 2.2 which establish refinements of inequalities

(L.7) and[(1.P).

Theorem 2.1.1f f(x) = a, 2" +a, 12" ' +---+a;+ag € C[X]letby = ag, by = a1 —ay, . . .,
b, = a, — a,_1. Then, for any root of f, we have:

bi |° (Re(boby + brby 4 - - + by_1by — bpin))?

anl (ol oafP e [l - Janf?

(2.1) 12 <14

7=0
Remark 1. If bobl4biby+- - -+b,_1b,—bna, # 0, then inequality{ (2]1) is better than inequality
(.3).

Theorem 2.2.1f f(z) = apa™ + ap_12™ ' 4+ -+ + a1 + ap € C[X]andp € {1,2, ...,n}, then
at leastp roots of f are within the disk:

2
(laol” +- +\ap! ) - lan|

n

(2.2) 2| <1+ (pl (Re(aols + a1y + -~ + aplap))2> ’ .

7=0

3. PROOFS OF MAIN THEOREMS
Proof of Theorer 2]1We consider the polynomial
F(r) = (v — a)f(z),
wherea is a real number. The coefficients of polynomidhre:
Crp = Q-1 — Qayg,

wherek = 0,n + 1 anda_, = a,, = 0. By applying Theorerp 1]1 to polynomial, we find
that if z is a root of ' then:

2
c c1 — ¢ Cpt1 — Cn
(3.1) |Z|2§1—i— o | 4|2 O 4o g™
Cn+1 Cn+1 Cn+1
We compute and obtain:
2 n 2 n 2 2
c Cha1 — C b b, — ab b, + aa,
SR U k+1 Bl L2 + Z k k+1 I
Cn+1 k=0 Cn+1 n k=0 Ay, Qp

Further, we have:
|bk - Oébk+1\2 = (bk - abk+1)(bk7bk+l)
= (b — abgi1) (b, — abyy1)
= |b|* + o2 |bpsr | — 20 Re(bybysr)
and therefore, if we use the notation:
= [bol* + [ba[* + - - + [ba]”
B = Re(boby + biby + -+ + bp_1b, — bpan),

then:
2

+Z

Co Ck+1 — Ck

(3.2) 1+ =1+ ——(Aa® — 2Ba + A).

Cn+1 Cn+1 |an
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Using inequality[(3.]l) and relatioh (3.2) we obtain that for any root& efe have:

(3.3) 21* <1+ g(a),

where

(3.4) g(a) = | 1| (Aa® +2Ba + A).
Qn

Itis clear thaty is minimal fora = 3 B and the minimal value is:

1 B?
3.5 min = ——+ (A= —].
35) doin = - (4= )
From (3.3) and[(3]5) we obtain that
2
(3.6) 2] <1+ A b

Tl Al
which takes place for any roatof F, and therefore for any root of, which concludes the
proof. O

Proof of Theorer 2]2As in the demonstration of Theor¢m .1, we consider the polynomial
Fo(z) = (v — a) f(2).

If we apply Proposition 1]2 té7,, we will find that at leasp roots of F, are located inside the

disk:
p—1 ci |2 3
@) A=t )
We have:
pi 7 §|aj1|2+oc2|aj!2—20‘Re<aj1'63'))
§=0 C"H j=0 ’an|2
1
—F - (Aj0® — 2Bja + CY)
an

= h(a),

where we used the following notations:
Ay = laol* + lar|* + - + |apa
By =Re(ap-ay +ay---aa+ -+ apo-0p1)
Cy = laol* +las|* + -+ + lap2f*.

The minimal value of: is obtained for

B
(3.8) a, = A_I
and itis:
1 B?
3.9 Romin, = Cy — —
(39) (-2
From (3.7) we deduce that inside the disk
2
(3.10) et (o B
|an Al
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there are at leagtroots of F,.

We apply this result for the polynomial,, whereq; is given by [(3.8) and we obtain that the
polynomial F,,, has at leasp roots inside the disk given by (3]10).

Sinceaq; verifies the inequality (3.10) (a simple calculation shows that we hieve 1), one
of thesep roots isc; and the othep — 1 roots of F,, inside the disk{(3.70) are actually roots of
f.

We have therefore proved that at least 1 roots of f are inside the disk

2
a;

p—2
(3.11) 2] <1+ (Z =

j=0 17"

1
 (Re(aglm + a1l + -+ + ap28,_1))% |
(Jaol* + -+ lap-1[*) - fan|

and, as a result, there are at leasbots of f inside the disk

1
—1 _ 2
(312) |Z| <1 + : Re aoal + a/1a2 + -+ a/pflap))Q
B j=0 17" (‘a()’ +oet ‘ap’ ) - |an|2
which concludes the proof. O

Corollary 3.1. If f(z) = a,z™ + ap_12" ' + -+ - + a1 + ag € C[X], a, # 0, then all the roots
of f are inside the disk:

P Tttt a2
(3.13) || <1+ (Z a1 (Re(a0a12+ ayas + 2—1— an_lgn)) )

i lan (laol” + -+ [an]?) - as]
Proof. We apply Theorerp 2|2 fqr = n. O

Corollary 3.2. If f(z) = a,z™ + ap_12" '+ -+ +a; + ap € C[X], ag # 0 and

n—p—1
(3.14) M=y
=0

then f has at mosp roots inside the disk

— (Re(ap-1ap + aplps1 + -+ - + An-1Gn))?
(lapl” + lapsal” + -~ + laul*) - laof*

)

1
14+ M

Proof. We apply Theorerh 2|2 to the reciprocal polynomjialz) = 2" f(2). O

(3.15) 2] <

4. APPLICATIONS

(1) Let f(x) = 202" — 223 + 222 — x + 1. Using the Mathematica program we can find the
roots of f:

21 = —0.271695 — 0.4173444,
29 = —0.271695 + 0.417344z,
z3 = 0.321695 — 0.313257¢,
z4 = 0.321695 + 0.313257.

It is clear that for every root we have|z| < 1. Appliyng the theorem of Williams, we
find |z| < 1.5116. If we apply Theorerh 2|1 we find a better bound:

2| < 0.907
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(2) Let f(x) = 62* + 352® + 3122 + 35z + 6. If we apply Theorerh 1|1 we find:
|z| < 7.043,
and if we apply Theorefn 2.1 we find:
|z| <7.032.

Note that the root of maximal modulusis= —5.028.
(3) Let f(z) = 72 — 202® + x + 1. Appliyng Theorenj 2]1 we find that every roobf f
is inside the disk:

2| <4.048
while Theorenj 11 gives:
|z| < 4.288
(4) Let f(x) = 102° 4+ 2* + 1002® + 102° + 90z + 1. If we apply Theorerh 1|1 we find:
2| < 18.001
and if we apply Theorein 2.1 we find:
2| < 12.529.

(5) Letf(z) = 2° 4+ 7z* + 552 4+ 1122% 4+ x + 1. Applying Theorenj 2]2 fop = 1, we
obtain thatf has at least one root inside the disk

D ={z€ C;|z] <1.707}.
The roots off are:
71 = —2.561, 2o =-2.216+6.2191, 23 = 2o,
24 = —0.002 4+ 0.094i, z5 =7,
and we see thaty, z5 € D.
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