Journal of Inequalities in Pure and
I > <M Applied Mathematics

0 http://jipam.vu.edu.au/

\olume 3, Issue 5, Article 72, 2002

COEFFICIENT ESTIMATES FOR CERTAIN CLASSES OF ANALYTIC
FUNCTIONS

SHIGEYOSHI OWA AND JUNICHI NISHIWAKI

DEPARTMENT OFMATHEMATICS
KINKI UNIVERSITY
HIGASHI-OSAKA, OSAKA 577-8502
JAPAN.
owa@math.kindai.ac.jp
URL: http://163.51.52.186/math/OWA.htm

Received 9 September, 2002; accepted 10 October, 2002
Communicated by H.M. Srivastava

ABSTRACT. For some real (o > 1), two subclassed(a) and N («) of analytic fuctions
f(z) with f(0) = 0 and f’(0) = 1 in U are introduced. The object of the present paper is to
discuss the coefficient estimates for functigiis) belonging to the classe®t(«) and N ().

Key words and phrasesAnalytic functions, Univalent functions, Starlike functions, Convex functions.

2000Mathematics Subject Classificat 0B0C45.

1. INTRODUCTION AND DEFINITIONS

Let .4 denote the class of functiorfgz) of the form:
) =24 an2",
n=2

which are analytic in the open unit didk = {z : z € C and|z| < 1}. Let M(«) be the
subclass of4 consisting of functiong (z) which satisfy the inequality:

Re {Z;(i?} <a (zeU)

for somea (o > 1). And let N («) be the subclass oft consisting of functiong (z) which

satisfy the inequality:
Re{1+zj‘£(g>}<a (z € U)
for somea (o > 1). Then, we see that(z) € N («a) ifand only if zf'(z) € M(«).
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Remark 1.1. For1 < a < 3, the classes\(«) and\(a) were introduced by Uralegaddi et
al. [3].
Remark 1.2. The classedV(«) and N («) correspond to the cage= 2 of the classed\ 1, («)
andN(«), respectively, which were investigated recently by Owa and Srivastava [1].
We easily see that

Example 1.1.

(i) f(2) = 2(1 - 2)2@Y € M(a).

(i) 9(2) = 357 {1 — (1 —2)**"'} € N(a).

2. INCLUSION THEOREMS INVOLVING COEFFICIENT INEQUALITIES

In this section we derive sufficient conditions ffifz) to belong to the aforementioned func-
tion classes, which are obtained by using coefficient inequalities.

Theorem 2.1.1f f(z) € A satisfies
S {tn—k)+In+k—2al}|a,] < 2(c - 1)
n=2

for somek (0 < k < 1) and somey (a > 1), thenf(z) € M(a).

Proof. Let us suppose that
(2.1) > {tn=k) + In+k—2al}|a,| £ 2(a—1)
n=2

for f(z) € A.
It suffices to show that

<1 (z €.

We note that

_ L—k+> 7, (n—k)a,z""*

B ‘ l+k—20+> 7", (n+k—2a)a,z""!
L— k43 (n — K)lan|2[""!

20— 1—k =32, [n+k —2al|a,||z|"?
k4>, — Kl

20— 1—k =7, In+k—2a]|a,|

The last expression is bounded above by 1 if

<

L—k+ Y (n=ka| S20 =1~k =" |n+k—2a]|a
n=2 n=2

which is equivalent to our condition:
S {(n—k) +|n+ k- 20} a,| £ 2(a - 1)
n=2
of the theorem. This completes the proof of the theorem. O

If we takek = 1 and somev (1 < a < 2) in Theorem 2.11, then we have
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Corollary 2.2. If f(z) € A satisfies

o0

Y (n-a)a Sa—1

n=2
for somen (1 < o < 2), thenf(z) € M(a).
Example 2.1. The functionf(z) given by

- (04—1) n
Z)_Z+;n(n+1)(n—/€+’n+k—2a‘)z

belongs to the class1(«).
For the classV(«), we have
Theorem 2.3.1f f(z) € A satisfies

(2.2) Zn(n—k+1+|n+k—2a!)\an\ < 2(a—1)

n=2
for somek (0 < k£ < 1) and somey (a > 1), thenf(z) belongs to the clas&/(«).
Corollary 2.4. If f(z) € A satisfies

nn—a)la,| £a—1
n=2
for somen (1 < o < 2), thenf(z) € N ().
Example 2.2. The function

B 4(a—1)
f(z)—Z+;n2(n+1)(n—k’+]n+k‘—2a|)z

belongs to the clast/ ().

Further, denoting bys*(«) and/C(«) the subclasses of consisting of all starlike functions
of ordera, and of all convex functions of order, respectively (see [2]), we derive
Theorem 2.5.1f f(2) € Asatlsfles the coefﬁuentmequah. 1) forsomél < o < 2 < 3,
then f(z) € S* (g 3"‘) z) € A satisfies the coefficient mequah' 2) for some
(1<a§k_ <3) thenf € K (5=2).
2 <

n

—2«

3
Proof. For somen (1 < o < 2 < 3 we see that the coefficient inequali2.1) implies that

o

> (n—a)la| S a—1.

n=2

It is well-known that if f(z) € A satisfies

>S4l <1

n=2

for somefs (0 < 3 < 1), thenf(z) € S*(5) by Silverman([2]. Therefore, we have to find the
smallest positived such that

>4

n=2

n—«uo
|an] < Z la,] < 1.

a—1
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This gives that

(2—a)n—«

2:3) B = n—2a+1

foralln = 2,3,4,---. Noting that the right-hand side of the inequality (2.3) is increasing for
n, we conclude that

4 — 3

3—2a’

which proves thaff(z) € S* (3=52). Similarly, we can show that if (z) € A satisfies),
thenf(z) € K (5=32). O

3—2a

B =

Our result for the coefficient estimates of functiofis) € M («) is contained in
Theorem 2.6.1f f(z) € M(a), then

7, (j + 20 — 4)
2.4 < = > 92).
Proof. Let us define the functiop(z) by

L 2(2)
iO)

p(z) = ——

for f(z) € M(«a). Thenp(z) is analytic inU, p(0) = 1 andRe(p(z)) > 0(z € U). Therefore,
if we write

p(2) =1+ paz",
n=1
then|p,| < 2(n = 1). Since
af(z) = 2f'(z) = (o = D)p(2) f(2),
we obtain that
(1 =n)an, = (o = 1)(pn—1 + a2Pn—2 + a3pn—3 + - - + an_1p1).
If n =2, then—ay, = (o — 1)p; implies that
|az] = (o = 1)|p1| = 200 — 2.

Thus the coefficient estimate (P.4) holds true for= 2. Next, suppose that the coefficient
estimate

H?:Q(j +2a —4)
(k—1)!

is true for allk = 2, 3,4, --- ,n. Then we have that

\ak’ §

—Napt1 = (@ — 1)(py + aspp_1 + azpn—2 + - - + anp1),
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so that
] < (20— (1 + Jaal + Jas| + -+ + Jaul)
- (oo o) (D02t o0t =
'+@a_m@a]?%3[@“+”_®)

IG5 +2a —4)

B (n—1)!
Thus, the coefficient estimate (R.4) holds true for the cage-efn + 1. Applying the mathe-
matical induction for the coefficient estimafe (2.4), we complete the proof of Théorém(2.6.

For the functionsf(z) belonging to the clas&/(«), we also have
Theorem 2.7.1f f(z) € N(«a), then

P o(j 20 —4
| < 1= , ) (n22).
n:

Remark 2.8. We can not show that Theordm P.6 and Thedrem 2.7 are sharp. If we can prove
that Theorem 2|6 is sharp, then the sharpness of Thgor¢m 2.7 follows.
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