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Abstract

For some real a (a > 1), two subclasses M(a) and N(«) of analytic fuctions
f(z) with f(0) =0and f'(0) = 1in U are introduced. The object of the present
paper is to discuss the coefficient estimates for functions f(z) belonging to the
classes M(a) and NV(a).
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Let.A denote the class of functiorf§z) of the form:
fE) =24 an",
n=2

which are analytic in the open unit digk = {z : = € C and|z| < 1}. Let
M) be the subclass ofl consisting of functiong(z) which satisfy the in-

equality:
Re { ) } <« (z € U)
f(2)

for somea (o > 1). And let NV («) be the subclass o4 consisting of functions
f(2) which satisfy the inequality:

Re {1 + Zﬁ;iz))} <« (z € U)

for somea (« > 1). Then, we see thaf(z) € M («a) ifand only if zf'(z2) €
M(a).

Remark 1.1. For 1 < o < 3, the classes\(a) and V() were introduced by
Uralegaddi et al. F].

Remark 1.2. The classes\(«) and M/ («) correspond to the case = 2 of
the classes\,(«) and NV, («), respectively, which were investigated recently
by Owa and Srivastaval].
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We easily see that
Example 1.1.
(i) f(2) = 2(1 — 2)%@=D € M(a).
(i) g(z) = 55 {1 = (1= 2)**"'} € N(a).
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In this section we derive sufficient conditions fffz) to belong to the afore-
mentioned function classes, which are obtained by using coefficient inequali-
ties.

Theorem 2.1.1f f(z) € A satisfies

Z{n—

for somek (0 < k£ < 1) and somex (a > 1), thenf(z) €

+|n+k—2al}|a,] £ 2(a— 1)

M(a).

Proof. Let us suppose that

S -

(2.2) k) + |n+k —2al} |a,] £ 2(a—1)
n=2
for f(z) e A
It suffices to show that
z2f'(z) Lk
77 )f(z) <1 (z € U).
—Zf(S — (2 — k)
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We note that
z2f'(z)
f(2) k

Z;f(g) — (200 — k)

B 1—k+>7(n—k)a,z""!

1tk =20+ Y20 (n+ k- 2a)a,zn !
L=k (= k)lan|l2]"

20— 1—k =" |n+k—2a]|a,||z|*!
L-k+) (0= k)l

S a—1—k- Yo, n+k—2al|a,]

The last expression is bounded above by 1 if

A

L—k+> (n—k)an] £20— 1=k =" |n+k — 20 |a,|

n=2 n=2

which is equivalent to our condition:

Z{n—

of the theorem. This completes the proof of the theorem. ]

+|n+k—2a|}a,| £2(a—1)

If we takek = 1 and somex (1 < a < 2) in Theorem?.1, then we have
Corollary 2.2. If f(z) € A satisfies

[e.9]

S - a)la, Sa—1

n=2

for somen (1 < o < 2), thenf(z) € M(a).
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Example 2.1. The functionf(z) given by

B > 4(a— 1)
M_H;n(nm(n—w\n+k—2al>z

n

belongs to the class1(«).
For the classV(«), we have
Theorem 2.3.1f f(z) € A satisfies

(2.2) nn—k+1+|n+k—2al)|a,] < 2(a—1)

At

A

for somek (0
N(a).

Corollary 2.4. If f(z) € A satisfies

k < 1) and somex (a > 1), then f(z) belongs to the class

Zn(n—a)|an| <a-1

n=2

for somen (1 < o < 3), thenf(z) € N(a).
Example 2.2. The function

B > 4(a—1)
ﬂz)_Z+;n2(n+1><n—k+ln+k—2al>z

n

belongs to the clasd/(«).
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Further, denoting bys*(«) andK(«) the subclasses od consisting of all
starlike functions of ordet, and of all convex functions of order, respectively
(see P]), we derive

Theorem 2.5.1f f(z) € A satisfies the coefficient inequalitg.{) for some

a (1<a< B2 <3 thenf(z) € 8* (5232). If f(2) € A satisfies the coeffi-

cient mequallty(? 2) for somenr (1 < a < %2 < 3) thenf(z) € K (532).
2

3—2a

Proof. For somen (1 < a < 52 < 3), we see that the coefficient inequality
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foralln = 2,3,4,---. Noting that the right-hand side of the inequalifJ) is
increasing fom, we conclude that

4 — 3«
<
p= ry
which proves thaf(z) € S* (3=32). Similarly, we can show that if (z) € A
satisfies 2.2), thenf(z) € K (3732). O

Our result for the coefficient estimates of functiohs) € M(«) is con-
tained in

Theorem 2.6.1f f(z) € M(a), then

I, (j + 200 — 4)
(n—1)!

(2.4) |an| =

Proof. Let us define the functiop(z) by

_2f'(2)
O]

a—1

p(z) =

for f(z) € M(«). Thenp(z) is analytic inU, p(0) = 1 andRe(p(z)) > 0(z €
U). Therefore, if we write

p(Z) =1+ anzna
n=1
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then|p,| =< 2(n = 1). Since
af(z) = zf(z) = (@ = )p(2)f(2),
we obtain that
(1 —n)a, = (@ — 1) (pu_1 + aspp_os + azpp_sz + - + an_1p1).
If n =2, then—ay = (o — 1)p; implies that
|az] = (o = 1) |p1| = 200 — 2.

Thus the coefficient estimat@.@) holds true forn = 2. Next, suppose that the
coefficient estimate

H?:Q (j+2a—4)
(k—1)!
is true for allk = 2,3,4, --- ,n. Then we have that

’@k| §

—NAap4+1 = (Oé - 1)(pn + A2Pn—1 + aspn—2 + -+ anpl)>

so that

nangi| = (200 = 2)(1 + |ag| + |ag| + -+ - + |an|)
(200 —2)(2a0 — 1)

< (20— 2) (1+(2a—2)+

2!
I, (j+2a—4)
)
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20 — 120200+ 1) -+ - (2a+n — 4
ooy (2 )
(2a0 — 2)(2c0 — 1)2c -+ - (20 +n — 4)
" (n—1) >

(5 + 20— 4)
B (n—1)!

Thus, the coefficient estimatg.f) holds true for the case éf= n + 1. Apply-
ing the mathematical induction for the coefficient estimatd)( we complete
the proof of Theoren2.6. O

For the functionsf(z) belonging to the clasd/(«), we also have
Theorem 2.7.1f f(z) € N(«), then

[[[_o( +2a —4)
n!

an] < (n>2).

Remark 2.1. We can not show that Theorei6 and Theoren?.7 are sharp.

If we can prove that Theoreth6is sharp, then the sharpness of Theorgm
follows.
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