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In this paper, we establish some new Hermite-Hadamard type integral inequali-
ties involving two log-preinvex functions. Note that log-preinvex functions are
nonconvex functions and include the log-convex functions as special cases. As
special cases, we obtain the well known results for the convex functions.
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J
1. Introduction ||\v
S

In recent years, several extensions and generalizations have been considered for clas-
sical convexity. A significant generalization of convex functions is that of invex
functions introduced by Hansod][ Hanson'’s initial result inspired a great deal of
subsequent work which has greatly expanded the role and applications of invexity in
nonlinear optimization and other branches of pure and applied sciences. Weir and
Mond [14] and Noor B, 7] have studied the basic properties of the preinvex functions
and their role in optimization, variational inequalities and equilibrium problems. It

is well-known that the preinvex functions and invex sets may not be convex func-
tions and convex sets. In recent years, several refinements of the Hermite-Hadamard
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inequalities have been obtained for the convex functions and its variant forms. In Title Page
this direction, Noor §] has established some Hermite-Hadamard type inequalities
for preinvex and log-preinvex functions. In this paper, we establish some Hermite- G
Hadamard type inequalities involving two log-preinvex functions using essentially <« »
the technique of Pachpattel] 12]. This is the main motivation of this paper.
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2. Preliminaries

Let K be a nonempty closed setlit¥. We denote by, -) and|| - || the inner product
and norm respectively. Let : K — R andn(-,-) : K x K — R be continuous
functions. First of all, we recall the following well known results and concepts.

Definition 2.1 ([6, 14]). Letu € K. Then the seK is said to be invex at with
respect tay(-, -), if

u+tnv,u) € K, Yu,ve K, te]|0,1].

K is said to be an invex set with respectjtaf K is invex at eachi € K. The invex
setK is also called aj-connected set.

Remarkl ([1]). We would like to mention that Definitiof.1 of an invex set has

a clear geometric interpretation. This definition essentially says that there is a path
starting from a point: which is contained in. We do not require that the point

v should be one of the end points of the path. This observation plays an important
role in our analysis. Note that, if we demand thathould be an end point of the
path for every pair of points, v € K, thenn(v,u) = v — u, and consequently
invexity reduces to convexity. Thus, it is true that every convex set is also an invex
set with respect tg(v,u) = v — u, but the converse is not necessarily true, see
[14, 15] and the references therein. For the sake of simplicity, we always assume
that X' = [a, a + n(b, a)], unless otherwise specified.

Definition 2.2 ([14]). The functionf on the invex sek is said to be preinvex with
respect tay, if

flu+tn(v,u)) < (1 —1t)f(u) +tf(v), Yu,ve K, tel0,1].

The functionf is said to be preconcave if and only-f is preinvex.
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Note that every convex function is a preinvex function, but the converse is not

true. For example, the functiofiu) = —|u| is not a convex function, but it is a
preinvex function with respect t@ where
v —u, if v<0,u<0 and v>0,u>0
(v, u) = ,
u—v, otherwise

Definition 2.3. The differentiable functiori on the invex sek’ is said to be an invex
function with respect tg(-, -), if

f) = fu) = (f'(u),n(v,u),

wheref’(u) is the differential off at w.

Yu,v € K,

The concepts of the invex and preinvex functions have played very important
roles in the development of generalized convex programming. From DefiniiiGns
and2.3, it is clear that the differentiable preinvex functions are invex functions, but
the converse is also true under certain conditions, Se® 10, 11].

Definition 2.4. The functionf on the invex sel( is called quasi preinvex with re-
spect ton(-, -), such that

fu+tn(v,u)) < max{f(u), f(v)},

Definition 2.5 ([6]). The functionf on the invex seK is said to be logarithmic
preinvex with respect tg, if

flu+tn(v, ) < (f(w) = (f(v),
whereF'(-) > 0.

Vu,v € K, te€l0,1].

u,v € K, tel0,1],
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From the above definitions, we have

flutn(v,u)) < (f(w) = (f(v)!
<@ =t)f(u) +1f(v)
< max{f(u), f(v)}.
From Definition2.5, we have
log f(u+tn(v,u)) < (1 —t)log(f(u)) +tlog(f(v)), Vu,ve K, te]0,1].
In view of this fact, we obtain the following.

Definition 2.6. The differentiable functiorf on the invex sek is said to be a log-
invex function with respect t(-, -), if

g 1(0) = log J(0) = ( o8 S n(e,)) Vv € K

_ <%,n(z},u)>.

It can be shown that every differentiable log-preinvex function is a log-invex func-
tion, but the converse is not true. Note that fgw,u) = v — u, the invex set
K becomes the convex set and consequently the pre-invex, invex, and log-preinvex
functions reduce to convex and log-convex functions.

It is well known [3, 12, 13] that if f is a convex function on the interval= [a, b
with a < b, then

b
f(a;b>§bialf(x)dxgw, Va.be .

which is known as the Hermite-Hadamard inequality for the convex functions. For
some results related to this classical result, e[ 12 13] and the references
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therein. Dragomir and Mond] proved the following Hermite-Hadamard type in-
equalities for the log-convex functions:

a+b) 1 b
<
=T
1 b
<7 | GU(@), fla+b—a))de
1 o
<
<=4/, f(z)dz
a)+ f(b
1) < L(f(a), s(0)) < OO
whereG(p,q) = /pq is the geometric mean anbtl(p,q) = lnzjfnq (p # q)
is the logarithmic mean of the positive real numberg (for p = ¢, we put

L(p,q) = p).

Pachpatte 11, 12] has also obtained some other refinements of the Hermite-
Hadamard inequality for differentiable log-convex functions. In a recent paper,
Noor [8] has obtained the following analogous Hermite-Hadamard inequalities for
the preinvex and log-preinvex functions.

Theorem 2.7 (B]). Letf : K = [a,a + n(b,a)] — (0, 00) be a preinvex function
on the interval of real number&™ ( the interior of /) anda,b € K° witha <
a + n(b, a).Then the following inequality holds.

2a + (b, a)) 1 et fla) + f(b)
f( 2 )Smawl flayde < LI
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Theorem 2.8 (B]). Let f be a log-preinvex function on the interval a + 7(b, a)].
Then

a+n(b,a) a) —
L[ gy« 010

L < o ) —log ) = L@ 1),

n(b, a)
whereL(-, -) is the logarithmic mean.
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3. Main Results

Theorem 3.1.Letf, g : K = [a,a+n(b,a)] — (0, c0) be preinvex functions on the
interval of real numberg<° ( the interior of ) anda, b € K° witha < a + n(b, a).
Then the following inequality holds.

4 a+n(b,a)
@) o[ A
< [fla) + F(O)] L (f(a), f(b)) + [9(a) + g(b)] L (9(a), g(b))
Proof. Let f, g be preinvex functions. Then

fla+tn(b,a)) < [f(@)] " [fO)]
gla+ tn(b,a)) < [g(a)] " [g(0)]

Consider
a+n(b,a)
[ @
= nfba) [ fla+ tn(b.)g (a+ tn(b.)
< M5 [ [{fta+ om0, )} + oo+ en(e. )] a
< 109 / [F@" O + (@) [o®)]]"] at
n(

s o [ [29]" e e 22"}
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(b, a) (1" FREOE
:n4 { { o dw + [g(a)] /0 [@] dw}
b,a fa) 1 2 g(_z) T
:77(4 ) [f(a)] [kfg( }E?)_OHQ(G)] IEg;‘j’ig

_ (b, a) {[f( a) + FOIS ) = fla)] | gla) +9(b)]lg(b) —g(a)]}

1 log f(b) —log f(a) log g(b) — log g(a)
= 0D 4156) 4 ) L), F)) + [000) + 9(a)] Lo(8), g(a)}
which is the required 1). This completes the proof. O

For the differentiable log-invex functions, we have the following result.

Theorem 3.2.Letf, g : [a,a + n(b, a)]
tions witha < a + n(b, a). Then

9 a+n(b,a) 1 2a + (b, a) a+n(b,a)
@z’ma@l ﬂ@m@mznmwf( ! )L o(a)

f 2a+g(b,a) a ,a

— (0, 00) be differentiable log-invex func-
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2a+n(b,a)
g’( 3 ) 2a +n(b, a)
X exp —_— |, — dx.
(2a+n(b,a)) 2
g 2
Proof. Let f, g be differentiable log-invex functions. Then

o8 (0) ~ oz £ () = { §; Qo8 7)) n(e) ).

g o(s) ~ 0. = ( 5 (080) n(e) ) ¥y € K

which implies that

log 27) > <f’(y)

n(z, y)> :

fly) =\ fly)
That is,
(3.3) 1) fwe ||
(3.4) g(x) > g(y) exp {(gg/((;/))m( y))}'

Multiplying both sides of §.3) and (3.4) by g(z) and f(z) respectively, and adding
the resultant, we have

©5) 2/(@)g(e) 2 o)) exp (L2 e )
+ f@ae) e | (E 8 e )|
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2a+n(b,a)

5~ In (3.5, we have

Takingy =
29(x) f ()
> gt (2]
+ Fa)g <2a + g(b, a)

Integrating the above inequality with respectit®@n [a, a + (b, a)], and dividing
both sides of the resultant inequality b, a), we can obtain the desired inequality

(3.2).

z € [a,a+n(b,a)l.

]
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