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Abstract

For functions belonging to each of the subclasses M* («) and N* («) of nor-
malized analytic functions in the open unit disk U, which are investigated in this
paper when o > 1, the authors derive several subordination results involving
the Hadamard product (or convolution) of the associated functions. A number
of interesting consequences of some of these subordination results are also

discussed. Some Subordination Results
Associated with Certain
) ) o ) Subclasses of Analytic
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Let A denote the class of functiorfsnormalizedby

(1.1) fF)=2z+) an 2",

which areanalyticin the openunit disk

U={z:2€C and |z|<1}.
{ | | } Some Subordination Results
Associated with Certain

We denote byM («) and («) two interesting subclasses of the claksvhich Subclasses of Analytic
are defined (forr > 1) as follows: Functions

1.2) M(a):= {f . fecA and R (z]{’(S)> <a (:€Ua> 1)} H.M. Srivastava and A.A. Attiya
and Title Page
(1.3) N (a) = {f . f € AandR (1 NG (Z)> <a(zeU; a> 1)} , Contents

/(@) «“ S

The classes\ («) and NV («) were introduced and studied by Owaal. < >
([ and [2]). In fact, forl < a < g, these classes were investigated earlier by

Uralegaddiet al. (cf. [5]; see also§] and [4]). Go Back
It follows from the definitions1.2) and (L.3) that Close
(1.4) f(z)eN(a) = 2f () e M(a). Quit
Page 3 of 14

We begin by recalling each of the following coefficient inequalities associ-
ated with the function classéet («) and N («).
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Theorem A (Nishiwaki and Owa [1, p. 2, Theorem 2.1]).If f € A, given by
(1.1), satisfies the coefficient inequality

(1.5) > ln -

A+ n+A=2a|]|a,| £2(a—1)
(a>L0=A=1),

thenf € M ().

Theorem B (Nishiwaki and Owa [1, p. 3, Theorem 2.3)).If f € A, given by
(1.1), satisfies the coefficient inequality

(1.6) i n|
n=2

A+ n+A=2a|]|a,| £ 2(a—1)
(a>1,0=X=1),
thenf € N («).
In view of TheoremA and Theoreni, we now introduce the subclasses
@.7) M* (a) C M («) and

N* (o) C N () (a>1),

which consist of functiong € A whose Taylor-Maclaurin coefficients, sat-
isfy the inequalities 1.5 and (L.6), respectively. In our proposed investigation
of functions in the classe$1* («) and NV* («), we shall also make use of the
following definitions and results.
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Defintition 1 (Hadamard Product or Convolution). Given two functiong, g €
A, wheref(z)is given by(1.1) andg(z) is defined by

g(z) =2+ ba2",

n=2

the Hadamard produgtor convolutior) f x ¢ is definedas usual by

(fx9)(2) =2+ anby 2" = (9% f)(2).

Defintition 2 (Subordination Principle). For two functionsf and g, analytic
in U, we say that the functiofi(z) is subordinate tg (z) in U, and write

f(z)<g(2)

if there exists a Schwarz functian(z), analytic inU with

f=<g or (z € ),

w0)=0 and |w(z)| <1 (z € U),

such that

f)=g(w(2)) (2€0).
In particular, if the functiong is univalent inU, the above subordination is
equivalent to

f(0)=g(0) and f(U)Cg(U).
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Defintition 3 (Subordinating Factor Sequence).A sequencéb,, } -, of com-
plex numbers is said to be a subordinating factor sequence if, wheli¢weof
the form(1.1) is analytic, univalent and convex i, we have the subordination
given by

oo

(1.8) > ay by 2" < f(2)

n=1

(z€U; a1:=1).

Theorem C (cf. WIlf [ 6]). The sequencéb,} -, is a subordinating factor
sequence if and only if

(1.9) %<1+2ibnz”>>0 (z €U).
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Our first main result (Theorerh below) provides a sharp subordination result
involving the function clasg\1* («).

Theorem 1. Let the functiory (z) defined by(1.1) be in the class\* («). Also
let K denote the familiar class of functiorfse .4 which are also univalent and
convex inU. Then
(2=XN) 424+ —2¢
22— )+ 2+ A —2a]]  TOE) 290)
(zeU; 0= =L a>1;,9g€K)

(2.1)

and

2.2) i)‘i(f(z))>—(2a_/\)+|2+/\_2a|

2—=XN)+1[24+X—2q]

(z € U).

The following constant factor in the subordination re<ultl ):

2-=XN)+[24+ ) —2q]
2[R2a—A)+ 24+ X —2a]

cannot be replaced by a larger one.

Proof. Let f(z) € M*(«) and suppose that

g(z):z+chz”€IC.

n=2
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Then we readily have

(2—=XN) 424+ X —2¢
2[(2a =) + ]2+ X —2¢f]

2=+ 24 2 —2q - .
T 2[20— N+ 2+ A — 20 ”;C"‘W '
Thus, by Definitiorn3, the subordination resul2 (1) will hold true if

(2= +[2+ X -2 h
(2.4) {2[(2a_>\)+ 124+ X — 20] an} 1

(2.3) (f *9)(2)

is a subordinating factor sequence (with, of coutises 1). In view of Theorem
C, this is equivalent to the following inequality:

. + 2+ A - 2a
(2.5) m(uzm_ +|2+)\_2a|az>>0 (z€U).

Now, since
(n—A)+[n+A—2q] 0=A=1, a>1)

is anincreasingfunction ofn, we have

- A)+ 2+ A —2a
1
(+Z 2a0 — A +y2+A—2a|aZ
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2—=XN)+1[24+X—2q]
=NR|(1
(+(2a— )+|2+)\—2a|

1
2+ k—2alla,
(20z— A)+[24+ - 204|Z N2+ allan 2 )
o, 2=N+[2+ 20
= (2a—=A) + ]2+ X —2q]
1 o0
— > I = X+ In+ X —2al][an| 7
(200 = A) + 2+ A = 2a] =
1 (2—=X)+ 24+ X —2¢ 2(a—1)

20— N+ 2+ r—2a]  [2a—N+2+r—2q]
(26) >0 (lz| =r<1),

where we have also made use of the assertlop pf TheoremA. This evi-
dently proves the inequality2(5), and hence also the subordination resli)
asserted by Theorefin

The inequality 2.2) follows from (2.1) upon setting

z > n
(2.7) g(z)zl_zzz+n2:;z e K.

Next we consider the function:

o 2(a—1) 2 _
(2.8) q(z).—z—(z_)\)+’2+)\_2a|z 0=A=1,a>1),
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which is a member of the clagst*(«). Then, by usingZ.1), we have

(2=XN)+24+)X—2q] z
@a—N+2rr—2a]9F

It is also easily verified for the functiof(z) defined by 2.7) that

: 2—=XN)+[2+X—2q] 1
(2.10) min {9‘{ (2 20 =N+ 2+ A= 2a] q(z))} Sl (ze€U),

which completes the proof of Theorem O

(2.9) (z€U).

1—2

Corollary 1. Let the function f(z) defined by(1.1) be in the classM («).
Then the assertion&.1) and (2.2) of Theoreml hold true. Furthermore, the
following constant factor
2=XN)+[24+X—2q]
2[2a—A) + 24+ X —2a]

cannot be replaced by a larger one.

: 3 . :
By taking\ =1 andl < o < 3 in Corollary1, we obtain

Corollary 2. Let the function f(z) defined by(1.1) be in the classM(«).
Then

(211) (1-50) (¢ x0)) <62

3
(zGU;1<a§§;gEIC)
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and

(2.12) R(f(2) > — ﬁ (zeU).

The constant factor— v in the subordination result2.11) cannot be replaced
by a larger one.

Some Subordination Results
Associated with Certain
Subclasses of Analytic
Functions

H.M. Srivastava and A.A. Attiya

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 14

J. Ineq. Pure and Appl. Math. 5(4) Art. 82, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:harimsri@math.uvic.ca
mailto:
mailto:aattiy@mans.edu.eg
http://jipam.vu.edu.au/

Our proof of Theoren®? below is much akin to that of Theorefn Here we

make use of Theorelf in place of Theorem\.

Theorem 2. Let the functionf(z) defined by1.1) be in the classV*(«). Then

(2= X))+ 2+ X — 20
2[(a+1=X)+ |24+ X —2a]| (f*g)(z) <g(2)
(el 0=A=1; a>1; g€K)

(3.1)

and
a+1-=XN)+24+ -2«
62 B(E)> - (2—A)+)|2|+A—2a| |
The following constant factor in the subordination regultl ):
2—=XN)+[24+X—2q]
2[(@a+1—=X)+ 24+ X —2a]
cannot be replaced by a larger one.

(z€U).

Corollary 3. Let the function f(z) defined by(1.1) be in the classV(«).
Then the assertion8.1) and (3.2) of Theoren? hold true. Furthermore, the

following constant factor
2—=XN)+[24+X—2q]
2[(a+1—=X)+ 2+ X —2a]
cannot be replaced by a larger one.
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. 3 . . .
By letting A = 1 and1 < o < = in Corollary 3, we obtain the following
further consequence of Theorein

Corollary 4. Letthe functionf(z) defined by1.1) be in the clasgV'(«). Then

(3.9 s (F+9)() <902
(zeU; 1<a<? gGIC).

and

(3.4) R(f(2) > — ‘;’:Z (z €U).

The following constant factor in the subordination regult):

2—«

2(3—a)

cannot be replaced by a larger one.
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