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Abstract:

Dedication:

In this short note, we approximate Dilogarithm function, defined by
dilog(z) = [,” &Ldt. Letting

2 41 ~logx
n2
D(.’I} N) —§log l‘-*-'— E: xi’
we show that for every: > 1, the inequalities
1
D(xz,N) < dilog(z) < D(x,N) + g

hold true for allNV € N.

Dedicated to Professor Yousef Sobouti on the occasion of his 75th birthday.
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Definition. The Dilogarithm functionlilog(x) is defined for every: > 0 as follows

1ok * logt
dilog(z) = /1 ftdt.

Expansion.The following expansion holds true whertends to infinity:

dilog(z) = D(z, N) + O <m N+1> , Szt il
Mehdi Hassani
where vol. 8, iss. 1, art. 25, 2007
1 2 L+ 1llogx
D(z,N) =~ loge — = 4y 280
2 6 n=1 " Title Page
Aim of Present Work.The aim of this note is to prove that: Contents
1
0 < dilog(z) = D(z,N) < —  (z>1, NeN). « i
T
< >
Lower Bound.For everyz > 0 andN € N, let:
3 of
L(z, N) = dilog(z) — D(z, N). e o
A simple computation, yields that: Go Back
d N+1 1 x4 Full Screen
i i
%ﬁ([E,N):lOgiC (m—F%x—n) <10g9§' (m_F%ﬁ) = 0. Close
So,L(z, N) is a strictly decreasing function of the variablgor everyN € N. Con- journal of inequalities
sideringL(z, N) = O (=¥ ), We obtain a desired lower bound for the Dilogarithm in pure and applied
function, as follows: mathematics
ﬁ(LN) > lim £(m, N) = 0. issn: 1443-575k
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Upper Bound.For everyr > 0 andN € N, let:

) 1
U(z, N) = dilog(xz) — D(z, N) — g
First, we observe that
2 N 2
T 1 T
1 = — — — 1= 1< ——
U1, N) 5 o U(1,N+1) 1_6 2 <0,

inwhichW(m, x) is them-th polygammafunction thex-th derivative of the digamma
function, ¥(z) = Llog'(z), with I'(z) = [ e 't 'dt (see [, 2]). A simple
computation, yields that:
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—U logx | —— +
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To determine the sign o (z, N), we distinguish two cases: 4 >
1. Supposer > 1. Since, 22 is strictly decreasing, we have Page 4 of 7
log log Go Back
s X
N>1_3151_>H%m_1>x_1’ Full Screen
which is .3~ > %5 or equivalently_w=t1.— > 37 v, 2=, and this yields Close

that-L1/(z, N) > 0. So,U(z, N) is strictly increasing for everyv € N. Thus,
U(z,N) < lim, 1o U(z, N) = 0; as desired in this case. Also, note that in
this case we obtain
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J
2. Supposé) < z < 1 andN — 62 > (. We observe that < % < 40 and ||\ M

>y & = s+ Considering these facts, we see tHel/(x, N) and <
logx . .
N — 227 have same sign; i.e. P A
d log x
—U(x,N) | = N — )
sgn (dx (, )) sgn< x—l)
Thus,U(x, N) is increasing and so, Bllogarithm Function
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2 .
U(z,N) < lim Uz, N) = U(1,N +1) —1< % ~2<0. YOS 28,2007
r—1—
Title Page
Connection with Other FunctionsUsing Maple, we have: Contents
<« >
Dz, N) 1l 9 7r2+ 1 +logx | r—1 |
T = —=10g r— —/ — 10 E— ogxr
’ 2 & 6  N2aN = NaN & x & 4 >
1 1 1 1 1
+ polylog <2, —) — Ogj;vxfb (—, 1,N) -—® (—,2,]\7) , Page 5 of 7
. o v o v Go Back
in which
O n Full Screen
polylog(a, z) = » —,
= nt Close
is the polylogarithm function of indexat the point: and defined by the above series : i =
if |z| < 1, and by analytic continuation otherwis§.[Also, journatot Inequalties
in pure and applied
o0 o mathematics
P - T N issn: =
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is the Lerch zeta (or Lerct®) function defined by the above series fof < 1, with

v #0,—1,—2,...,and by analytic continuation, it is extended to the whole complex
z-plane for each value af andv (see B, 6]).
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