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Abstract

Some reverses of the continuous triangle inequality for Bochner integral of
vector-valued functions in Hilbert spaces are given. Applications for complex-
valued functions are provided as well.
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Let f : [a,0] — K, K = C or R be a Lebesgue integrable function. The
following inequality, which is the continuous version of tiiangle inequality

/abf(a:)dx

plays a fundamental role in Mathematical Analysis and its applications.

b
(1.1) < [1r@lds,

It appears, seel[ p. 492], that the first reverse inequality far.[) was Trﬁ%‘jfﬁ; gzg;ﬁyﬁgpgg‘éﬂfer
obtained by J. Karamata in his book from 1949, [t can be stated as Integral of Vector-Valued

Functions in Hilbert Spaces

(1.2) cos 6 / b |f (z)] dz < / ’ f(x)dz], S-S. Dragomir
provided Title Page
—0<argf(zr)<0, z€la,lb] Contents
for givend € (0,%) . <« R
This integral inequality is the continuous version of a reverse inequality for
the generalised triangle inequality < >
n " Go Back
(1.3) COSHZ |zi| < Z’Zi : Close
=1 =1 Quit
provided Page 3 of 23

a—0<arg(z)<a+0, forie{l,....,n},
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wherea € R andd € (0,%), which, as pointed out in/[ p. 492], was first
discovered by M. Petrovich in 19175][ and, subsequently rediscovered by
other authors, including J. Karamaia p. 300 — 301], H.S. Wilf§], and in an
equivalent form, by M. Marder].

The first to consider the problem in the more general case of Hilbert and
Banach spaces, were J.B. Diaz and F.T. MetcdlfWho showed that, in an
inner product spacé/ over the real or complex number field, the following

reverse of the triangle inequality holds

Reverses of the Continuous

n n Triangle Inequality for Bochner
. . Integral of Vector-Valued
(1'4) r Z sz H S Z Ll Furr]l(‘:at?orﬁs?n Heil(i)g:t Sapl;?:es
=1 =1
. S.S. Dragomir
provided
Re (z;, a) .
OSTSW, i€{l,...,n}, Title Page
anda € H is a unit vector, i.e.]ja|| = 1. The case of equality holds iri ) if Contents
and only if pp >
15 T, =7 z;l | a.
(1.5) ; ; el Go Back
. . . . . . Close
The main aim of this paper is to point out some reverses of the triangle
inequality for Bochner integrable functiorfswith values in Hilbert spaces and Quit
defined on a compact intervil, b] C R. Applications for Lebesgue integrable Page 4 of 23

complex-valued functions are provided as well.
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We recall thatf € L ([a,b]; H) , the space of Bochner integrable functions with
values in a Hilbert spacH, if and only if f : [a,b] — H is Bochner measurable
on [a, b and the Lebesgue integrﬁj | f ()| dt is finite.

The following result holds:

Theorem 2.1.1f f € L([a,b]; H) is such that there exists a constakit > 1
and a vector € H, |le|| = 1 with

Reverses of the Continuous

(2.1) ||f (t)H S K Re <f (t) 7€> fora.e.t ¢ [a’ b] : Triangle Inequality for Bochner

Integral of Vector-Valued
Functions in Hilbert Spaces

then we have the inequality:

S.S. Dragomir
b b
<
2 /a 17 @lde < K‘ /a F) dt” ‘ Title Page
The case of equality holds i2 Q) if and only if Contents
b 1 b <4< »>»
23) [ rwa= ([iron)e 1
Proof. By the Schwarz inequality in inner product spaces, we have Go Back
Close
b b
(2.4) ‘ / f (@) dtH = ‘ / 1) dt' el Quit

Page 5 of 23
> ’</bf(t)dt,e>‘
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>

Re</abf(t)dt,e>‘
ZRe</abf(t)dt,e> :/abRe<f(t),e>dt.

From the conditionZ.1), on integrating ovefa, b| , we deduce

b 1 b
(25) [ retr@aaz g [ro) _
a a Reverses of the Continuous
Triangle Inequality for Bochner
and thus, on making use of.¢)) and .5, we obtain the desired inequality Integral of Vector-Valued
(2.2). Functions in Hilbert Spaces
If (2.3) holds true, then, obviously S.S. Dragomir
b b b
k| [roa] =e [irona= i o, Tite Page
. i ) .a ‘ Contents
showing that 2.2) holds with equality.
If we assume that the equality holds ih%), then by the argument provided 4« dd
at the beginning of our proof, we must have equality in each of the inequalities < >
from (2.4) and @.5).
Observe that in Schwarz’s inequalify|| |y|| > Re (z,y), z,y € H, the Go Back
case of equality holds if and only if there exists a positive sgakurch that: = Close
ue. Therefore, equality holds in the first inequality i 4) iff fff () dt = Ne, Quit
with A > 0.
Page 6 of 23

If we assume that a strict inequality holds ih 1) on a subset of nonzero
Lebesgue measures, thﬁ?‘n”f (1) dt < Kf: Re (f (t),e) dt, and by @.4) we
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deduce a strict inequality ir2(2), which contradicts the assumption. Thus, we
must have|f (¢)|| = K Re(f (t),e) fora.e.t € [a,b].
If we integrate this equality, we deduce

[ sl =K [ Rets ).

:KRe</abf(t)dt,e>

= K Re <)\€ 6> = \K Reverses of the Continuous
’ ! Triangle Inequality for Bochner

Integral of Vector-Valued

giving Functions in Hilbert Spaces
1 b
A= — Bl dt S.S. Dragomir
[ irna
and thus the equality2(3) is necessary. "
This completes the proof. ] Title Page
. . . . . Contents
A more appropriate result from an applications point of view is perhaps the
following result. <44 44
Corollary 2.2. Lete be a unit vector in the Hilbert spadé’; (-,-)), p € (0,1) 4 >
andf € L([a,b]; H) so that Go Back
(2.6) |f (t) —e|]| <p fora.e.t € |a,b]. Close
Then we have the inequality Quit
Page 7 of 23

Y

b
2.7) wfﬁ/HﬂwﬁS

/abf(t)dt
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with equality if and only if

2.8) [ rrae=vi=g ([ i)

Proof. From 2.6), we have
IF (O =2Re(f (), e) +1 < p,
giving
1F O +1 = p* <2Re(f(¢)e)
fora.e.t € [a,b].
Dividing by /1 — p? > 0, we deduce

(2.9) r @i )I* +VI— 2 < 2Re (f (t),e)

V1= p? 1—p?

fora.e.t € [a,b].
On the other hand, by the elementary inequality

£+qa22\/p, p,q=>0,a>0
o)

we have

If )11” >
(2.10) 2Hf(t)!|<m V1i=p

for eacht € [a, b].

Reverses of the Continuous
Triangle Inequality for Bochner
Integral of Vector-Valued
Functions in Hilbert Spaces

S.S. Dragomir

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 8 of 23

J. Ineq. Pure and Appl. Math. 6(2) Art. 46, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@csm.vu.edu.au
http://jipam.vu.edu.au/

Making use of 2.9) and ¢.10, we deduce

1
IF O £ == Re(f (1), €)
L=p
fora.e.t € [a,b].
Applying Theorem2.1 for K = —1—, we deduce the desired inequality
(2.9 o m

In the same spirit, we also have the following corollary.

Corollary 2.3. Lete be a unitvector ird andM > m > 0.1f f € L ([a,b]; H)
is such that

(2.11) Re(Me— f(t),f(t) —me) >0 fora.e.t €la,b],

or, equivalently,

M+m

(2.12) ;

1
< Z
-2

(M —m) fora.e.t € [a,b],

lro-

then we have the inequality

2v/mM [°
e [ s

(2.13)

l?@ﬁw
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or, equivalently,

(2.14) 0 [ 1wl - i
s<%Z;j?Y Aﬁﬂwﬁw

The equality holds inZ.13 (or in the second part of(14) if and only if
b \/m b
@215) [ rwa=3 ([l

Proof. Firstly, we remark that ifc, z, Z € H, then the following statements are
equivalent

() Re(Z —z,2—2) >0
and
(i) [l — 22| < 112 - 2.

Using this fact, we may simply realise that9) and ¢.10 are equivalent.
Now, from (2.9), we obtain

1F I +mM < (M +m)Re(f (t),¢)

for a.e. t € [a,b]. Dividing this inequality withv/mM > 0, we deduce the
following inequality that will be used in the sequel

I~ )|| o MAm
(2.16) \/m_M mM < WRe(f (t),e)
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fora.e.t € [a,b].
On the other hand

(2.17) o1l < MO g

foranyt € [a,b].
Utilising (2.16 and .17, we may conclude with the following inequality

M+m

170l < S

Re (f(t),e),

fora.e.t € [a,b].

Applying Theorem2.1 for the constanty := ;2L > 1, we deduce the

desired result. O]
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The following result for orthonormal vectors i holds.

Theorem 3.1.Let{ey, ..., e,} be afamily of orthonormal vectors i, k; > 0,
ie{l,...,n}andf € L([a,b]; H) such that

3.1) killf 0N < Re(f (), e:)
foreachi € {1,...,n} and fora.et € [a,}].
Then

N
(3.2) (Zk?) / ||f(t)||dt§‘
i=1 a

b
[ roa.
where equality holds if and only if

b b n
(3:3) [ rwde=( [ 1 0ld) S ke
@ @ i=1
Proof. By Bessel’s inequality applied fofab f (t) dt and the orthonormal vec-
tors{ey,...,e,}, we have
2 n b
=9 </ f(t)dt,ei>
i=1 a

/a CFar
Sl 1)

2

(3.4)

Reverses of the Continuous
Triangle Inequality for Bochner
Integral of Vector-Valued
Functions in Hilbert Spaces

S.S. Dragomir

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 12 of 23

J. Ineq. Pure and Appl. Math. 6(2) Art. 46, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@csm.vu.edu.au
http://jipam.vu.edu.au/

:Zn:[/abReU(t),ei)dtr.

i=1

Integrating 8.1), we get for each € {1,...,n}

osz@-/ ||f<t>udts/ Re (f (t), &) dt,

implying

" b 2 " 9 b 2 Reverses of the Continuous
(3.5) Z / Re <f (t) , €i> dt| > Z k3 / Hf (t) H dt | . Triangle Inequality for Bochner
i—1 a i—1 a Integral of Vector-Valued

Functions in Hilbert Spaces

On making use of3.4) and 3.5), we deduce

/abm)dt sz (/abnf(t)ndsz,

which is clearly equivalent ta3(2). Contents
If (3.3) holds true, then
<4< 44

[ s = ([1r@na) |3 ke -
B 3 Go Back
- (/ab\lf(mldt) LilkfﬂeiHQ] 2 Close

Quit

1
n 2 b
P 13 of 23
=<Zk3) [ 1ol G
1=1 a
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showing that 8.2) holds with equality.
Now, suppose that there is anc {1, ...,n} for which

ki [lF (DI < Re (f (), &)
on a subset of nonzero Lebesgue measures enclosedjnThen obviously
b b
b [ 1@t < [ Relf(0).co)

and using the argument given above, we deduce

(ikff/abf(t)dm [ s

Therefore, if the equality holds ir8(2), we must have

(3.6) kil f N = Re (f (£) i)

foreachi € {1,...,n} and a.et € [a,].
Also, if the equality holds in%.2), then we must have equality in all inequal-
ities (3.4), this means that

(3.7) /abf(t)dt:§</abf(t)dt,ei>ei

and

b
(3.8) Im </ f(t)dt, ei> =0 foreach: e {1,...,n}.
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Using 3.6) and @3.8) in (3.7), we deduce

/abf(t)dt:;:;Re</abf(t)dt,ei>ei
- iil/abRe (f (t),e) edt

n b
= Z (/ Hf (t)H dt) kiei Reverses of the Continuous
=1 \Je

Triangle Inequality for Bochner
Integral of Vector-Valued

_ /b Hf (t) H ” i Lo Functions in Hilbert Spaces
a i=1 S.S. Dragomir
and the condition3.3) is necessary.
This completes the proof. O Title Page
The following two corollaries are of interest. CBNEE
Corollary 3.2. Let{ey,...,e,} be afamily of orthonormal vectors il, p; € & L
(0,1),7€{1,...,n}and f € L([a,b]; H) such that: < 4
(3.9)  |[f(t)—ei| <pi forie{l,...,n} anda.etc[a,b]. Clo BHES
Close
Then we have the inequality
Quit
1
n 2 b b Page 15 of 23
(n—zp$> [swias| [ o
i=1 “ ¢ J. Ineq. Pure and Appl. Math. 6(2) Art. 46, 2005
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with equality if and only if

[ 1w | Hf(t)Hdt<Z(1—p?)éei>.

Proof. From the proof of Theorer.1, we know that 8.3) implies the inequal-
ity

L= o2 |f O SRe(f(t),e;), i€{l,....,n}, forae.telab].

Reverses of the Continuous
Triangle Inequality for Bochner

Now, applying Theorens.1for k; := /1 — p2,i € {1,...,n}, we deduce the et n Hibor Soacas
desired result. O
S.S. Dragomir
Corollary 3.3. Let{ey,...,e,} be afamily of orthonormal vectors ifi, M; >
m; >0,1€{1,...,n}and f € L([a,b]; H) such that _
Title Page
(3.10) Re (Mie; — f (1), f (t) —mie;) >0 Contents
or, equivalently, <44 >
Hf (t) — — =5 (M; —m;)
Go Back
for i € {1,...,n} and a.e.t € [a,b]. Then we have the reverse of the Close
generalised triangle inequality Quit

Page 16 of 23

sou]
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with equality if and only if

/f f)dt = /||f

||dt(

2\/mZ iy
m; +M

Proof. From the proof of Corollar.3, we know (.10 implies that

2v/m; M;

ol <

<f (t) 7€i> )

Now, applying Theoren3.1for k; :=
desired result.

ied{l,...

2vmi M;
it M; 0

ie{l,.

,n} anda.et € [a,b].

.,n}, we deduce the

]
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Lete = a+if («, § € R) be a complex number with the property thadt= 1,
ie.,a?+ 3% =1.
The following proposition holds.

Proposition 4.1.If f : [a,b] — C is a Lebesgue integrable function with the

property that there exists a constalit> 1 such that

(4.1) [f ()] < K[aRe f(t)+ 61 f(t)]

fora.e.t € [a,b], wherea, 3 € R, o + 3% = 1 are given, then we have the

following reverse of the continuous triangle inequality:

b
(4.2) / F ) dt < K 0 dt'.

The case of equality holds i2.@) if and only if

/f a+zﬁ/|f )l dt.

The proof is obvious by Theorefhl, and we omit the details.

Remark 1. If in the above Propositiod.1we chooser = 1, § = 0, then the
condition @.1) for Re f (t) > 0 is equivalent to

[Re f (1)) + [lm f (1))* < K* [Re f ()]
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or with the inequality:

[Im f (¢)]
Reflp =V
Now, if we assume that
(4.3) arg f (1) <0, o€ (o g) ,
then, forRe f (t) > 0,
I
ltan [arg f (£)]] = % < tan,

and if we choosél = — > 1, then

VK?—1=tan0,
and by Propositiont.1, we deduce
b
[ roa,

which is exactly the Karamata inequality.p) from the Introduction.

(4.4) COSQ/b If (t)|dt <

Obviously, the result from Propositighlis more comprehensive since for
other values of, ) € R? with o* + 3 = 1 we can get different sufficient
conditions for the functiorf such that the inequality}(2) holds true.

A different sufficient condition in terms of complex disks is incorporated in
the following proposition.
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Proposition 4.2. Lete = a+igwitha?+ 3% =1,r € (0,1)andf : [a,b] — C
be a Lebesgue integrable function such that

(4.5) f@t)eD(er)={z€C||z—e|] <r} fora.e.tela,b].

Then we have the inequality

b
(4.6) Vi —7’2/ ()] dt < 0 dt’.
a Reverses of thg Continuous
The case of equality holds id.¢) if and only if T”iﬁ?éi,!;ﬁg;‘ 32%;?\2?;:; °
Functions in Hilbert Spaces
/ f 1 — 7’2 Oz + Zﬂ / |f |dt S.S. Dragomir
The proof follows by Corollary.2 and we omit the details. Title Page
Finally, we may state the following proposition as well. .
Proposition 4.3. Lete = o +iB witha? + 32 = 1and M > m > 0. If pp b
f :]a,b] — Cis such that
< >
4.7)  Re [(Me — () <f 6 —ma)} >0 forae.te[a,b, Go Back
. Close
or, equivalently,
Quit
M 1
(4.8) ‘f (t) — i el < 5 (M —m) fora.e.t € [a,bl, Page 20 of 23
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then we have the inequality

4.9 ()] dt < t) dt’ ,
or, equivalently,
b (va1
4.10 OS/ t)| dt — t)dt| < t)dt|.
( ) ( ) a |f( )| ) ’ M +m ‘ Reverses of the Continuous
Triangle Inequality for Bochner
The equality holds in4.9) (or in the second part o#4(10) if and onIy if Integral of Vector-Valued
Functions in Hilbert Spaces
b b .
[ rwa=2 i) [ @) 5 o
a + m a
The proof follows by Corollar®.3and we omit the details. Title Page
Remark 2. Since Contents
Me — f(t) = Ma—Re f (£) +i[MB — Im f ()], S Al
J @) — me = Re f (t) — ma— i [Im f (1) — m] ! >
Go Back
hence
Close
(4.11) Re[(Me - f (1) (F () —me)] Quit
= [Ma —Ref (t)][Re f (t) — ma] Page 21 of 23

+ MG —Tm f ()] [Im f (£) —mf].

J. Ineq. Pure and Appl. Math. 6(2) Art. 46, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@csm.vu.edu.au
http://jipam.vu.edu.au/

It is obvious that, if

(4.12) ma < Ref(t) < Ma fora.e.t € [a,b],
and

(4.13) mpB <Imf(t) < Mg fora.e.t € [a,b],
then, by 4.17),

Re | (Me — f (1)) (m—ma)} >0 forae.te[ab,

and then either4.9) or (4.12) hold true.
We observe that the condition$.{2 and @.13 are very easy to verify in

practice and may be useful in various applications where reverses of the contin-

uous triangle inequality are required.

Remark 3. Similar results may be stated for functiofis: [a,b] — R™ or
f :la,b] — H,with H particular instances of Hilbert spaces of significance in
applications, but we leave them to the interested reader.
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