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Abstract: In this paper we obtain new results concerning maximum modules of the polar
derivative of a polynomial with restricted zeros. Our results generalize and refine

upon the results of Aziz and Rath&] pnd Jagjeet Kaur9].
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1. Introduction and Statement of Results

Let p(z) be a polynomial of degreeandp’(z) its derivative. It was proved by Turan
[11] that if p(z) has all its zeros ifiz| < 1, then

(1.1) max [p'(2) > 5 max|p(z)]
The result is best possible and equality holdslin)if all the zeros ofp(z) lie on
|z| = 1.

For the class of polynomials having all its zeros|ih < k, & > 1, Govil [7]
proved:

Theorem A. If p(z) = > a,
in|z| <k, k>1,then

2" is a polynomial of degree having all the zeros

1.2 > .
(1.2) max [p'(2)] = 3 max[p(2)]

Inequality(1.2) is sharp. Equality holds fop(z) = =" + k™.

Let D.{p(z)} denote the polar derivative of the polynompét) of degreen with
respect tay, then

Do{p(2)} = np(z) + (a — 2)p'(2).
The polynomialD,{p(z)} is of degree at most — 1 and it generalizes the ordi-
nary derivative in the sense that
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Aziz and Rather 3] extended {.2) to the polar derivative of a polynomial and
proved the following:
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Theorem B. If the polynomiap(z) = > ""_, a,z" has all its zeros inz| < k, k > 1,
then for every real or complex numbewith |o| > £,

la| — k
. m D > —  |m .
(1.3) |z\i)1(| ap(2)] 2 ( 1+ kn \Z|i}1( Ip(2)]

The bound in Theorer® depends only on the zero of largest modulus and not —
on the other zeros even if some of them are close to the origin. Therefore, it would e ol
be interesting to obtain a bound, which depends on the location of all the zeros of a
polynomial. In this connection we prove the following:

Theorem 1.1. Let
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Dividing both sides of 1.4) by |«| and letting|a| — oo, we get the following

refinement of a result due to Aziz][ journal of inequalities

o o n _ . in pure and applied
Corollary 1.2. Letp(z) =Y . a2’ = a, [ [,_;(2 — 2,), a, # 0, be a polynomial mathermatics
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of degreen, |z,| < k,, 1 <wv < n, letk = max(ky, ka2, ...,k,) > 1. Then,

(1.5) max|p/(2)]

|z|=1

—~ k 2 1 (k-1
> L . .
> ;k+kv L_H{;n Ile‘ii(’]?(Zﬂ + o <k”—|—1) gli%‘p(z)’}

Sinceﬁ > 1for 1 < v < n, Theoreml.1gives the following result, which is
an improvement of Theorei.

Corollary 1.3. If p(z) = a, [[,_,(# — 2), an, # 0, is a polynomial of degree,
having all its zeros inz| < k, & > 1, then for every real or complex number
ol > k,

(1.6) max |Dop(=)|

||

1 1 k" —1 i
> nllal = ) | max ) + g () min (e

Dividing both sides of {.6) by |a| and letting|a| — oo, we obtain the following
refinement of Theorem due to Govil [7].

Corollary 1.4. If p(z) = a, [[,_,(z — 2), an, # 0, is @ polynomial of degree,
having all its zeros inz| < k, k > 1, then

1 1 (k" —1
1.7 ()] > 1 . |
@D el 2 0 |l + g (g ) minlota)]

The bound in Theorem.1 can be further improved for polynomials of degree
n > 2. More precisely, we prove the following:
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Theorem 1.5.Letp(z) = > " avz” = a, [[|_,(z — 2,), a,, # 0, be a polynomial
of degreen > 2, |z,| < k,, 1 < v < n, and letk = max(ky, k2, ...,k,) > 1. Then
for every real or complex numbéx| > £,

“ k 2 1 (k" —1
1.8 Dop(2)| = (o] — k
(1.8) max|Dap(z)[ 2 (| );k+kv{1+kn|ll|()\+ (an)
Aan_1| [(k"—1 k"2-1
><|n|111]1]p( >’+k(1—|—k‘”)( n n—2 )1

1
+ (1_ﬁ) |nag + aay|  for n>2

and

1.9) max|Dap(2)] 2 (o] — k kr
= 1)

1
><|II|11H|p( 2)| + |a 1|W}+(1_E) |nag + aay| for n=2.

Slncek% > % for 1 < v < n, the above theorem gives in particular:

Corollary 1.6. If p(z) =a,[[/_,(z—2,), an, #0, is a polynomial of degree having
all its zeros in|z| <k, k > 1, then for every real or complex numblef > k,

(1.10) Ilgg>f|Dap(Z)IZn(|a|—k>{ : max|p<z>|+i(kn_l)

14+ k™ jz1=1 2k \kn + 1
|an_1] Er—1 k21
Xfﬁlg‘p( )’+k(1+k:") n n—2

1
+ (1—5) |nag + aay| for n>2,
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and

2 1 (k"1
. > (la| - e
(1.11) max | Dap(2)] 2 (|af - ) {1+k” max |p(2)] + <kn+ 1)

=1

: ar|(k —1)" 1
X ‘I;}ﬁ Ip(2)| +%} + (1— E) |nag + aaq|, for n=2.

n—2
Hence for polynomials of degree > 2, the above corollary is a refinement of
Theoreml.1. In fact, except the case whe(x) has all the zeros opz| = k, ap = 0,
a; = 0, anda,,_; = 0, the bound obtained by Theoreht is always sharper than
the bound obtained by Theoreiil.

Remarkl. Dividing both sides of inequalities.(8), (1.9), (1.10 and (L.17) by |«|
and letting|a| — oo, we get the results due to Jagjeet Ka@ir [n addition to this,
if lmir; Ip(z)| = 0O i.e. if a zero of a polynomial lies ojx| = k, then we obtain the

Now it is easy to verify that it > 1 andn > 2, then (== — —’“"72‘1) > 0.

results due to Govilg].
Finally, as an application of Theoreiml we prove the following:
Theorem 1.7.1f p(z) = >0 _javz” = a, [ [, (2 — 2), @, # 0, is & polynomial of

degreen, |z,| > ky, 1 < v < n,andk = min(ky, ko, ..., k,) < 1, then for every
real or complex numbef with |§| < k,

(1.12) max |Dsp(2)]

~ k 2 1— k"
n—1 v
2 (b= 0D D [1+knﬁﬁi>f|p(z)‘+kn(1+kn)m ’
v=1 v

wherem = ‘H'ur]i Ip(2)].
z|l=
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2. Lemmas

For the proofs of the theorems, we need the following lemmas.

Lemma 2.1. If p(z) is a polynomial of degree, then forR > 1

(2.1) max Ip(z)] < R max Ip(2)] -

The above lemma is a simple consequence of the Maximum Modulus Princi-

ple [10].

Lemma 2.2.If p(z) = >, a,z" is a polynomial of degree, then for allR > 1,

(2.2) max p(z)| < R" max Ip(z)| — (R* = R"?)|p(0)| for n>2

and

(2.3) max Ip(z)] < Rmax Ip(2)| — (R —1)[p(0)] for n=1.

This result is due to Frappier, Rahman and Ruschewsgyh [

Lemma 2.3.If p(z) = a, [[_,(z — 2,), is a polynomial of degree > 2, |z,| > 1

for1 < v <n,then

mn

R"+1
. <
(2.4)  max |p(z)| < —5— max|p(2)]
R"—1 R\ R'—1 .
—|a1|( - _n—Q)_ 5 minp(e)l, if

n>2
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and

2
1
(25) max |p(z)] <

|z|=R>1 - 2

max |p(z)|

(R—1? R -1 .
— f n=2.
5 5 i Ip(z)|, if n

The above lemma is due to Jagjeet Ke@]r [

- |a1’

Lemma 2.4.1f p(z) = a, [[|_,(z — 2,), a, # 0, is a polynomial of degree, such
that|z,| < 1,1 < v <n,then

n

(2.6) max [p/(2)| > )

|z]=1

max Z).
> ey s lete)

This lemma is due to Giroux, Rahman and Schmeisjer [

Lemma 2.5. If p(z) is a polynomial of degree, which has all its zeros in the disk
|z| <k, k> 1, then

n

2.7 > .
(2.7) max p(2)l = { et Ip(2)]

Inequality ¢.7) is best possible and equality holds fgrz) = 2™ + k™.
The above result is due to Azi]|

Lemma 2.6. If p(z) is a polynomial of degree, having all its zeros in the disk
|z| <k, k>1,then

2k
. >
(2.8) max |p(2)] 2 1 max[p(2)] +

1+ kn
The result is best possible and equality holdsifor) = 2™ + k™.

min |p(z)]|.
min (<)
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Proof of Lemm&2.6. For k = 1, there is nothing to prove. Therefore it is sufficient

to consider the case> 1.

Letm = |n‘111]}: Ip(2)|. Thenm < |p(2)]| for |z| = k.

Since all the zeros qf(z) lie in |z| < k, &k > 1, by Rouche’s theorem, for every
with |\| < 1, the polynomiap(z) + Am has all its zeros ife| < k, k > 1. Applying
Lemma?2.5to the polynomiap(z) + Am, we get

n

max |p(z) + Am| > max |p(z) + Am)|.
max |p(2) |2 T axip(2) |

Choosing the argument of such that|p(z) + Am| = [p(z)| + |\|m and letting
|A| — 1, we get

> —— mi .
max [p(2)] 2 = max p(z)] + T min [p(2)]
This completes the proof of Lemniat. O

Lemma2.7.1f p(z) is a polynomial of degree and« is any real or complex number
with |«| # 0, then

(2.9) Dag(2)] = Inaip(z) + (1 —az)p/ ()] for || = L.

LemmaZ2.7is due to Aziz P].
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3. Proofs of the Theorems

Proof of Theorem..1. LetG(z) = p(kz). Since the zeros gf(z) arez,, 1 < v < n,
the zeros of the polynomidl(z) arez,/k, 1 < v < n, and because all the zeros of
p(z) liein |z| < k, all the zeros of7(z) lie in |z| < 1, therefore applying Lemma
2.4to the polynomial=(z), we get

3.1 max |G'(2)| > max |G
(3.1) max |G (2)] Zlmuzﬁf (@)
Let H(z) = 2"G(1/Z). Then it can be easily verified that

(3.2) |H'(z)| = [InG(z) — 2G'(2)|, for |z| =1.

The polynomialH (z) has all its zeros ifz| > 1 and|H(z)| = |G(2)| for |z| = 1,
therefore, by the result of de Bruijd]

(3.3) |H'(2)] < |G'(2)] for |z| =1.
Now for every real or complex numberwith |a| > &, we have
DapG(2)] = [nG(z) = 26'(2) + 2C'(2)
> |a/k[|G'(2)| = InG(2) = 2G'(2)].
This gives with the help ofi 2) and (3.9) that

ol =

(3.4) max | D,/ G(z)| > maX]G'( )|

|2|=1 |2|=1

Using 3.1) in (3.4), we get

al — k & k
max |Dg/1G(2)| > | |k g ’ max |G(z)].
v=1

221 + |2y] I21=1
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ReplacingG(z) by p(kz), we get

D, kz)| > ( kz
max | Dajep(k2)| > (o] - Zkﬂzv‘gwﬂp( )

which implies

n

[0
- / > _
rglaﬂnp(m) (k Z> kp (k‘Z)‘ > (laf = k) E F T max Ip(k2)],
which gives
max |[Dop(2)] > (|| — E ax |p(2)].

|=|=k +|zv| \z| %

=1

Using Lemma?.6in the above inequality, we get

14+ k™ |z1=1

Y i
1+ &n ) joos PV

SinceD,p(z) is a polynomial of degree at most— 1 andk > 1, applying Lemma
2.1to the polynomialD,p(z), we get

2 n
(3.5)  max|Dap(2)] = (|of - Zk+|zv { Y maxp(2)|

(3.6) H%X|Dap( 2)| <k 11|fn‘a><|Dap( 2)|-

Polar Derivative of
a Polynomial

K.K. Dewan and C.M. Upadhye
vol. 9, iss. 4, art. 119, 2008

Title Page
Contents
44 44
< >
Page 12 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Combining @.5) and @3.6), we get

max | Dap ()

Nk 2 1 (k" —1
> —k E _ ;

~ Kk 2 1 (k-1
> —k — i
2 (ol =02 e [ e s (T ) minbto)]

which is the required result. Hence the proof Theofefris complete. O

Proof of Theoremi.5. Let G(z) = p(kz). Since the zeros g¢f(z) arez,, 1 < v < n,
the zeros of the polynomid¥(z) arez,/k, 1 < v < n, and because all the zeros of
p(z) liein |z| < k, all the zeros of7(z) lie in |z| < 1, therefore applying Lemma

2.4to the polynomialG(z) and proceeding in the same way as in Theofeimwe
obtain

7 Dap(2)] = ( .
(3.7) max | Dap(2)] 2 (la] - Zkﬂij\ max [p(2)|

Now letq(z) = = p( ) be the reciprocal polynomial ¢f(z). Since the polyno-
mial p(z) has all its zeros ifz| < k, k > 1 the polynomialy (2) has all its zeros in
|z| > 1. Hence applying4.4) of Lemma2.3to the polynomialy (%) k> 1, we get

moxle (5)] < 55 maa (5)] - (55 ) mina (7))

B lan_1| (K" —1 _k”‘2—1
k n n—2 ’
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which gives

max Ip(2)] <

E™ 41

max
2™ |z|=k

which is equivalent to

(38)  maxlp(z)| =

|z|=k

n

T 14k

Using (3.9) in (3.7) we get

(3.9) maX\Dap( ) > (la] —

X min |p(z)] +

|z|=Ek

we get

(3.10) maX\Dap( )| < k" 1max |Dop(2)| — (K" —

o) - (Yt ) m

m
|z|=1

min
i ()
B lan—1| (K" —1 B En2 —
k n n—2

(e + (5

1+

2|an,1|k“ 1

) min (o)

1)’

kn— 1 _k.n—2_
1+ kn n n—2

Z o)+
k+\zv\ 14+ k" z=1 p

Q‘anl‘kn 1

14k

Em—1 k21 i
n n—2

SinceD,p(z) is a polynomial of degree — 1 andk > 1, from (2.2) of Lemma2.2,

k") Dap(0)],

1)'

E"—1
14 kn

n>2.

ifn>2.
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Combining @.9) and @.10 we have

|2|=1 + |2y

n 20ana| (K"—-1 Kk"?-1
k(1 + km) n n—2

1 .
+ (1——) |nag + aaq|, if n>2

k" \ 14+ k™ ) |zI=k

k2

~ k 2 1 (k"—1
> (la] = k — i
2 (ol =B e [T e+ g (T ) i o)
L e (Rl R
k(1 + km) n n—2

1 .
+ <1_ﬁ> |nag + aay|, if n>2

which completes the proof of.(6).
The proof of (L.9) follows on the same lines as the proof afd) but instead of
(2.2) and @.4) we use inequalities?(3) and @.5) respectively. We omit the details.
0

Proof of Theoreni.7. By hypothesis, the zeros of z) satisfy|z,| > &, for 1 <
v < n such thatt = min(ky, ks, ..., k,) < 1. It follows that the zeros of the

polynomialg(z) = z"p(1/Zz) satisfy1/|z,| < 1/k,, 1 < v < n such thatl/k =
max(1/ky,1/ks,...,1/k,) > 1. On applying Theorem.1to the polynomiak(z),

—~  k 2 1 (k" =1\ .
x| D) 2 (lal = )Y 1 | e o)+ g () min o)
v=1
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we get

- a 1 2/k"
(3-41) [ Doa(2)] = K" (lal = 1/k) 3 1/k+1/k, {1 +1/k" et la(2)l

v=1

1/k" — 1

T i [g(2)l|, o] >
— INin z (6% —.
L4+ 1/k™ |2|=1/k 4 ’ ~ k

Now from LemmaZ2.7 it follows that
[Daq(2)| = ||| Dyjap(z)| for |z[=1.
Using the above equality irB(11), we get for|a| > 1/,

n

kk 2
A2 D5 > fnt —1 Y
©12) fol e |Dyap(:) 2 ol = 113 g | masbie)

—|——1 — min | (2)@
(14 k™)k™ |z)=k b '
Replacing: by 4, so thatlé| < %, we get from .12

n

101 max | Dsp(2)] = k"~ (11/3] = 1/k) kk, { 2

2tk [T Ip(2)|

+1_—kn min | (2)@
(14 k™)k™ |2)=k b ’
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or

max | Dsp(2)|

—~ k 2 1— k"
> n—1 _ v :
2 ) Y2 | B ) g )

Lk 2 1—k"
> n—1 o v :
> K" (k —[0]) ; R [1 e Ip(2)| + T Ee o |p(2)l] ,

which is (L.12). Hence the proof of Theoremn7is complete. O]
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