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ABSTRACT. Inthis paper, we study several new inequalities of Hadamard’s type for Lipschitzian
mappings.
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1. INTRODUCTION

Let us begin by defining some mappings that we shall neeflidfa continuous function on
a closed intervala, b] (a < b), and for anyt € (0, 1), letu = ta + (1 — t)b, then we can define

4t & e [ [ s - ]
BOE o= Uf () o]
) () ]

t ¢ 1—t [
T ), et =g [, 1

Let f be a continuous convex function @n b], then

(1.1) f(a;b> < bia/abf(x)d:cg M

o)
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The inequalities in[(1]1) are called Hadamard inequaliies [1] — [7][In [2], the author of this
paper gave extensions and refinements of the inequalities jn (1.1). He obtained the following:

(1.2) f(ta+ (1—1)b) < A(t) < B(t) < C(t) < tf(a) + (1 — ) f(b).

Recently, Dragomiet al. [3], Yang and Tsengd [4] and Matic and &gic [5] proved some
results for Lipschitzian mappings related [fo {1.1). In this paper, we will prove some new in-
equalities for Lipschitzian mappings related to the mappitig8 andC' (or to (1.2)).

2. MAIN RESULTS

For the mappingi(t), we have the following theorem:
Theorem 2.1.Let f : [a,b] — R be aM-Lipschitzian mapping. For any< (0, 1), then
2.1) IA(t) — f (ta+ (1 —B)b)] < %t(l ~ (b —a).
Proof. Obviously, we have
(2.2) b—u=tlb—a),u—a=(1—-1t)(b—a).

From integral properties and (2.2), we have

23)  flta+(1—1)) = (1_t>1(b_a / U £ (ta+ (1= t)b) dy| de.
Forz € [a,u], wheny € [u, —5x + -], then we have
(2.4) ta+(1—t)b= tr + (1 —t)y,

if y € [-152 4 {4, b], then the inequalit4) reverses.
Using @) [(2.4) and integral properties, we obtain

|A(t) = f(ta+ (1= 1)b)]

= t(l—t)l(b—a)2 / :/ublf(tw(l—t)y)—f(u)ldy} dx
t(1—tj)\(4 _a)2/au :/ub|t$+(1—t)y—mdy} dx

M u [ -t
— T —a)z/a /u (u—(ter(l—t)y))dy] dx

M ) U b
+ i —t)(b—a)2/a /—f_ﬁﬂ‘it (tr+(1—t)y —u) dy] dx

B M ‘/“ t? 2y LEt
THl-0b-a2), 1t 1-¢")"

1+ ¢2 1—t
+ B bu} dx
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M t2 ) g 1 1+t
“ i —a) {3(1—75)(“ +W+a>+§(b— l—tu) s a)

1+t , 1-—t
a4
M [2#2-3t+3
_t(b—a)[ 6(1 —t)
—t(t + 3)a — 3(t* — 3t + 2)b
6(1—¢)

b2 — bu]

(ta + (1 — t)b)?

(ta+ (1 — t)b)

A
Sab+ b
s—n" T2% T
M

This completes the proof of Theorgm[2.1. O
For the mapping3(t), we have the following theorem:

Theorem 2.2. Let f be defined as in Theorgm P.1. For ang (0, 1), then

@5) B(#) ~ AW < (1~ 1)(b ),

and

(2.6) B(t) — f (ta+ (1—1)b)| < %t(l ~ (b —a).
Proof. From ;745 = § + 13, we have

2.7) Al) = (%*12) (b_ch)Q / [/ubf(ter(l—t)y)dy da.

Let F" be defined by
b—y)r+(y—uu

t(b—a) '
Obviously, if F'(y) is the function of first degree fay, thenF'(y) is monotone withy on [u, b].
And for anyz € [a,u], F(u) =tx + (1 —t)u —x >0, F(b) = tx + (1 — t)b —u > 0. Hence
for x € [a,u] andy € [u,b], we getF'(y) > 0, i.e.,
(b—yr+(y—wu

t(b—a) '

Fly)=te+(1—t)y —

(2.8) ter+ (1 —t)y >

Let G be defined by
(u—2)u+ (v —a)y

(1—t)(b—a)
Using G (x) and the same method as in the proof{of}(2.8), we obtain

G(z) =

— (tx 4+ (1 —1t)y).

(u—2)u+ (x —a)y
i-00—a)

(2.9) > te+ (1 —1t)y,

where,x € [a,u| andy € [u, b].
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Using [2.7) —[(2.P) and (2.2), we obtain

[B(t) = A(1)]

(St =) —t>y>\dy] dr

F(MEZ ) ok )| ] a

. (1_%_&)2 [ U” <b—yzzcb+_<j)—u>u_(m(l_t)y)‘dy} 0
(u—z)u+ (r —a)y

A-00—a) —(tx—i—(l—t)y)'dy} dx

g A U (100 0= =2 E 0= Yt
i ap /u [/ub (<u ax—)i;(b(i ;)a)y ~(r+(1- t)y)) dy} dz

o T / [/ (b= a)(2t — 1) (b + (1 — t)y)

+2zy — (b+uw)zx — (a+u)y + 2u2)dy} dx

<

- _t)]\é—a)z / B((b—a)(%— D1~ 1) — (a+u) (b +u)
+(b—a)(2t — Dtz + 2u2] dx
~ [ — 0@ -1 - 0~ @+ ) 0+

+ (b—a)(2t — D)t(u+ a) + 4u?]

- %ta —)(b - a).

This completes the proof of inequalify (2.5).

From ) andgy = § + 1=, we have

U b
(2.10)  f(ta+ (1 —1t)b) = <%+1it) (b_la)Q/ U f(ta+ (1 —t)b) dy| dx.
If z € [a,u] andy € [u, b], then we have

(2.11) ta+(1—t)h=u>

(u—2)u+ (x—a)y

(1—1)(b—a)
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Using (2.10){(2.111) and (2.2), we obtain
|B(t) = f (ta+ (1 = 1)b)|

<wae=ar ) V P ) 1| ] e
v L) | )

S(l_t%_ayé U (b—y )Ecb+_<3>—u>u_udy]dx
*ioap U e d‘”} o

-5 V | (“ - yifbt%_ W) dy} o

Y] [/ <<u (ff“tj(b(f ;)@y - “) dy} o

This completes the proof of inequalify (P.6).
This completes the proof of Theorem (2.2).

For the mapping’(¢), we have the following theorem:

Theorem 2.3.Let f be defined as in Theorém P.1. For ang (0, 1), then

(2.12) 00) ~ B)| < 541~ )b~ a),
and
(2.13) C(t) — (t£(a) + (1 — £) F(B))] < Mt(1 —1)(b - a).

Proof. From the integral property and (2.2), we have

@1 0= g [ [ o] s gyt [ [ s an

If z € [a,u] andy € [u, b], then we have

(b—y)z+(y—wu (u—2)u+t(z—a)y
(2.19) R S (L= 0(b—a)

<y.
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Using (2.14) —[(2.15) andl (2.2), we obtain

=50
PO =)

(1—1) b—a /

dy} dx

L) [E (“_fff ) - s ao e
= /l b_a u)u—xdy}dx
T
- / U( b_é/)_u)u—x>dy}dx
. i / [ / ( u—lx_z; )+(b(:)a)y> dy} d

:\_/

(b—
b
X { (b—a)((1-1) —tm)—2:vy—|—(b+u)x+(a+u)y—2u2)dy}d:c

T —t)(b—a)2/ B((b—am — 1)+ (a+u) (b+u) - <b—a)taz—2u2} dz

= b]\fa B (b =a)(1 =)+ (a+u) (b+u) = (b= a)t(u+a)) - M}
= %t(l —1)(b - a).

This completes the proof of inequalify (2]12).
From integral property anfl (2.2), we have

B b
2.16)  tf(a)+(1—0)f(b) /f o+ - _2)/f<b)dy

Using (2.16) and (2]2), we obtaln
C@) = (tf(a) + (L= 1) f(0))]

< i [ - e+ 2 o) - sola)

< M —/ |a:—a|dx+—/ |y—b|dy}

:b]\_4a ) (x—a)d:l:—i——/ (b— ydy}

- A % (%(uQ—a ) —a(u—a)) T (b(b—u)—%(zﬂ—u?))]

= Mt(1—1t)(b—a).
This completes the proof of inequalify (2]13).
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This completes the proof of Theor¢m|[2.3. O
Corollary 2.4. Let f be defined as in Theorgm P.1. For ang (0,1), then
(2.17) |C(t) — f (ta+ (1 —t)b)| < Mt(1 —t)(b— a),
(2.18) |A(t) — C(t)| < Mt(1 —1t)(b—a),
(2.19) A1) = (tf(a) + (1 =) f(b))] < 2Mt(1 = 1)(b — a),
(2.20) |B(t) = (tf(a) + (L =) f(b))] < %t(l —1)(b—a),
and
(2.21) |[f (ta+ (1 =1)b) = (tf(a) + (1 = 1) f(b))] < 2Mt(1 = 1)(b — a).

Proof. Using (2.5) and (2.12), we get inequalify (2.18):
[A(t) = CO| < [A(t) = BO)| + [B(t) = C(8)] < ME(1 = )(b - a).
Using the same method as the proof{of (2.18), frbm|(2.6) gnd](2[12)] (2.13) and (£.18), (2.12)

and [2.1B), and (2.13) and (2]17), we get (2.17), (2.19), (2.20) and (2.21), respectlvely
This completes the proof of Corolldry 2.4.

Remark 2.5. If we lett = 3, then (2.1B),/(2.17) and (2.21) reduce to

(2.22) ‘bia/abﬂx)d:c—wl < Z—a)
(2.23) ﬁ/bf(x)dx—f (“‘2”’)’ < %(b—a},
020 (22t a0

(2.22) is better than (2.2) in[3]} (2.23) anid (3.24) are (2.1) and (2.4) in [3], respectively.

Corollary 2.6. Let f be a convex mapping dn, b], with f! (a) and f’ (b) existing. For any
€ (0,1), then we have

max{|fjr(a)|a|f/_(b)|}

(2.25) 0< A(t) — f(ta+ (1—t)b) < : t(1—1)(b—a),
(2.26) 0< B(t)— A(t) < maX“ﬁ“;”’ OB - ),
(2.27) 0< B(t)— f(ta+ (1—t)b) < maxﬂf“‘g“ OB - ),
(2.28) 0<C®t) - B(t) < maxﬂf/*“;)" 2O g — ),

(2.29) 0 <tf(a)+ (1 =1)f(b) — C(t) < max{|fi(a)], |fZ(O)|}(1 = t)(b — a),
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(2.30) 0<C(t) = f(ta+ (1= t)b) < max{|f\ (a)l, [f2(0)[}(1 = t)(b — a),
(2.31) 0 < Ct) = A(t) < max{|fL(a)], [/2(0)[}(1 = 1)(b = a),
(2.32) 0 <tf(a) + (1 =1)f(b) — A(t) < 2max{[f(a)], |2 (0)[}t(1 = )(b — a),

(2.33) 0<if(a)+(L—1)f(b) — B(t) < gmax{lfi(a)l, L@ =)(b— a),
and
(2.34) 0<tf(a)+ (1 —=2t)f(b) — f (ta+ (1 —t)b)
< 2max{|f} (a)], |- (O)|}(1 — )(b — a).
Proof. For anyzx,y € [a,b], from the properties of convex functions, we have the following
max{|f} (a)|,|f_(b)|}-Lipschitzian inequality (see[7]):
(2.35) f(x) = f(y)| < max{|fL(a)],[f2(0)[}z — yl.

Using (1.2),[(2.35), Theorem 2.1 —P.2 and Corollary 2.4, we objtain|(2.25) 4 (2.34).
This completes the proof of Corollary (2.6). O

Remark 2.7. The condition in Corollary 2]6 is better than that in Corollary 2.2, Corollary 4.2
and Theorem 3.3 of [3]. Actually, it is thatis a differentiable convex mapping ém b] with

M = sup |f'(t)| < oo.
t€la,b]
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