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ABSTRACT. We use the familiar convolution structure of analytic functions to introduce new
class of analytic functions of complex order. The results investigated in the present paper include,
the characterization and subordination properties for this class of analytic functions. Several
interesting consequences of our results are also pointed out.

Key words and phrasesAnalytic function, Hadamard product(or convolution), Dziok-Srivastava linear operator, Subordina-
tion factor sequence, Characterization properties.

2000Mathematics Subject Classificat o0B0C45.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
(1.1) f2) =2+ at,
k=2

which are analytic and univalent in the open unit disk= {z; z € C: |z] < 1}.If f € Als
given by [1.1) and € A is given by

(1.2) g(z) =2+ b,
k=2
then the Hadamard product (or convolutigit} g of f andg is defined(as usual) by
(1.3) (f*xg)(z) =z+ Z arbp2".
k=2

In this article we study the clas$,(g; «) introduced in the following:
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2 J. K. RRAJAPAT

Definition 1.1. For a given functiory(z) € A defined by|(1.2), wheré;, > 0 (k > 2). We say
that f(2) € AisinS,(g; o), provided that(f * g)(z) # 0, and

1<M_1)}>0‘ (€ U; y e C\{0}; 0<a <)

(.4 Re{”% 90

Note that

S (1fz; a> —S*(a) and S (ﬁ a) = K(a),

are, respectively, the familiar classes of starlike and convex functions of endetl (see, for
example,[[11]). Also

z

Z * . —
87 <:, 0) :S’y and 87 <m, 0) —K:'y,

where the classeS; and/C, stem essentially from the classes of starlike and convex functions
of complex order, which were considered earlier by Nasr and Acuf [9] and Wiatrowski [12],
respectively (see alsb![7] and [8]).

Remark 1. When
N s = (1)1 (k1 S
(1.5) 9z) ==+ kz; (B1)k=1+ (Bs)k—1(k — 1)!

(; €C(H=1,2,...,q9), B, €C\{0,—-1,-2,...} (j=1,2,...,5)),
with the parameters

aq,...,ap and [y, ..., [0,
being so choosen that the coefficietsn (1.2) satisfy the following condition:

(041)1%1 s (Oéq)kq
(AT
then the class, (g; o) is transformed into a (presumbly) new clagq, s, o) defined by

. _ .. 1 (2(Hiea]f) ()
a.7) S(q,s,) = {f : feA and Re (1 + 5 ( (oo )(2) 1)) > a}
(z€U; ¢<s+1; q,s € Ng; v€ C\{0}).

(1.6) by =

The operator
(H{[en]f) (2) == Hi(an, ... ag; 1, - -, Bs) f(2),

involved in (1.7) is the Dziok-Srivastava linear operator (see for details, [3]) which contains such
well known operators as the Hohlov linear operator, Carlson-Shaffer linear operator, Ruscheweyh
derivative operator, the Barnardi-Libera-Livingston operator, and the Srivastava-Owa fractional
derivative operator. One may refer to the paplers [3] to [5] for further details and references for
these operators. The Dziok-Srivastava linear operator defined in [3] was further extended by
Dziok and Rainal[1] (see alsol[2]).

In our present investigation, we require the following definitions and a related result due to
Welf [13].

Definition 1.2 (Subordination Principal)For two functionsf and ¢ analytic inU, we say
that the functionf(z) is subordinated tg(z) in U and write f(z) < g(z) (z € U), if there
exists a Schawarz functiom(z) analytic inU with w(0) = 0, and |w(z)| < 1, such that
f(z) = g(w(z)), z € U. In particular, if the functiorny(z) is univalent inU, the above
subordination is equivalent t6(0) = ¢(0) and f(U) c g(U).
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Definition 1.3 (Subordinating Factor Sequencé) sequence b}, of complex numbers is
called a subordinating factor sequence if, whenever

[e.o]

f(z) = Zakzk (a3 = 1),

k=1
is analytic, univalent and convex th, we have the subordination given by

(1.8) i apbp?” < f(z) (2 €U).
k=1

Lemma 1.1(Wilf, [L3]). The sequencéh }72, is a subordinating factor sequence if and only
if

(1.9) Re{l—l—Zibkz’“} >0 (z€l).
k=1

2. CHARACTERIZATION PROPERTIES

In this section we establish two results (Theofen) 2.1 and Thelorgm 2.3) which give the suffi-
ciency conditions for a functiofi(z) defined by[(1.]l) and belong to the cla&s) € S,(g; @).

Theorem 2.1.Let f(z) € A such that

Af29)() ‘ _ -
(2.1) (Fe0)(2) ll<1-p (B<1; z€U),
thenf(z) € S,(g; «), provided that
22) plz 1=l 0<a<1)
Proof. In view of (2.1), we write
% =1+ (11— p)w(z) where|w(z)| <1forzel.
Now
1 df*w%d__>}_ { L IUZ}
Re{1+7((f*g)(z) 1 Re 1+V(1 Bw(z)
- 1+(1—5)Re{w(z)}
~
)
>1-1-p)%
1
>1-(1-p5)- o
2 «,
provided thaty| > %. This completes the proof. O
If we set

f=1-(0-a)h (0<a<ljyeC\{0}),
in Theoreni Z.[1, we obtain
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Corollary 2.2. If f(z) € A such that
(2.3) ((f * 9))(55) Il<1-a)y| (2€U,0<a<1;veC\{0}),
thenf(z) € S,(g; a).

Theorem 2.3.Let f(z) € A satisfy the following inequality

@) Sl 1)+ (1= )] ol < 1 el
(zeIU by >0 (k>2); ye C\{0}; 0 < a< 1),
thenf(z) € S,(g; a).
Proof. Suppose the inequality (2.4) holds true. Then in view of Corollary 2.2, we have
[2(f % 9)'(2) = (f * 9)(2)| = (1 = ) [(f % 9)(2)]

= (k — Dayg 27| — (1 — )|y z+Zbkak 2F
k=2
< {Zbk(/’f — Dlar| = (1 =)y + (1 = )| Zbk!ak!} 2|
k=2 k=2

< {Z bil(k = 1) + (1 — a)ly] Jar| — (1 — a)lvl}
k=2
<0.
This completes the proof.

On specializing the parameters, Theofen 2.1 would yield the following results:

Corollary 2.4. Let f(z) € A satisfy the following inequality
(2.5) Ykl =Dlal <l (z€U yeC\{0}),
k=2

thenf(z) € 2.
Corollary 2.5. Let f(z) € A satisfy the following inequality

(2.6) S k(k+ |yl = Dlal <]yl (2 €U, y € C\{0}),
k=2

thenf(z) € K
Corollary 2.6. Let f(z) € A satisfy the following inequality

(k= 1)+ (1 — o)yl (ar)ier - - (ag)pt
k=2 (B)k-1 -+~ (55)/&—1?]{ - 1! : jax] < (1 = a)ly|

(2€U; ¢g<s+1; ¢,s€Nyg; ye C\{0}; 0< < 1),
thenf(z) € Si(q, s, a).

o0

2.7)
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3. SUBORDINATION THEOREM

Theorem 3.1. Let the functionf(z) € A satisfy the inequality (2]4), and denote the familiar
class of functiong(z) € A which are univalent and convex ih. Then for every) € K, we
have

[1+ (1 = a)[y[]be

(3.1) T 7 (1 a)(o0 + DT (f *¥)(2) < ¥(2)
(z€U; by >by>0(k>2); yeC\{0}; 0 <a<1),

and

3.2) Re{f(z)} > Lzt (=a)b DRI )

14+ (1 =)yt
The following constant factor

[1+ (1 = a)[y[lbn
2002 + (1 = a)(b2 + 1) 1]

in the subordination resulf (3.1) is the best dominant.
Proof. Let f(z) satisfy the inequality (2]4) and let(z) = 37 cx2*! € K, then

1+ (= a)[y[Jbs
2[bz + (1 = a)(bz + 1)|7]

4+ =a)ybe
 2[by + (1 — @) (b + 1) Y] (“Zamz )

By invoking Definition[ 1.3, the subordination (8.1) of our theorem will hold true if the sequence

(14 (1 —a)lvy[]bs -
(3.4) {2[b2 + (1 —a)(by + 1)|7Hak}k1 7

is a subordination factor sequence. By virtue of Lemima 1.1, this is equivalent to the inequality

+ (1~ a)|y]]b, K
(3.5) {1+Z 0 a) bﬁlmuaz }>o (€ U).

Sinceb, > by, > 0 for k > 2, we have

(3.3) (f x)(2)

= Re L+ A—a)hlbs 1 0 L

- {1+[b2+(1—a)(b2+1)|’m MRy PRI }
1+ (1 - )t | S

e )l DRI T v (= a)at DR 207 D0 alblbde
L+A—a)llba (1-a)p|

>1-—

(b + (1 — a)(bs + 1)|7|]T bo + (1 — a)(bs + 1)|7|]T >0 (|z| =r < 1).

This establishes the inequalify (B.5), and consequently the subordination relatjon (3.1) of The-
orem[3.1 is proved. The assertign (3.2) follows readily frpm|(3.1) when the functionis
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selected as

(3.6) P(z) = : —z+§:zk€IC.

1—=z2
k=2

The sharpness of the multiplying factor jn (3.1) can be established by considering a function
h(z) defined by

)= ee —L=IL 2 e\l 0<a <),

1+ —a)l]
which belongs to the clas$, (¢; ). Using [3.1), we infer that
[1+ (1 —a)y[]b z
h(z) < :

2[bs + (1 — ) (by + 1) |]] (2) 1—=2
It can easily be verified that

T L+ =a)hlb 1
3.7 h = —=
&7 B8 2+ G-+ 0p] " T 2
which shows that the constant

[1+ (1 — a)|7[]by
2[by + (1 — a)(b2 + 1)|7]]

is the best estimate. O

Before concluding this paper, we consider some useful consequences of the subordination
Theoren 311.

Corollary 3.2. Let the functiory (=) defined by[(1]1) satisfy the inequality (2.5). Then for every
1 € K, we have

@9 Ao (f e 0)() < UE) (e U,
and
a2
(3.9 Re{f(2)} > =) (z € U).
The constant factor
(L4 7D
2(1+21])’

in the subordination resulf (3.8) is the best dominant.

Corollary 3.3. Let the functiory (=) defined by[(1]1) satisfy the inequality (2.6). Then for every
1 € K, we have

(1+ v

(3.10) m(f xY)(2) < Y(z) (z € U),
and

2(2+3y)
(3.11) Re{f(z)} > ) (z € U).
The constant factor

(L+1[v)

(2+3)

in the subordination resulf (3.10) is the best dominant.
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Corollary 3.4. Let the functionf (=) defined by[(1]1) satisfy the inequality (2.7). Then for every
¥ € K, we have

1+ —a)llle

(3.12) (e eI < v (e D),
and
(3.13) Re{f(2)} > — 2+ (1= a)(e2 + DIyl (z € D).

[1+(1=a)lylle
The constant factor
1+ (1 —a)ylle
2[e2 + (L = a)(ea + D)
in the subordination resulf (3.12) is the best dominant, wheis given by

al DR (yq
Bioo By
Remark 2. On settingy = 1 in Corollarieq 3.R anfl 3|3, we obtain results that correspond to

those of Frasin[[6, p. 5, Corollary 2.4; p. 6, Corollary 2.7] (see also, Singh [10, p. 434,
Corollary 2.2)).

Cy =
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