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Abstract

This paper is to discuss powers of class wE'(p,r,q) operators for 1 > p > 0,

1 >r>0andq > 1; and an example is given on powers of class wF(p,r,q)
operators.
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Let H be a complex Hilbert space aiti /) be the algebra of all bounded linear
operators ind, and a capital letter (such &3 denote an element d@(H). An
operator! is said to bek-hyponormal fork > 0if (7*T)* > (TT*)*, whereT*
is the adjoint operator df'. A k-hyponormal operatdf is called hyponormal
if & = 1; semi-hyponormal it = 1/2. Hyponormal and semi-hyponormal
operators have been studied by many authors, such as,[16, 20, 21]. Itis
clear that every:-hyponormal operator ig-hyponormal for) < ¢ < k by the
Lowner-Heinz theorem4 > B > 0 ensuresA® > B® foranyl > a > 0). An
invertible operatofl” is said to bdog-hyponormal iflog 7*T > log TT*, see
[18, 19. Every invertiblek-hyponormal operator fat > 0 is log-hyponormal
sincelog ¢ is an operator monotone functioiug-hyponormality is sometimes
regarded as 0-hyponormal sincg* — 1) /k — log X ask — 0 for X > 0.

As generalizations ok-hyponormal andog-hyponormal operators, many
authors introduced many classes of operators, see the following.
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Definition A ([ 5, 6]).
(1) Forp > 0 andr > 0, an operatorT’ belongs to classi(p, r) if

(T | TPe|Te|r)yees = |77

(2) Forp > 0,7 > 0 andgq > 1, an operator! belongs to clas$'(p, r, q) if
2(p+r)

1 4 2
(T TP )s > [T

For eactp > 0 andr > 0, classA(p, r) contains allp-hyponormal and log-
hyponormal operators. An operatbris a classA(k) operator (f]) if and only
if T is a classA(k, 1) operator, T is a classA(1) operator if and only ifl" is
a classA operator (f]), and 7 is a classA(p, r) operator if and only ifl" is a
classF' (p, r, 2X*) operator.

Aluthge-Wang §] introducedw-hyponormal operators defined kﬁf} >

| > T | where the polar decompositionBfis T' = U|T)| andT’ = |T|Y2U|T|/?

is called the Aluthge transformationdf As a generalization af-hyponormality,
Ito [17] and Yang-YuanZ15, 26] introduced the classesA(p, r) andwF (p, r, q)
respectively.

Definition B.

(1) Forp > 0,7 > 0, an operator]” belongs to class A(p, r) if

(T TPP|T*") 7 = T and [T = (IT|T° " |TP) 7.
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(2) Forp > 0,7 > 0, andq > 1, an operator’ belongs to class F'(p, r, q) if

2(p+r)

(T FITPPIT s = (775 and (TR0 > (TP )

denoting(1 — ¢~')~! by ¢* (wheng > 1) becauseyand(1 —¢~')~! are a
couple of conjugate exponents.

An operatorl is aw-hyponormal operator if and onlyff is a C|8.SSUA(%, %)
operatorT is a classvA(p, r) operator if and only ifl" is a classvF(p, r, 227)

r

Powers of Class wF(p,r, q)

operator. Operators
Ito [15] showed that the clasd(p, r) coincides with the clas& A(p, r) for anatas Yoan and
eachp > 0 andr > 0, classA coincides with clas&A(1,1). For eachp > 0, Chagngsen Yang

r > 0andg > 1 such thatrq < p + r, [25] showed that class F'(p,r, q)
coincides with clas$'(p, r, q).

Halmos ([L1, Problem 209]) gave an example of a hyponormal operator Tite Page
whose squaré™? is not hyponormal. This problem has been studied by many Contents
authors, see’| 10, 14, 22, 27]. Aluthge-Wang ] showed that the operata@r”

. e . . 44 44
is (k/n)-hyponormal for any positive integerif 7" is k-hyponormal.

In this paper, we firstly discuss powers of clasg(p, r,q) operators for < >
1>p>0,1>r>0andqg > 1. Secondly, we shall give an example on Go Back
powers of class F'(p, r, ¢) operators.
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The following assertions are well-known.

Theorem A ([19]). Letl > p > 0,1 > r > 0. ThenT™ is a classwA(Z, )
operator.

Theorem B ([13]). Letl1 > p>0,1>r>0,g>1landrq <p+r.IfTisan
invertible classF'(p, r, q) operator, theril™ is a F'(2, =, q) operator.

Theorem C ([25]). Let1 > p > 0,1 > r > 0; ¢ > 1 whenr = 0 and
1% > q > 1whenr > 0. If T'is a classwF(p, r, q) operator, therl™ is a class
wF(2,* q) operator.

Here we generalize them to the following.

Theorem 2.1.Letl1 >p>0,1>7r>0; q > ’% If T"is a classwF (p,r, q)
operator such thatV(7T") ¢ N(T*), thenT™ is a classwF'(Z, =, q) operator.

In order to prove the theorem, we require the following assertions.

LemmaA ([8]). Leta € RandX be invertible. TheliX*X)* = X*(XX*)* ' X
holds, especially in the cagse> 1, LemmaA holds without invertibility ofX .

Theorem D ([15]). Let A, B > 0. Then for eactp, r > 0, the following asser-
tions hold:
(1) (B5APBE)7 > Br = (ASBrA%)»7 < AP,

T

(2) (A5B A%)"" < A»andN(A) € N(B) = (BiA?B})#7 > B,
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Theorem E ([24]). LetT be a classv A operator. ThedT”]% > > |T? >
[T and|T** > |(T?)*] > --- > |(T")*|* hold.

Theorem F ([25]). LetT be a classvF(po, 0, o) Operator forpy > 0,79 > 0
andq, > 1. Then the following assertions hold.

(1) If ¢ > qo androg < po + ro, thenT'is a classwF (po, 19, ¢) Operator.

2 If ¢* > ¢, pog* < po+roand N(T) C N(T*), thenT is a class
wF(po, 10, q) Operator.

(3) If r¢ < p+r, then classvF(p,r, q) coincides with clas$’(p, r, q).

Theorem G ([25]). LetT be a classwF (po,ro, ’ﬁ) operator forp, > 0,

ro > 0and —rq < dg < po. ThenT is a classwF (p, T, gﬁj) operator for
p > po andr > .

Proposition A ([25]). LetA,B > 0;1>p>0,1>7r>0; 2L > ¢ > 1.
Then the following assertions hold.

ptr

(1) If (B5APB3)7 > B*" and B > C, then(C'5 APC)7 > O
(2) If B*" > (B5C?B%), A > B and the condition

*) if lim B%xn =0 and lim A%xn exists, then lim A%xn =0

n—oo n—oo n—oo

holds for any sequence of vectds, }, thenA"s" > (A§CPA§)%.
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Proof of Theoren2.1. Puté = ’% —r,then—r < § < 0 by the hypothesis.

Moreover, if
(lT*‘r‘T‘Zp’T*’r);% > ‘T*‘Z(Nré) and |T‘2(p76) > (’T|p’T*|2T|T‘p)ZT*f,

thenT is a classwA operator by Theorer® and TheorenD, so that the fol-
lowing hold by takingA,, = |T|~ andB,, = |(T™)*|= in TheoremE
(2.1) Ay >--->A>A and By > DBy, >--- > B,.

Meanwhile,A,, and A; satisfy the following for any sequence of vectdus,, }
(see P4))

1 1 1
if lim A{z,, =0 and lim Ajx,, exists, then lim Azzx,, = 0.

m—00 m—00 m—00

Then the following holds by Propositich

1
ptr 7

(4% 2 (A)EB) (A)F)" = ((A)3(B) (A)E) T

and it follows that

2(ptr) +

n = n| 2 n\* |2 2
T > (TR ey )

We assert thatv(7") C N(7*) impliesN(T™) C N((T™)").
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In fact,

v € N(T") = T" v € N(T) C N(T¥)
= T" 2z € N(T*T) = N(T) C N(T*)

=z e N(T)C N(T")
=z e N(T*) CN{(T")),
thus )
n\k|Z || 22 nyk(Z\ ¢ oy | 22ET)
(1 ey =) = ey

holds by TheorenD and the Léwner-Heinz theorem, so th&t is a class
wF(2, =, q) operator. ]
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In this section we give an example on powers of cla¥p, r, ¢) operators.

Theorem 3.1.Let A and B be positive operators o/, U and D be operators
on®;. . Hi, whereH, = H, as follows

0
1 0
U — 1 (0) 7
1 0
1 0
Bz
B3
D= (Az) :
A3
A3

where(-) shows the place of th@, 0) matrix element, and’ = UD. Then the
following assertions hold.
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(1) If T'is aclasswF(p,r, q) operator forl > p >0,1>r >0,¢ > 1 and
rq <p+r,thenT"isawF (2, -, q) operator.

(2) If T'is a classwF (p,r, q) operator such thatV(T)) C N(T*),1 >p > 0,
1>r>0,g>1andrq>p+r,thenT"isawkF (2, -, q) operator.

n’

Remark 1. Noting that Theorer3.1 holds without the invertibility oA and B,
this example is a modification of4], Theorem 2) and ({=], Lemma 1).

We need the following well-known result to give the proof.

Theorem H (Furuta inequality [ 7], in brief FI). If A > B > 0, then for each
r >0,

0) (B2 APB3)i > (B5BPB?%)a
and
(ii (A5APA%)7 > (A3 BPA?)

hold forp > 0andg > 1with (1+7)g >p+ .

TheorenmH yields the Lowner-Heinz inequality by putting= 0 in (i) or (ii)
of FI. It was shown by Tanahashi {] that the domain drawn fgp, ¢ andr in
the Figure is the best possible for Theorem
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77 =

therefore

T [T =

and

TP\ TP =

B
B
(B) :
A
A
Brtr
Brr
(B2 APB?)
APFT
APFT
Brr
Brr
(AZB"A%)
APt
AptT
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thus the following hold forn > 2

™ "

and
TnTn*

Bn
Bn
B ABY

B3A"-iB}

A3 B"1A3

AZBiAS

B3 A" 1B
(A™)
ATL

n—1 n—1

A2 BA =
An
A’n
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Proof of (1). T"is a classuF(p, r, q) operator is equivalent to the following
(B5APB3)s > B"r and A" > (ASBrAb)w,

T™ belongs to class F'(2, L, q) is equivalent to the followingd.1) and @.2).

;

(BE(BEA™/BY)EBY)1 = B
(B5APB%)i > B+
(3.1) L Powers of Class wF(p,r, q)
i AT i A A i N Operators
((AzB”‘Ulg) AP (AEB”‘JA5> ) > (AEB"—J/N) g
Jiangtao Yuan and
\ where j =1,2,...,n — 1. CETGEEINETE
( , N ) RN , N == Title Page
((B%An—ﬂB%> "B <B%A"—JB%)) > (B%An—ﬂB%>""
Contents
ptr 1
(3.2) ATz (ARBTAN)T « "
- N < >
A > (A’z’ (A%B"*J'A%>" AS)
Go Back
L wherej =1,2,...,n — 1. Close
We only prove 8.1) because of Theorei. Quit
Step 1.To show

Page 15 of 20
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fory=1,2,...n—1.

Infact,T"is a classvF'(p, r, q) operatorforl > p > 0,1 >r >0,q¢ > 1 and
rq < p+ rimpliesT belongs to class F’ (j,n — 7, (snTg> , whered = ’% —r
by TheoremG and TheorenD, thus

5+j n—j—4

(B%A"*JB%)T > B and A" > (A%ijA%j) !

o+j

Therefore the assertion holds by applyingf TheorenH to (B%A”‘JB%) !

and B°*7 for (1 + ﬁ) q> 5%+ 55
Step 2.To show

((A%B”—jA%ﬁ AP <A§B”‘jA§)2T"); > <A§B”‘jA§>w
forj=1,2,...n—1.

In fact, similar to Step 1, the following hold

S+n—j j=6

(B aB™") " =B and A0 > (Abpriat) T

this implies that4? > (A%B”—jA%); by TheoremD. Therefore the as-

2

sertion holds by applyingiX of TheoremH to A7 and (zél%B’Hfl%>Z for
(1+3%)g=E+7.

Proof of (2). This part is similar to Proof of (1), so we omit it here. O
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the referee for his valuable advice and suggestions, especially for the improve-
ment of Theoren?.1.
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