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ABSTRACT. If fis a convex function and,,...,z, oray,...,a, lie inits domain the follow-
ing inequalities are proved
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and
(n=1)[f(br) + -+ f(bp)] S n[f(ar) + -+ flan) = f(a)],
whereq = @1ttan gndp, = 20=% j =1 ... n,

Key words and phrasesiensen’s inequality, Convex functions.

2000Mathematics Subject Classificat 086D15.

1. MAIN THEOREMS

The well-known Jensen’s inequality is given as follows [1]:

Theorem 1.1.Let f be a convex function on an intervaland letw;, .. ., w, be nonnegative
real numbers whose sumisThen for allxy, ..., z, € I,
(1.1) w f(r1) + -+ wn f(rn) > fwrrg + -+ wpy).

Recall that a functiorf is said to be convex if for any < [0, 1] and anyz, y in the domain of

f
(1.2) tf(x) + (1 —1t)f(y) > f(te + (1 —t)y).
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2 LAZHAR BOUGOFFA

The aim of the present note is to establish new inequalities similar to the following known
inequalities:
(Via Titu Andreescu (seé |2, p. 6]))

F(@) + fzs) + flas) + f (W)

4 1+ T2 T9 + X3 T3+ X1
=) () o ()

wheref is a convex function and;, x-, z3 lie in its domain,
(Popoviciu inequality([3])

" n T+t a, 2 T+ x;
;f(xi)+n—2f< n )Zn—22f<T])’

1<j

wheref is a convex function od andzx,...,z, € I, and
(Generalized Popoviciu inequality)

(n =1 [f(br) + -+ f(0n)] < flar) + -+ flan) + n(n - 2) f(a),

whereq = 4= gndp; = 24=% i =1,... n,anday,...,a, € I.
Our main results are given in the following theorems:

Theorem 1.2.1f f is a convex function and,, x,, . . ., x, lie in its domain, then
n l‘l _I_ P _|_ l'n

1.3 i) — _

@) Do s (M)

n—1 T+ To Tp_1+ Ty, Tp + 11
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Proof. Using [1.2) witht = }, we obtain

(14) f (%;@) ot f (%) + (x;xl) < flan) + fea) o+ fan).

In the summation on the right side .4), the expres3idh, f(x;) can be written as

> pw) = 3 ) — 5 3 s

n n n 1
> fla) = —— [Z fla) =Y 5f<xi>] .
=1 =1 =1
Replacing)_" , f(z;) with the equivalent expression in (IL.4),

< [Z fla) - Z%f«ci)] .

i=1
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Hence, applying Jensen’s inequaljty (1.1) to the right hand side of the above resulting inequality
we get

T+ X2 Tp_1+ Ty Ty + 21
() s (B )+f( ; )

S (53]

and this concludes the proof. O

Remark 1.3. Now we consider the simplest case of Theofenj 1.27for 3 to obtain the
following variant of via Titu Andreescu [2]:

F@1) + f(ws) + flzs) — f (W)

2 1+ T2 To + X3 T3 + X1
=5l () e () o ()

The variant of the generalized Popovicui inequality is given in the following theorem.

Theorem 1.4.1f f is a convex function and, . .., a, lie in its domain, then

(1.5) (n=1)[f(br) + -+ f(ba)] <nflar) + -+ flan) = f(a)],

whereq = @5Fn gndh; = M=% j=1,....n

Proof. By using the Jensen inequalify (I.1),
1)+ 4 f(bn) < flar) + -+ + flan),

and so,
Flb) 4=+ F(b) € o [flan) 4+ Flan)] — — [Flan) + -+ o],
or
n n 1 1
P4t ) < I [Fa) 4 )] = 2 | flan) )]
and so
L) J000)+ -+ £0) < [ flan) 4 flan) = (2flan) 4+ Lp(an)) |

Hence, applying Jensen’s inequality (1.1) to the right hand side df (1.6) we get
n ap+---+ay
P4t F) < I flan) e ) = ()

and this concludes the proof. O
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