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Convex analysis, operator and functional means.

In this paper, we present various functional means in the sense of convex analysis.

In particular, a logarithmic mean involving convex functionals, extending the
scalar one, is introduced. In the quadratic case, our functional approach implies
immediately that of positive operators. Some examples, illustrating theoretical
results and showing the interest of our functional approach, are discussed.
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1. Introduction

Recently, many authors have been interested in the construction of means involving
convex functionals and extending that of scalar and operator ones. The original idea,

due to Atteia-Raissoulil], comes from the fact that the Legendre-Fenchel conjugate

operation can be considered as an inverse in the sense of convex analysis. This

interpretation has allowed them to introduce a functional duality, with which they
have constructed for the first time, the convex geometric functional mean, which in

the quadratic case, immediately gives the operator result already discussed by some

authors, B, 6, 7, 9]. After this, several works, 8, 13, 14, 15, 16, 17, 18, 19| proved
that the theory of functional means contains that of means for positive operators.

In this paper we introduce a class of functional means in convex analysis. To con-
vey the key idea to the reader, we wish to briefly describe our aim in the following.
The logarithmic mean of two positive realsandb is known as

a

L(a,b) = _azb if a 20, L(a,a) = aq,

" Ina—1Inb

or alternatively, in integral form as

. oo dt
(L{a.5)) :/o PESIN.

The extension of the logarithmic mean from the scalar case to the functional one is
not obvious and appears to be interesting: what should be the analodue, 6f

when the variables andb are convex functionals? The functional logarithm in
convex analysis has already been introduced 4, out it is not sufficient since the
product (resp. quotient) of two convex functionals, extending that of operators, has
not yet been covered. This is where the difficulty lies in extending the logarithmic
mean from the two above scalar forms.
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A third representation dk(a, b) is given by the convex form

(L(a,b)) " = /Ol(t ca+(1—t)-b)dt,

whose importance stems from the fact that it does not contain any product nor quo-
tient of scalars, but only an inverse which, as already mentioned, has been extended
to convex functionals. For this, we suggest that a reasonable analodu(e,o
involving convex functionalg andg is

*

Lo = ([ rea-o-ora)

wherex denotes the conjugate operation defined, for a functiénal RZ, by the
relationship

O*(u*) = sup{(u", u) — ®(u)}.

uek
In the quadratic case, i.e., if

fl) = falw) = 5 (Au ), glu) = fola) i= 5 (Buu),

forall u € F, whereA, B : E — FE* are two positive invertible operators, then
we obtain immediately a convex form of the logarithmic operator meat afid B
given by

-1

L(A,B) = (/Ol(t A+ (1 —1)- B)—ldt>

This paper is divided into five parts and organized as follows: Sectioontains
some basic notions of convex analysis that are needed throughout the paper. In Sec-
tion 3, we introduce the logarithmic mean of two convex functionals and we study
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its properties. Sectiofis devoted to the intermediary functional means constructed
from the arithmetic, logarithmic and harmonic ones. Finally, in Seclive present

the logarithmic mean of several functional variables from which we deduce another
intermediary mean, called the arithmetic-logarithmic-harmonic functional mean. In
the quadratic case, the above definitions and results immediately give those of posi-
tive operators.
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2. Preliminary Results

In this section, we recall some standard notations and results in convex analysis
which are needed in the sequel. For further details, the reader can consult for instance
[2, 4, 10].

Let £ be a real normed space (reflexive Banach when it is necesdatyjs
topological dual, and-, -) the duality bracket betweeli and £*.

If we denote byRE the space of all functions defined frofi into R =RU
{—00,+00}, we can extend the structureRfon R by setting

Ve €R, —oo<x< 400, (+00)+z=+00, 0-(4+00)=+o0.

With this, the spac@E is equipped with the partial ordering relation defined by
VigeR", f<g <= YueE f(u) < gu).

Given a functionaff : E — R = RU{+oo}, we denote by* the Legendre-Fenchel
conjugate off defined by

Vut € B f(u”) = sup{(u,u") — f(u)}.

uel

It is clear that, iff < g theng* < f*.

We notice that, if£' is a complex normed space, the conjugate operation can be
replaced by the extended one,

Vut € B f*(u’) = sup{Re (u*, u) — f(u)},
uelr

whereRe (u*, u) denotes the real part of the complex number, ).

In what follows, we restrict ourselves to the case of real normed spaces since the
complex one can be stated in a similar manner.
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Let f € RZ and\ > 0 be a real. We define the functionals f andf - A\ by

Vue B, (A f)(uw) = A- f(u) and (- N)(u) =A- £ ()
With this, it is not hard to see that
(A-f) =Fxand (f-2) =X f*.
The bi-conjugate of is the functionalf** : £ — R defined as follows

Vue B f7(u) = (f)(u) = Slelg*{(u*7U> — /1 (W)}

It is well-known that,f** < f and,f* = fifand only if f € T'q(E), wherel'y(F)
is the cone of lower semi-continuous convex functionals flormto R U {+oo}
not identically equal to-oo. Analogously, we can defing™* . F* — R which
satisfiesf™* = f*, and thusf* € To(E*) for all f € RE.

An important and typical example ofl& (E)—functional isf4 defined by

Vue B fa(u) = % (Au, ) |

whereA : £ — FE* is a bounded linear positive operator. We say thatis
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quadratic in the sense thfitt - u) = t*f(u) for all w € £ andt € R. Itis easy to
see that the conjugate operation preserves the quadratic character. If, mofasver, Full Screen

invertible thenf? has the explicit form
Close

1
Yu* € E* fi(u®) = 5 (At u").
That is, f; = fa—1 and so, as already observed, the conjugate operation can be
considered as a reasonable extension of the inverse operator in the sense of convex

analysis.
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Now, let us recall that, for alf, g € RZ anda €]0, 1],
(2.1) (af +(1—a)g) <af" +(1-a)g",

i.e., the mapf — f* is convex with respect to the point-wise orderingﬁ)ﬂ
In the quadratic case, i.e., ff = f, andg = fg, andA,B : £ — E* are
positive invertible operators, then the above inequality immediately implies,

Va€]0,1] (a-A+(1—-a)-B)'<a-A'+(1—-a) B,

which, without the conjugate operation, is not directly obvious, $&g¢gr example.

A convex-integral version of inequalify2. 1) is given in the following result.
Lemma 2.1. Let(2 be a nonempty subset®&f’, F : Q x £ — R and Q) —
[0, +oo[ such that,, v (t)dt = 1. If we put

VueE wm:/memma
Q
then the conjugate functiond : E* — R of ® satisfies
Yu* € B O (u") < / W(t)F*(t,u")dt,
Q

where
F*(t,u”) = sup{ (u*,u) —F(t,u)}.
uel
Proof. Form = 1, Q =Ja,b[C R, this lemma is proved inlf]. Form > 2, the
same result is achieved by using arguments analogous to thdsg.in [ O
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Finally, for f, g € R” such thatlom f Ndom g # (), the arithmetic and harmonic
functional means of andg are respectively defined byi][

22) ao) =154 Hing = (35 +50) -

Clearly,H(f,g) € I'o(E) and, if f,g € I'o(£) then so isA(f, g). Moreover,(2.1)
immediately gives the arithmetic-harmonic mean inequality

Vf.g e RE  H(f,9) < A(f,9).
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3. Logarithmic Functional Mean

As mentioned before, the fundamental goal of this section is to introduce the log-
arithm mean of two convex functionals. Such functional means extend available
results for that of positive real numbers.

Definition 3.1. Let f, g € T'y(E) such thatlom f N dom g # (. We put

*

L(f,9) = (/0 (t-f+(1—1) ~g)*dt> 7 Mustapha Raissouli

vol. 10, iss. 4, art. 102, 2009
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which will be called the logarithmic functional meanjodndg in the sense of convex
analysis. Title Page

The fact thatf, g belong toI'((F) is not the only way to definé.(f,g). The Contents
logarithmic mean off andg can be defined by the above formulae forfaly € RE,
However, in order to simplify the presentation for the reader, we assumé¢, that
Co(E). < >

The elementary properties bf f, g) are summarized in the following.

44 44

Page 10 of 25
Proposition 3.2. Let f, g € I'y(E). The following statements hold true.

Go Back
1. L(f.g) € To(E), L(f. f) = f, L(f.g) = L(g, f). el Soren
2.LA-f,A-g)=A-L(f,g) andL(f- A g-A) =L(f,g)- A\ forall A > 0. e

3. L(f+a,g+b) =L(f,9) + A(a,b), forall a,b € R. . . »
journal of inequalities

Proof. It is immediate from the definition with the properties of the conjugate oper- in pure and applied
ation. ] mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:raissouli_10@hotmail.com
http://jipam.vu.edu.au

Proposition 3.3. Let fi, f2, g1, g2 in T'o(E) such thatf; < f, andg; < g». Then

L(f1791> < L<f27g2>'
In particular, for all f,g € I',(E) one has

(inf(f,9))" <L(f,g) < sup(f,g).
Proof. It is immediate from the properties of the conjugate operation stated in Sec-

Logarithmic Functional Mean

tion 2. H Mustapha Raissouli
Proposition 3.4. Let f,g € T'o(£). Then the following arithmetic-logarithmic- vol. 10, iss. 4, art. 102, 2009
harmonic mean inequality holds

H(f.g) <L(f,9) < A(f.9), Title Page
whereA(f, g) andH( f, g) are respectively defined By.2). Contents
Proof. By LemmaZ.1, we obtain P »

L<f’9)§/0(t'f+(1—t)-g)**dt§/O(t'f+(1—t)-g)dt:¥, « S

which gives the right inequality.

Page 11 of 25

To prove the left one, we uge. 1) to write Go Back
! ! F+q Full Screen
/(t-f+(1—t)'g)*dt§/(t-f*+(1—t)-g*)dt_ ,
0 0 2 Close

which, by taking the polar of the two members, gives
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Corollary 3.5. Let f, g € T'o(F) such thadom f = dom g. Then
domH(f, g) = domL(f, g) = dom A(f, g) = dom f.
Proof. In [5], the authors proved thabm f = dom g if and only if
domH(f, g) = domA(f,g).
This, with the latter proposition, and the fact that
dom A(f,g) = dom f Ndom g,
implies the desired result. O]

We notice that the above hypothedisn f = dom g, also assumed below, is not
a restriction since it can be omitted with regularization. In this sense, the reader can
consult p] for similar examples of regularization.

Proposition 3.6. Let f,g € T'o(E). If f and g are quadratic, then so i&(f, g).
Moreover, iff = f4, andg = fg, whereA and B are two positive invertible opera-
tors then

L(f,9) = fua,Bb),
with
1
(3.2) L(A, B) = (/ (t-A+(1—1t)- B)—ldt>
0
Proof. The result comes from the fact that
t-fa+ (1=t fB = frara-v-B:

-1

with
(t-fa+ (1 —=1)-fB)" = frearq—1)B) -
The rest of the proof is immediate. O
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The following example explains the interest of our approach and the chosen ter-
minology in the above definition.

Example3.L Let E = Randf(z) = f,(z) := Lax? g(x) = fo(z) := Lba?, with

2 D)
a > 0,b > 0. According to(3.1), a simple calculation yields
a—b .
L((L, b) = m |f a 7é b, L((I,CI,) =a.
That is,L(a, b) is the known logarithmic mean. Otherwise, Propositio# gives
immediately the arithmetic-logarithmic-harmonic mean inequality
2ab a-+b
H(a,b) = < L(a,b) < A(a,b) = :
(a,b) = == < L(a,h) < Ala,) = =
We can now present the next definition whose convex integral form appears to be
new.

Definition 3.7. The operatorl.(A, B), defined by relatiori3.1), is the logarithmic
operator mean ofl and B.

As for all monotone operator means, the explicit formulad.of, B) can be
easily deduced fron3.1) and we obtain:

Corollary 3.8. The logarithmic operator mean of and B is given by
L(A,B) = AYV2F (A7V2BATY/2) AY2,
whereF'(z) = 2= for all z > 0 with F/(1) = 1.

According to the above study, it follows that the analogue of the scalar (resp.
operator) mag : x — 2= F(1) = 1, to convex functionals ig —— L(f,o),

Inx?

wheres = 1| - ||? is, in the Hilbertian case, the only self-conjugate functional.
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4. The Intermediary Functional Means

In [13], the authors discussed three intermediary functional means constructed from
the arithmetic, geometric and harmonic ones. The aim of this section follows the

same path.
Letf,g € T'h(E), takefy = f, go = g and consider the following two statements:

(P1> For a”n 2 O! we pUtfn+1 = L(fna gn)7 In+1 = A(fm gn)
(PQ) For alln > 0, we pUtfn-‘rl = ]L(fm gn)7 In+1 = H(fm gn)
The fundamental result of this section is the following.

Theorem 4.1. Let f,g € T'o(EF) such thatdom f = domg. Then the sequences
(f.) and(g,) corresponding tq P;) (resp. (F,)) both converge point-wise to the
same convex functional. Moreover, denoting these limits bdyf, g) andLH( f, g)
respectively, we have the following inequalities

H(f,9) <LH(f,g9) <L(f,9) <LA(f,9) <A(f,9).

Proof. We prove the theorem fdiP, ), since that of ) can be stated in a similar
manner.

First, it is easy to see, by induction, that € I'y(E) andg, € [y (E) for all
n > 0.

By Proposition3.4, we immediately obtain

Vn>1  fu < gn,
which, with Propositior8.2, 1. and Propositiofs. 3, implies that

VnZ 17 fn—l—l an and In+1 Sgn
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Summarizing, we have proved that

41 Lif,9)=H<-<fir1<fi<gn<gna1 < <g1=A(f,9).

It follows that, ( f,,) is an increasing sequence upper boundeg by I'y(E) and(g,,)
is a decreasing one lower boundedfbye I'y(£). We deduce thatf,,) and(g,) both
converge point-wise ifR”. Denoting their convex limits by and1, respectively,

we claim thatp = . First, passing to the limit in the inequalif; < g,, we obtain Logarithmic Functional Mean
qb < 77D This, thanks t((Jrl), y|E|dS Mustapha Raissouli
vol. 10, iss. 4, art. 102, 2009
L(f,9) < ¢ <4 <A(f,9).

If dom f = dom g then, by(4.1) again, one hadom A(f, g) = dom L(f, g) which, Title Page
with the latter inequality, givedom ¢ = dom ).

Now, lettingn — +oc in the relation Contents
fut 90 A L
n+l — A ny9n) = )

gn+1 = A(fn, gn) 5 p R
we obtain2 - ¢ = ¢ + ¢, which with dom ¢ = dom ) implies that¢ = 1, thus Page 15 of 25
proving the desired result. O

Go Back

Definition 4.2. The convex functiondlA( f, g) (resp.LH( f, g)) defined by Theorem
4.1 will be called the logarithmic-arithmetic (resp. logarithmic-harmonic) mean of FUllsarzer
fandg. Close

In the quadratic case, the above theorem and definition give immediately that of
positive operators. In fact, let and B be two positive (invertible) linear operators
from £ into £*, takeA, = A, By = B and define the two quadratic processes:
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(QP,) Foralln > 0,we putA, ., =1L(A,, B,), Bn.i1 =H(A,, B,).
From the above, we obtain the following quadratic version.

Corollary 4.3. Let A and B as in the above. Then the sequentds) and (B,)

corresponding tdQ P;) (resp. (QF»)) both converge strongly to the same positive

operatorLA (A, B) (respLH(A, B)) satisfying
H(A, B) <LH(A, B) <L(A,B) <LA(A,B) < A(A, B).
Similar to the functional case, we have the following definition.

Definition 4.4. The above positive operatdrA (A, B) (resp. LH(A, B)) will be
called the logarithmic-arithmetic (resp. logarithmic-harmonic) meamaind B.

Remarkl. Let f, g € I'y(F) and define the map
T(f.9) = (L(f,9),A(f.9)), resp.T(f,g) = (L(f,9),H(f,9)).

If T" denotes thes—th iterate ofT’, Theorem4.1 tells us that there exists a convex
functionalF such that

lim T"(f.9) = (F.F).

Analogous deductions can be made for Corollary
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5. Logarithmic Mean of Several Variables

Below, we outline the procedure to extend the above logarithmic mean from two

functional variables to three or more.
Letm > 2 be an integer and define

m—1
Amlz{(tl,tg,...,tml)eRm1, d <1, t; >0 for 1§z‘§m—1}.

i=1

Let us put

m—1
b =1-)
=1

and by analogy to Definitiofi.1, we find a reak,,, > 0 such that the expression

<am /A (Zt fl> dtidty . .. dt,, 1>*,

is a reasonable extension bff, g). For this, we compute,, by requiring that
(analogously witiL(f, f) = f)

A -~ / dtldtg . dtm,1 =1.
A7n 1

A classical integration gives

1
-1 _ _
ar, /Aml dtydty . . . dty,_y T

Now, we can introduce the following definition.
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Definition 5.1. Let fi, fo, ..., fim € To(E) such that"), dom f; # (. The loga-
rithmic functional mean of;, fs, ..., f,, IS given by

*

wheret,, =1— " 't;.

Logarithmic Functional Mean

From the above definition, the propertieslaff, f-, ..., f,,) can be stated, in Mustapha Raissouli
a similar manner to that of the two functional variables case. In the following, we 18 110, 59, 4 i, 072 EOE)
summarize these properties whose proofs are omitted (and we leave it to the reader,
since they are analogous to thatloff, g)). To simplify the notations, we write

] ; Title Page
IL’(F) instead 01{L’(f17 f27 s 7fm) with I = (fla f?a SR fm) S (FO(E))m7 andF‘l’ =
(fr@), fr@2),-- -, fremy) for a permutationr of {1,2,...,m}. With this, we define, Contents
for A >0 « >
)\F:(Afl,)\fg,,)\fm) and F)\:(flA,ng,,fm)\) < >
If F=(f,f,...,f)with f € To(F) we writeL(f). Page 18 of 25
Proposition 5.2. With the above, the following statements hold true: Go Back
1. L(F) eTy(E), L(f)=f, andL(F) = L(F;) for all permutationsr of the Full Screen
set{1,2,...,m}. R

2. Forall A > 0,L(A- F)=X-L(F) and L(F - X\) = L(F) - \.
journal of inequalities

3. If fi,9; € To(FE) such thatf; < g; foralli = 1,2,...,m, thenL(F) < L(G) in pure and applied
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issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:raissouli_10@hotmail.com
http://jipam.vu.edu.au

Now, for F' = (f1, fa, ..., fm) € (Fo(E))™ we put

wn =322 - (3£)

which are, respectively, the arithmetic and harmonic mearfs,gt, . . ., f,..

*
7

Proposition 5.3. With the above conditions, the following arithmetic-logarithmic-
harmonic functional mean inequality holds

H(F) <L(F) < A(F).

Proof. Firstly, for brevity, we only present the fundamental points of this proof. By
virtue of the relation

Am—l

Lemma2.1, with Definition 5.1, implies that

(Z t; - j;.) dtrdts ... dty_1,
i=1

— Z;’;‘ll t;. By the symmetry of\,,, a classical computation yields

L(F) < (m — 1)!/

A'm—l

with ¢, =1

1
/ tidtldtg e dtm_l == _',
Ayt m:

forall i = 1,2,...,m. Substituting this in the above, we obtain the arithmetic-
logarithmic inequality. The logarithmic-harmonic one can be similarly obtained to
that of Propositiors.4, which completes the proof. O
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The main interest of our functional approach appears in its convex form with the
simple related proofs. In what follows, we provide another example explaining this
situation.

Proposition 5.4. Let F' = (f;)i™, with f; = fa,, whereA; : E — E* are positive
invertible operators. If we set = (A, As, ..., A,), then

L(F) = fIL(A)v Logarithmic Functional Mean
Mustapha Raissouli
where _
vol. 10, iss. 4, art. 102, 2009
m -1 !
(5.1)  L(4) = | (m—1)! /A (Z tiAi> dtrdty ... Aty | . e e
m=1 \ j=1
Contents
L(A) is called the logarithmic operator mean df, A,, ..., A,,.
<4< >
Proof. Itis a simple exercise for the reader. ]
< 4
Corollary 5.5. For all positive invertible operatorsi,, A,, ..., A,,, we have the
arithmetic-logarithmic-harmonic operator mean inequality gessEes
H(A) < IL.(A) < A(A), Go Back
Full Screen
where
m Ai mooA-L -1 Close
AA) =)~ HA)=[)
i=1 i=1 journal of inequalities
and L(A) is defined by(5.1). in pure and applied
mathematics
Proof. It is sufficient to combine Propositicin 3 with Propositions.4. ] issn: 1443-575k
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Example5.1 Let a,b,c be three positive reals. According {0.1), we wish to
compute the logarithmic mean @fb andc. First, it is easy to see thit(a, a,a) = a
forall a > 0. Fora # b, a # ¢ andb # ¢, a classical integration yields

1 (a—=0b)(b—c)(c—a)

L(a,b,c) = -
(a,b,¢) 2a(c—b)lna+bla—c)lnb+c(b—a)lnc’

see also12]. By symmetry (Propositios.2,1.), fora # c one has

Logarithmic Functional Mean
L(CL, a, C) = L(CL, C, CL) = L(C, a, CL), Mustapha Raissouli

. . g I. 10, iss. 4, art. 102, 2009
which naturally satisfies O e A

L = lim L(a, b, c).
(a,a,c) blilg (a,b,c) Title Page

After a simple computation of this limit (or using.1)), we obtain (fora # ¢)

Contents
N2
L(a,a,c) = (a—c) . <« >
2(a—c+c(lnc—1na))
The arithmetic-logarithmic-harmonic mean inequality is immediately given by ¢ >
. Page 21 of 25
3 - abc §L(a,b,0)§a+b+c.

ab + bc + ca 3 Go Back

These latter inequalities are not directly immediate, that proves the interest of our T

approach.

Finally, we end this section by introducing another functional mean of three vari- Close
ables constructed from the arithmetic, logarithmic and harmonic ones.

Let f,g,h € T'o(E), takefy = f, 90 = g, ho = h and define the recursive process (el @ =] e s

in pure and applied
Vn >0, for1 =H( o, Gnsbn)s Gnr1 = L(fo, Gns b))y Bnsr = A(fny Gny Bn)- mathematics

Clearly, f,., g, andh,, belong tol'y(£) for eachn > 0. 1ssni JHHSeTSe
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Theorem 5.6.Let f, g, h € T'o(F) such thadom f = dom g = dom h. Then the se-
quences f,), (¢,) and(h,) both converge point-wise to the same ligitH( f, g, 1)
satisfying

H(f,9,h) < ALH(f,g,h) < A(f, g, h).

Proof. By Proposition5.3, we obtain
Vn>1 [ < gn < ha,
which, with Propositiorb.2,1. and 3., implies that
Yn>1, fo1 > fn and b, < h,.
In summary, we have shown that
(5.2) H(f,9,h)=fi <+ < fart < fo < 0n
<hg, <hpq<---<h =A(fg,h).

We conclude thatf,) is increasing upper bounded Iy and (h,) is decreasing

lower bounded by;. Thus they converge point-wiseRf’ whose limits are denoted
respectively by) andq. Otherwise, from the relation

we deduce thaty,) is also point-wise convergent to a lintit Now, lettingn —
+oo in relation(5.2), we can write

(5.4) H(f,g9,h) <o <0<y <A(f,g,h).

Sincedom f = domg = dom h then, following [L5], one hasdom H(f, g, h) =
dom A(f,g,h) = dom f, and by(5.4), we obtain

(5.5) dom ¢ = dom 6 = dom ).
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Passing to the limitiri>.3), we have3-y = ¢+460+1 and so, with(5.5), 2-¢ = ¢+6.
This, when combined witl.4), yields¢ = i) = 6. This completes the proof. [

As in the above section, if the convex functionglg andh are quadratic then
we immediately obtain a similar result for positive operators. Indeed |é&t, C :
E — E* be three positive (invertible) operators andAgt= A, By = B, Cy, = C
and define the quadratic sequences

Vn Z O, An+1 = H(Ana Bn7 Cn)a Bn+1 = L(Ana Bna Cn)a On-l—l = A(Ana Bna Cn)

Corollary 5.7. Let A, B,C' as in the above. The sequences,), (B,) and (C,,)
both converge strongly to the same positive operatdH(A, B, C'), called the
arithmetic-logarithmic-harmonic operator mean, which satisfies

H(A, B,C) < ALH(A, B,C) < A(A, B, O).

Definition 5.8. ALH(f, g, h) defined by Theorera.6 (resp. ALH(A, B,C) de-
fined by Corollary5.7) will be called the arithmetic-logarithmic-harmonic func-
tional mean off, g andh (resp. operator mean oA, B and ().

As in Remarkl, Theorent.6(and analogously Corollafy.7) can be summarized
by saying that there exists a convex functioRauch that

lim T"(f,g,h) = (F,F,F),

nT+oo

where
T(f,9,h) = (A(f,g9,h),L(f, g, h), H(f,g,h)).
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