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Abstract: The main objective of this paper is some new special Hilbert-type and Hardy-

Hilbert-type inequalities ifR™)* with k£ > 2 non-conjugate parameters which
are obtained by using the well known Selberg’s integral formula for fractional
integrals in an appropriate form. In such a way we obtain extensions over the
whole set of real numbers, of some earlier results, previously known from the lit-
erature, where the integrals were taken only over the set of positive real numbers.
Also, we obtain the best possible constants in the conjugate case.
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1. Introduction

In order to obtain our general results, we need to present the definitions of non-
conjugate parameters. Lgt i = 1,2,...,k, be the real parameters which satisfy

k
1
(1.2) —21 and p;>1, 1=1,2,...,k.
Further, the parameteps, 1=1,2,...,
1 1
(1.2) —+ =
bi D
Sincep; > 1,1 =1,2,...,k, itis obvious thatof >1,i=1,2,...,

Z_

i=1 pl
Also, we introduce parametetg, i =

k are defined by the equations
=1, i=12,...,k.

k. We define
1.3)

It is easy to deduce that < X < 1.
1,2,...,k, defined by the relations

1 1

(1.4) —=A—=, i=12,...,k
q; b;

In order to obtain our results we require

(1.5) ¢>0 i=1,2,... k.

It is easy to see that the above conditions do not automatically iniph). (The
above conditions were also given by Bonsall (g It is easy to see that
k
1 1 1
A=) — and —+1-A=—,
Z qi q; Di

i=1,2,... k.
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Of course, ifA = 1, thean:1 pi = 1, so the conditionsl(1) — (1.4) reduce to the
case of conjugate parameters.

Considering the two-dimensional case of non-conjugate parameétets @),
Hardy, Littlewood and Pdlya, (se€]), proved that there exists a constdiit de-
pendent only on the parametersandp, such that the following Hilbert-type in-
equality holds for all non-negative measurable functigns L** ((0,00)) and
g € L™ ({0,00)) :

wo [ [ %dm@/ <K ( [ (m)daz) . ( | gm(y)dy) "

Hardy, Littlewood and Pdlya did not give a specific value for the conskant
in the previous inequality. An alternative proof by Levin (s€p pstablished that

K=p(2%;, 2 ) whereB is the beta function, but the paper did not determine

sp1’7 sp2
whether this was the best possible constant. This question still remains open. The
inequality (L.6) was also generalized by F.F. Bonsall (s2g.[

Hilbert and Hardy-Hilbert type inequalities (seg)[are very significant weight
inequalities which play an important role in many fields of mathematics. Similar
inequalities, in operator form, appear in harmonic analysis where one investigates the
boundedness properties of such operators. This is the reason why Hilbert’s inequality
is so popular and is of great interest to numerous mathematicians.

In the last century Hilbert-type inequalities have been generalized in many differ-
ent directions and numerous mathematicians have reproved them using various tech-
niques. Some possibilities of generalizing such inequalities are, for example, various
choices of non-negative measures, kernels, sets of integration, extension to the multi-
dimensional case, etc. Several generalizations involve very important notions such
as Hilbert's transform, Laplace transform, singular integrals, Weyl operators.

In this paper we refer to a recent paper of Broedt al, §], where a general
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.|\

Hilbert-type and Hardy-Hilbert-type inequalities were obtained for non-conjugate
parameters, wherke > 2, with positives—finite measures ofR. However, we shall

keep our attention on a result with Lebesgue measures and a special homogeneous
function of degree-s. This is contained in:

Theorem 1.1.Letk > 2 be an integerp;, p.,¢;, i = 1,2,...,k, be real numbers
satisfying (.1) — (1.5 and Zle Ai; = 0,5 = 1,2,...,k. Then the following
inequalities hold and are equivalent: Hardy-Hilbert Type Inequalities

M. Krni¢, J. Pecaric,
I. Peri¢ and P. Vukovic
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k 1 . . k—s—1
o = Zj:l Aij! Aij > o 4 # i andAm' — oy > q;

7

Our main objective is to obtain inequalities similar to the inequalities in Theorem
1.1, which will include the integrals taken over the whole set of real numbers.

The techniques that will be used in the proofs are mainly based on classical real
analysis, especially on the well known Hdélder inequality and on Fubini’s theorem.

Convc_antlons. Throughout this paper we suppose that all the functions are non- iardy Hidbart Tyme Inequaliies
negative and measurable, so that all integrals converge. Further, the Euclidean norm M. Krnié, J. Pegaric,

of the vectorx € R™ will be denoted byx|. | Peric and . Vukovi
vol. 10, iss. 4, art. 115, 2009
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J
2. Preliminaries ||\v M

- )7‘6 7
The main results in this paper will be based on the well-known Selberg formula for >

the fractional integral P

(21) |Xk|ak—n|xk _ Xk—l’ak_l_n|xk—1 o Xk_2|ak_2—n - |X2 _ X1|a1—n
n\k
(B") k Hardy-Hilbert Type Inequalities
. M. Krni¢, J. Pecaric,
Cx1p =y T dxdxs .. dxy = —Hi:o Un(cs) |y|2§:0 amn I. Peri¢ and P. Vukovié
I, (Zf:o ozi> vol. 10, iss. 4, art. 115, 2009
for arbitraryk,n € N and0 < a; < n such that) < -  «, < n. The constant :
I',,(a) introduces the:—dimensional gamma function and is defined by the formula Title Page
Contents
w220 (&
(2.2) (o) = n—(j), 0<a<n, « »
I (5 - 5) < S

wherel is the well known gamma function. Further, from the definition of the b

. . . . . age 7 of 39
n—dimensional gamma function it easily follows that

(2 )n Go Back
™

(2.3) In(n—a) = To(a)’ 0<a<n. Full Screen
In the book [L3], Stein derived the formul&2(1) with two parameters using the Riesz Close
potential.
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Multiple integrals similar to the one ir2(1) are known as Selberg’s integrals and
their exact values are useful in representation theory and in mathematical physics.
These integrals have only been computed for special cases. For a treatment of Sel-
berg’s integral, the reader can consult Section 17.114f |
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Now, by using the integral equality (1), we can easily compute the integral

HI'C—_ll xi| ™7
/ %dxldX2 Ce kafl,
(Rn)k—l ‘Ei:l X;

where0 < 5, <n,0 < s < nand

k—1 k-1
(k—l)n—Zﬁi<s<kn—Zﬁi.
i=1 i=1

Such an integral will be more suitable for our computations. Namely, by using the

substitutionx; = t; — x, andx; = t; —t;_1,7=2,3,...,k — 1 (see alsoj]), one
obtains the formula

k=1 |—8:
(24) &dxldxz e ka—l

(R ‘Zf:l Xi
= Xk
O (kn—s = 3205 8:)

where0 < 3, < n, 0 < s <nand(k—1)n— S8 < s < kn— "3,
Obviously, if0 < 3; < nand0 < s < n then the conditions < kn — S1' 3, is
trivially satisfied.

We shall use the relatior2 (4) in the next section, to obtain generalizations of the
multiple Hilbert inequality, over the set of real numbers.

(k=1)n—s—30""' B;

Xk7é0

Hardy-Hilbert Type Inequalities
M. Krni¢, J. Pecaric,

I. Peri¢ and P. Vukovic

vol. 10, iss. 4, art. 115, 2009

Title Page
Contents
44 44
< >
Page 8 of 39
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

3. Basic Result

As we have already mentioned, we shall obtain some extensions of the multiple
Hilbert inequality on the whole set of real numbers. We also obtain the equivalent
inequality, usually called the Hardy-Hilbert inequality. For more details about equiv-
alent inequalities the reader can consu]t [To obtain our results we introduce the
real parameterd,;, i, j = 1,2, ..., k satisfying

k
(3.1) D A=0, j=12.. .k
=1

We also define

(3.2)

The main result of this paper is as follows:

Theorem 3.1.Letk > 2 be an integer ang;, !, ¢;,i = 1,2, ..., k, be real numbers
satisfying (.1) — (1.5). Further, let4,;;, i,7 = 1,2, ..., k be real parameters defined
by (3.1) and (3.2). Then the following inequalities hold and are equivalent:

[, fi(x:)

= dXydXg . . . dXk

(3.3) h =
D e Xi

(R7)*
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and

(34) {/ A

k—1
/ - r[izl—Z(X;Zd}qd}Q co Xy Xk
(R

k—1 1
pi(k—1)n—p;s Pj
<K][] {/ | w TP () |

forany0 < s <n, A;; € <—§,O), o — Ay < L , where the constank’ is
given by the formula

k 1
H Tu(n + gAy) s [ Tuls = (k = 1)n — g + q:Ai) o

1,j=1i#] i=1

Proof. We start with the inequality3(3). The left-hand side of the inequalit$.()
can easily be transformed in the following way

[, fi(x:)

k

/n H i

pZ 11 qu
H] 1]#1‘ J| E,pfqi(xi)fpi(xi)
7
‘2] 1XJ
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k
: [H I%;
=1
where

1
¢ Aij 2

k 7
Fi(x:) = / Hj:l,j;éi |X;
(

L . —dx1dXgy . .. dX;_1dX;i1q . . . dXp
RO X

Now by using Selberg’s integral formula.{) it follows easily that

k
(35)  F(x;) = [HJ’:L#@' Ly(n+ qAi)Tn(n — s)

Ly (kn + gioy — q;Aii — )

1
a;

(k=Dn—s
|Xi a4 +a; Au.

7

Further, sincer:1 qi +1—-X=1,¢ >0and0 < XA < 1, we can apply Holder’s
inequality with conjugate parameteys ¢, . . ., ¢, and -, on the above transfor-

1-\?
mation. In such a way, we obtain the inequality

k
Hi:l fl <X)1\2 dX]_dX2 e ka
R Zf:l Xj
% k 1-X
< |:/ ‘Xi PZAM(Fle)pz (Xi)dXi‘| H |:/ ’Xi p1A12<EfZ)pz (Xi)dXi
n i1 n

—f- I~

[ s o]

1

.
Il

1-X\
piAi; (szl)pv (Xi)] dxidxs . .. ka,
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sincei +1-X= pi Finally, by using definition{.5) of the functionsF;, : =
1,2,...,k, one obtains the inequality (3).

Let us show that the inequalities.) and (3.4) are equivalent. Suppose that the
inequality 3.3) is valid. If we put the functiory,, : R"” — R, defined by

’ k—1
P, ’
Je(xi) = [xxk ~ oy (k= tnslopilon / deldxz LdXy_1
(Rm)F! Zi«ll X;

in the inequality 8.3), we obtain

1

—l)n—p;s o ) Pq i
I(x3)™ < KH [/ ’Xl T +plaszz(xi)dxi] I(Xk)”z,
'L

where I(xy) denotes the left-hand side of the inequalityZf. This gives the in-
equality 3.4).

It remains to prove that the inequalit$.6) is a consequence of the inequality
(3.4). For this purpose, let us suppose that the inequality) (s valid. Then the
left-hand side of the inequality3(3) can be transformed in the following way:

k
A A . (k—1)n—s
%dxldxz codxy = / x| +akfk(xk)
n n
(R™) X
k—1
_(k=Ln—-s .
|Xk‘ a Gk / szl z(X;Z XmdX2 . ka,1 ka.
(R) k

.|\
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Applying Holder’s inequality with conjugate parametgrsandp;, to the above trans-
formation, we have

T G060 g

k
i=1 Xi

ka
(R

1
pp(k—1)n—p I
< [/ X e P (%1 ) dxe "I (),

and the result follows from3(4). Hence, we have shown that the inequalities)
and (3.4) are equivalent. Since the first inequality is valid, the second one is also
valid. This completes the proof. ]

Clearly, by putting: = 1 in Theorem3.1, we obtain inequalities which are simi-
lar to the inequalities in Theorem 1. The integrals are taken over the whole set of
real numbers, the weight functions are the same and the constant is of the same form
as in Theoreni..1, where the ordinary gamma function is replaced Wil ).

Remarkl. Observe that equality in the inequality.f) holds if and only if it holds
in Holder’s inequality. By using the notation from Theorem, it means that the
functions

k} —S
Ix; pidii H q1 ij ZXJ EP(x,) P (xy), i=1,2,...,k
j=1j#i
and
k
H ;[P (Fy )P (xi)
i=1
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are effectively proportional. So, if we suppose that the functipns=1,2,...,k
are not equal to zero, straightforward computation (see dldedmark 1]) leads to

the condition
k
>
=1

—S

k
k—1)n— i (o — Ay
:CH|Xi|( In—s+ai(i—Au)
=1

whereC' is an appropriate constant, and that is a contradiction. So equality in The-

orem3.1 holds if and only if at least one of the functiorisis identically equal to
zero. Otherwise, for non-negative and non-zero functions, the inequaliti@satd
(3.4) are strict.

Remark?. If the parameterg;, i = 1,2, ...,k are chosen in such a way that
(3.6) ¢; >0, forsomej € {1,2,...n}, ¢ <0,0#j and A<1
or

(3.7) <0, i=1,2,....n

then the exponents from the proof of Theor&m fulfill the conditions for the re-
verse Holder inequality (for details see e.g2[Chapter V]), which gives the reverse
of the inequalities{.3) and (3.4).
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4. The Best Possible Constants in the Conjugate Case

In this section we shall focus on the case of the conjugate exponent, to obtain the
best possible constants in Theorém, for some general cases. It seems to be a
difficult problem to obtain the best possible constant in the case of non-conjugate
parameters.

It follows easily that the constart from the previous theorem, in the conjugate
case p =1, p; = ¢;), takes the form

1 i 1 k 1
K = m | H .Fn(n + piAij) P Hrn(s — (k= 1)n — pic; + piAi) 7.
1,7=1,i#j i=1

However, we shall deal with an appropriate form of the inequalities obtained in
the previous section in the conjugate case. The main idea is to simplify the above
constantk, i.e. to obtain the constant without exponents. For this sake, it is natural
to consider real parametess; satisfying the following constraint

(41) s—(k—1)n+pAi—po =n+pAu, j#1i, i,je{l,2,...,k}.
In this case, the above constdinttakes the form

k
1 —~
4.2) K* = I.(n+ A;),
(o LT 4
where
(4.3) E:ijji, j#1i and —n<:4vz-<0.

It is easy to see that the parametgﬁatisfy the relation

k
(4.4) > Ai=s—kn.
=1
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Further, the inequalities3(3) and (3.4) with the parameterd,;, satisfying ¢.1),
become

[T, fi(x) : 7o Z

(4.5) ) =L T 0%y dXe .. dx < KF H {/ ;| TP P (xz) dxg

(R™)" i1 Xi i=1 "
and

) N
Pk Py’

(4.6) |Xk| (1=pi)(=n=prAx) . H - filxi >dxldx2 dxp_q | dxy

R B Xi

k-1 1

<Kk [] { / il P () |

n
i=1

We shall see that the constahit' in (4.5 and ¢.6) is the best possible in the
sense that we cannot replace the consi&nin inequalities £.5) and ¢.6) with the
smaller constant, so that inequalities are fulfilled for all non-negative measurable
functions. Before we prove the facts we have to establish the following two lemmas:

Lemma4.1. Letk > 2 be an integerx, € R”, andx, # 0. We define

k-1 A
Hi:2 |x;

dXz ka_ 1 Xm s

wheree > 0, K"(¢) is the closedh—dimensional ball of radius and parameters

A i = 1,2,..., k are defined by4.3). Then there exists a positive constahtsuch
that
(47) If(Xk) < Ck€n+Al|Xk|_2n_A1_Ak, when ¢ — 0.
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Proof. We treat two cases. If = 2 we have

A
x
If(Xz):/K —| ! dx.

(g) |X1 + X2|S

By lettinge — 0, we easily conclude that there exists a positive constasuch that
IT(X2) S CQ‘X2|—S/ |X1|A1dX1.
K" (¢)

The previous integral can be calculated by usingdimensional spherical coordi-
nates. More precisely, we have

(4.8) 1 [V dxy
n(e)

T 2m
/ // / nd+Ap— Ysin™=20,,_1sin" 30, _o - - - sin Oodrdb; . .. db,_;

:/ m+Ai-lg, / as = 1o ’5%/417
0 n n+ A;

where|S, | = 2r2T'~!(2) is the Lebesgue measure of the unit sphe®inConse-
guently,

c| S, gntAs _
I£(x3) < %MI s
n -+ Al
so the inequality holds when— 0, since—2n — ;rl — :4; = —s holds fork = 2.

Further, ifk > 2, then by lettings — 0, since|x;| — 0, we easily conclude that
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there exists a positive constantsuch that

_ T x4
(49) If(Xk) < Ck |:/ ‘X1|AldX1:| / Llsd){z ce ka_l
K" (e) ®"2 S x

We have already calculated the first integral in the inequality)( and the second
one is the Selberg integral. Namely, by using the formutad,((2.4) and ¢.4) we
have

b1 |y
(4.10) %dxz o dXie s
R o X

_ Da(nt A+ A IS Taln + A
N [(s)
Finally, by using ¢.9), (4.9 and ¢.10), we obtain the inequality/(7) and the proof
is completed. O

k|—2n—:4v1—z?k.

Similarly, we have
Lemma 4.2. Letk > 2 be an integer ang, € R". We define

k=1 A
_ —~ T o X5
If 1(Xk) = / |X1’A1 / %d)(2 e ka—l Xm,
Rn\Kn(s—l) (Rn)k72 Zi:1 X;

wheree > 0 and parameters?i, i = 1,2,...,k are defined by4.3). Then there
exists a positive constam?, such that

(4.11) £ (xi) < Dpe™t,  when e — 0.
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Proof. We treat again two cases.df= 2 we have

i
I (xa) = / L
R

n\Kn (e~ 1) |X1 + X2|S

If ¢ — 0, then|x;| — oo, so we easily conclude that there exists a positive constant
ds such that
If_l(XQ) S dg/ |X1‘A178dX1,
R™M\K"(e71)
and by using spherical coordinates for calculating the integral on the right-hand side
of the previous inequality, we obtain

-1 d Sn A-
If (Xg) S 2| A_|,€n+A2.

n —+ A2
Further, ifk > 2, then by using4.3), (2.4) and ¢.4), we have

k=1 |4
(4.12) Ui ™ s
(R~ Zf:l Xi
— o~ .
_ Fn(2n + Al + Ak) Hz’:2 F”(n + AZ) |X1 + Xk|72nf;(1*:4vkl
T(s)
So, we get

T(2n + Ay + A T1S, Do(n + A))
[(s)

. / |X1|Xl|xl - Xk|_2n_zi_“~’“dxl.
R™\K" (e~ 1)

(4.13) 5 (x) =
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By lettinge — 0, then|x;| — oo, So there exists a positive constaptsuch that

7 (x) < di / ¢ |2 sy
R™\K" (e~ 1)
Since, B
/ x| 72" M dxy = —| C —,
R7\Kn(c—1) n+ A
the inequality {.11) holds. m

Now, we are able to obtain the main result, i.e. the best possible constants in
the inequalities4.5) and ¢.6). Clearly, inequalities4.5) and ¢.6) do not contain

parametersy;;, 7,5 = 1,2,...,k, so we can regard these inequalities with i =
1,2,...,k, as primitive parameters. More precisely, we have
Theorem 4.3. Sgpposezfi, i=1,2,..., k, are real parameters fulfilling constraint

44Hand—n < A; < 0,7 =1,2,...,k. Then, the constarit* is the best possible
in both inequalities4.5) and {¢.6).

Proof. Let us denote byK"(¢) the closedr—dimensional ball of radius with the
center in0. N

Let0 < ¢ < 1. We define the functiong; : R* — R, ¢ = 1,2,...,k in the
following way

~ x4, x; € K'(e=1) \ K" (e),
Tl = { I (VK
0, otherwise.

If we put defined functions in the inequality.©), then the right-hand side of the
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inequality ¢.5) becomes

k 1
K* H (/ \Xi\”dxi> " = K*/ \Xi|7”dxi.
i=1 WK (eTH\K"(e) K" (em)\K"(¢)

By usingn—dimensional spherical coordinates we obtain for the above integral

1

= 1
/ |%;| "dx; = / rld'r/ dS = |Sp|In =,
K" (e71)\K"(e) € n €

where|S,| = 2r:T (%) is the Lebesgue measure of the unit spherR'in So for
the above choice of function the right-hand side of the inequality.f) becomes

, 1
(4.14) K|S, In .

Now let J denote the left-hand side of the inequalitys). By using Fubini’s theo-
rem, for the above choice of functioris we have

k A
J _ / Hi:l |>(i
(K" (e=1)\K" ()"

/ B
m(em1)\K"(e)
—dx1dXsy ... dXyx_1 | dxy.

k—1
/ Hi:1 |x;
(Kn(==)\K @) S xg

1=

Note that the integral can be transformed in the following way:= J;, — J, — Js,
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where

k—1 A
— x|
/ |Xk|Ak / %d}(ldx;..d}ck_l ka7
e \K" () ®O IS %
k—1

- i S I8 () e,
/ (e~ H\K"(e) Z ’

j=1 Hardy-Hilbert Type Inequalities
M. Krni¢, J. Pecaric,

I. Peri¢ and P. Vukovic

k—1
A, -1
J3 :/ || * E I; (i) dxxc. vol. 10, iss. 4, art. 115, 2009
K" (e=1)\K"(e) j=1

Here, forj = 1,2,...,k — 1, the integralsl?(xk) and];fl(xk) are defined by

Title Page
/ H X; dx1 %y .. d%i 1. Contents
z lxl 44 14 d
satisfyingP; = {(U1,Us, ..., Ux1); U; = K"(¢), U, =R, 1 # j}, and < >
_ .| A Page 22 of 39
I; 1(xk) = H | = dXydXs . .. dXy 1,
Q) Zle X; Go Back
satisfyingQ; = {(U1, Uy, ...,Ux_1);U; = R*\ K"(c1),U; = R*, 1 # j}. el
Now, the main idea is to find the lower bound forThe first part/; can easily be Tlege
computed. Namely by using Selberg’s integral formuiaf(and since the relation
(4.4) holds for parameterd;, it easily follows that journal of inequalities
_ in pure and applied
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and consequently, by usimg-dimensional spherical coordinates, as we did for com-
puting the right-hand side of the inequality.f), we obtain that
1
(4.15) Ji = K*|S,|In .
£

Now we shall show that the paris and.J; converge whem — 0. For that sake,
without loss of generality, it is enough to estimate the integrals

/ |Xk|ANkIIE(Xk)ka and / |Xk|ANkIf71 (Xk)ka.
K (em)\K"(e) K™ (e=)\K"(e)

By using Lemmal.1 andn—dimensional spherical coordinates we obtain

/ |xk|37€[f(xk)dxk < CkgnJJﬁ/ |Xk\72"7‘r4vldxk
K" (e~ 1)\K"(e) K" (e~ )\K" (e)

—1

— € —
= G| Sl / ro Ay
= Cklsffl <1 — 52(”+Xl)> .
n —f- Al
Further, we use Lemma 2to estimate the second integral

/ il B 75 (3¢ )l
K" (e=)\K"(¢)

Similarly to before, by using spherical coordinates we obtain the inequality

/ ’Xk’&[{l(Xk)ka < Dkgn#(k/ ’Xk’;rkka
K ) K (= )\K" (<)

_ DSl (1 _ 52(n+&)) .

n+ A
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Now, sincen+E >0,7=1,2,...,k, the above computation shows that}- J; <
O(1) whene — 0. Hence, for the right-hand side of the inequality5), by using
(4.195, we obtain
1
(4.16) J > K*|S,| 1115_2 —0O(1), when ¢—0.
Now, let us suppose that the consté@t is not the best possible. That means that
there exists a smaller positive constdrit 0 < L* < K*, such that the inequal-
ity (4.9 holds, if we replaceX™ with L*. In that case, for the above choice of
functionsf;, the right hand-side of the inequality.¢) becomed.*|S,,| In aiz Since
L*|S,|In % > J, by using ¢.16), we obtain the inequality
1

(4.17) (K* = L) [Sh|ln— < O(1), when ¢ —0.

£
Now, by lettinge — 0, we obtain from ¢.17) a contradiction, since the left hand
side of the inequality goes to infinity. This contradiction shows that the conktant
is the best possible in the inequality. ).

Finally, the equivalence of the inequalities) and ¢}.6) means that the constant
K* is also the best possible in the inequalityd). That completes the proof. [

RemarlB. In the papers3] and [8] we have also obtained the best possible constants,
but only forn = 1 and for the inequalities which involve the integrals taken over the
set of non-negative real numbers.

Hardy-Hilbert Type Inequalities
M. Krni¢, J. Pecaric,

I. Peri¢ and P. Vukovic

vol. 10, iss. 4, art. 115, 2009

Title Page
Contents
44 44
< >
Page 24 of 39
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

5. Some Applications

In this section we shall consider some special choices of real paramgfers; =
1,2,...,k, in Theorem3.1. In such a way, we shall obtain some extensions (on
the set of real numbers) of the numerous versions of multiple Hilbert's and Hardy-
Hilbert’s inequality, previously known from the literature. Further, in the conjugate

case we shall obtain the best possible constants in some cases.
To begin with, let us define real parametets, i, = 1,2,...,k, by A;; =

(nk — s)”ﬁ;{l andA;; = (s — nk)# i# 7,1, =1,2,..., k. Then we have

k k
—nk Ag; — 1 —nk 1
D ] G Rl PO EPY B
i—1 iz B qj 4; i i
forj =1,2,..., k. Clearly, the parameter$;; are symmetric and it directly follows
thata; = 2?21 A;; =0,forj=1,2,... k. Insuchaway we obtain the following
result:

Corollary 5.1. Letk > 2 be aninteger ang,, p;, ¢;,i = 1,2, ..., k, be real numbers
satisfying (.1) — (1.5). Then the following inequalities hold and are equivalent:

k
(51) I_L;;.ﬂ(x)\l()gdxldXZ . ka
(Rm)* Elexi
b pik=Dn—p;s b
<] { / | 2T g (o)
=1 "
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and

i’ .’
o1 k—1
/ |Xk 7ﬁ[(k71)n78] / deldXZ ka—l ka
n R+ Zle X5
Al pi(k—1)n—p;s P%‘
< LH [/ x| = fzpl(Xi)dXi] s
i=1 /R
where0 < nk — s < nmin{p;,q;,%,j = 1,2,...,k} and the constant is defined

by the formula

ol

1k 1
1 — s\ # nk —S
I, —

The equality in both inequalities holds if and only if at least one of the functigns
1=1,2,...,k,is equal to zero.

Remark4. Straightforward computation shows that parametggsfrom Corollary
5.1, in the conjugate case, satisfy equatiénl). Hence, the constarii from the
previous corollary becomes
1 an(n—nk_S>,
s) 1 Di

and that is the best possible constant in the conjugate case.
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Remark5. Similar to the previous corollary, if we define the parametgys by

A = “fl;l andA;; = i #j,1,5 €{1,2,...,k}, then we have

k
n(Ag—1)  n 1
) — N - )\ - O,
; ’ ; Mg Ag;? g (; ¢ )
for j = 1,2,...,k. Since the parameters;; are symmetric one obtains; =
2?21 A;; =0, forj =1,2,..., k. So, by putting these parameters in Theorem

3.1 we obtain the same inequalities as those in Coroltafy with the constant.
replaced by

k )\—%k n qi

T, — (k-1 :

paley (Apz) 1} (S+Ap2 ( )n)
Where(k—l)n—s</\id<n,i:1,2,...,k.

It is important to mention that the results in this section, as well as Theorem
3.1, are extensions of our paperd pnd [4], obtained by using Selberg’s integral
formula.
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6. Trilinear Version of a Standard Beta Integral

As we know, Selberg’s integral formula is the-fold generalization of a standard
beta integral orR™. A few years ago, by using a Fourier transform (s&, the
following trilinear version of a standard beta integral was obtained:

t a+pB—2n _ o|n—a-p
re |X — t[*]y — ¢ |x[" =B y|r—e

wherex,y e R", x 2y #0,0< o, <n,a+ [ >nand

() D () T (557)

r($)T (5T (n-57)

2 2

B(a,f,n) =72

By using the definitionZ.2) of then—dimensional gamma function we easily obtain
that

_ Lp(n—a)ly(n — B) .

(6.2) B(a, 3,n) NG —
We also define
(6.3) B*(a, B,n) = —Fg(?i?(ﬁﬁ))

Itis still unclear whether or not there is a correspondindold analogue of.1).
In spite of that, we shall use the trilinear formuta) to obtain a&2—fold inequality
of Hilbert type for the kernek (x,y) = |x —y|* "|x+y|*~™, whered < a, 3 < n,
a—+ 3 <n.

In the 2—dimensional case we denote non-conjugate exponents in the following

way: p1 = p, p2 = ¢, p} = p andpl, = ¢’. So, with the above notation, we have the
following result:
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Theorem 6.1.Leta and 5 be real parameters satisfyig< o, 5 < nanda + g <
n. Then, the following inequalities hold and are equivalent

f(x)g(y)
(6.4) dxdy
Rz [X =YX x 4 y A =F)
-1 —pn »
S N |:/ |X|(p JetBin)—p fp(X)dX:| Hardy-Hilbert Type Inequalities
" M. Krni¢, J. Pe€ari¢,
% I. Peri¢ and P. Vukovié
% {/ |y|(q D(a+f+n)—qnA gl (y )dy} vol. 10, iss. 4, art. 115, 2009
and Title Page
1
) d q d Contents
65 3 [ o] | 4
®n) |X =y x + y[An=H) <« >
1
<N {/ |X‘(p—l)(a+6+n)—pn/\fp(x)dx} ! ’ < >
n Page 29 of 39
where the constanV is defined byV = 2*(@+5=7) B*(q, 3, n). Go Back
Proof. The main idea is the same as in Theorérm i.e. to reduce the case of non- Full Screen
conjugate exponents to the case of conjugate exponents. Note that the right-hand .
side of the first inequalityd 4) can be transformed in the following way:
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where
B |X|(pfl)(a+ﬁ)|y|fafﬁ

Pl - fp(x>7
x —y["ox + y[n P
ly|(@=D(e+8) x| o=
P, = J(y),
x —y["mox + y["P

P = |X‘(p—1)(oa+/6)|y’(q—1)(a+ﬁ)fp(x)gq(y>.

Therefore, respectively, by applying Holder’s inequality with conjugate exponents
q,7, ﬁ and Fubini’s theorem, we obtain the inequality4).
Let us show that the inequalities.{) and (.5 are equivalent. To this aim,
suppose that the inequalitg.¢) is valid. If we put the function
_ n(A¢—1)—a—p3 f(X) “
53) =1l [/R x — y[rm)|x + y A0 =

in the inequality §.4), then the left-hand side of(4) becomes/, whereJ is the
left-hand side of the inequalitys(5). Also, the second factor on the right-hand side
inequality ©.4) becomesﬁ, so (6.5) follows easily.

It remains to prove that5(4) is a consequence o6(). For this purpose, let’s
suppose that the inequalit$.¢) is valid. Then the left-hand side of the inequality
(6.4) can be transformed in the following way:

/ f(x)g(y)
(

roj2 [X =y x4y AP

dxdy

atBin oy _akBin g f(x)
_ z 7 dx| dy.
/n [yl 9(y) [Iy| q /R % =y ax 1 y oo x| Y
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Finally, by applying Holder’s inequality with conjugate exponeqiandq’ on the
previous transformation, and by using the inequalitys one easily obtainss(4).
Hence, the inequalities are equivalent and the proof is completed. O

Real parameters andg in (6.4) and (6.5) satisfy the conditiom+3 < n. In what
follows we shall obtain similar inequalities which are, in some way, complementary
to the inequalities.4) and ¢.5). The first step is to consider the case when the
functiong € L9(R"™) is symmetric-decreasing, that igx) > ¢(y) wheneverx| <
ly|. Sinceq > 1, for such a function angt € R", y # 0, we have

q 1 q
(6.6) gl(y) < Byl /B(M)g (x) dx
1 q

S BN Jun &) O

n -n
S lol

whereB(|y|) denotes the ball of radidg| in R, centered at the origin, an@(|y|)| =
|y|"‘i—"| is its volume.

Theorem 6.2. Let o and 3 be real parameters satisfyif< o < n,0 < 8 < n,
a+f=n (}D + 5) > n. If f andg are nonnegative functions such thfae L?(R"),
g € L(R™), then the following inequalities hold and are equivalent

f(x)g(y)
®m2 X = y[" o x +y[nh

n

(6.7) S

1—X
dxdyg( ) Co.q; 0 B )| Fll gl

W

£’ e

N
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and

f(x)dx r/ v
©9 {/ MR dy}

1—X
n
S(Eﬂ) C(p,q;a, B;n)|| flp,

with the constant

(6.9) C(p,q; o, B3n) = /

re |€1 — x[" ey + x| 8

x| @ dx

wheree; = (1,0,...,0) € R" and|S,| is the Lebesgue measure of the unit sphere
in R™.
Proof. Since we shall use a general rearrangement inequality (see Jj.it[is

enough to prove the inequality for symmetric-decreasing functfoaad g. First,
using Hoélder’s inequality with parametey’s p’ andﬁ, we have

(6.10) / JOIY)  gay < 17 17 1
Ren |X — Y| x 4y

where
]_i/ x| |y| "«
L= n—ao n—0
Rz [X —y["x +
x| 7 y| 7
hz/ g(y)dxdy,
R2» \x—y|“*a|x+y\”*5 ( )

P L
3= n—o n—0
R [X —y|" 7 x +y]

fP(x)dxdy,

fP(x)g?(y)dxdy.
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Further, using the substitution= |x|u (sody = |x|"du) and rotational invariance

of the Lebesgue integral IR™ we easily get:

n ly|
I — / x| 17 () / dydx
R" rRe (X — Y[ x4y

= [ e [ LIS

x
x|

lu| "7 du »
= — = I/}
R" |€; — u| le; + u|

Analogously,

n
lu| " »du
’ re e —u|" “|e; +ul"” lglls

and, by 6.6),

I < n lu| "7 du

_ — f p g q.
|Sn| Rn ’el _u‘n a’el +u‘n Jé] || Hp H Hq

It remains to prove that

/ x| rdx B / x| 7 dx
re ler —x|"le; +x[7F T Jga Jer — x|["ole; + x| 8

We transform the left integral in polar coordinates using t6,¢t > 0,6 € S,, and
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the substitutiort = 1 to obtain:
/ x| Pdx
o |61 — x[?"ley +x[*0
o0 t rtP1dt
= :
. ex — 0] <ler + 607

t » tn 1dt Hardy-Hilbert Type Inequalities
/ de / — M. K.r’nié, J. Peéarit’:.,’
n 1 + t2 _ 2t<e1, 9>) (1 + t2 + 2t<eh 9>)T I. Peri¢ and P. Vukovic

vol. 10, iss. 4, art. 115, 2009

—a—0 u™ 1
/ d@/ ur du _
n 1—|—u2—2u<e1,9))T(1+u2+2u(e1,0>)T

Title Page
B / x| dx
= we el — X\”*O‘]el —i—X\”*ﬁ' Contents
To complete the proof, we need to consider the general case, that is, for arbitrary « "
nonnegative functiong andg. Sincex — |x|"™%, x — |x|"* are symmetric- < >
decreasing functions vanishing at infinity, the general rearrangement inequality im-
p|ies that Page 34 of 39
* * Go Back
R [X — Y[ x + Y r2n [X —y["x +y| Full Screen
Clearly, by ©.10), the right-hand side of5(11) is not greater than Close
n\'* . . . : »
(6.12) 1) Cwaa sl el journal of inequalities
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whereC(p, q; o, 3;n) is the constant from the right-hand side 6f{). To achieve
equality in €6.12), we used the fact that the symmetric-decreasing rearrangement is
norm preserving.

On the other hand, by putting the function

Qg

5v) = UR |x — y!’i(“i2 + yl"‘de

in the inequality §6.7) we obtain §.8). The equivalence of the inequalities () and
(6.8) can be shown in the same way as in Theofein O

The case: = 1 of the previous theorem is interesting as for that case the constant
C(p,q;a, B;n) can be expressed in terms of the hypergeometric function. More
precisely, using the definition of hypergeometric functions (for more detailslpee [
itis easy to see that the following identity holds ok d, ds, ds < 1, di+ds+d3 >
1:

/ |t 7921 — ¢|7% |1 4 t| " dt
R
= B(l - dz, 1-— dg)F(dl, 1-— d2;2 - d2 - d3; —1)
+ B(]_ - dg, 1-— d1>F<d3, 1-— d27 2 — d2 — dl, —].)
+ B(dy +ds +ds — 1,1 —d3)F(dy,dy + dy + d3 — 1;dy + da; —1)
+ B(d1 + dg + dg — 1, 1-— dl)F(dg,dl + dg -+ dg — ].,dg + dg, —1)
Hence, fom = 1 we have

Corollary 6.3. Let« and 3 be real parameters satisfying< a < 1,0 < § < 1,
a+f = % + % > 1. If f and g are nonnegative functions such thate L?(R),
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g € L1(R), then the following inequalities hold and are equivalent

f(x)g(y)
619 | T

dzdy < 22'C(p, ;. B)|| fllollgllas

and

1

f(z)dx ! ! A1 )
(6.14) { L e ) dy} < 2. g B)

where

=

+
8
|

—_

(6.15) C(p,q;,5) =B (;,a> F (1 —

—_
|
=
_|_
8
|
—_

+
oy
7~ N N
=
N——
B>
N N
—_
|
R
N N
"= R~ Q=
+
isS
|
—_

=@

+

™
~~
=

11

B(-,-) is the usual (one-dimensional) beta function and, , d»; ds; z) is the hyper-
geometric function.

The following corollary should be compared with Theorém

Corollary 6.4. If f and g are nonnegative functions such that LP(R) andg €
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L4(R), then the following inequalities hold and are equivalent

(6.16) f (l’)g(y)dridy
R2 |ZE2 _ y2|§

Al Al
<2 B(1-Z,—)+B(1-2,— :
<ot 5 (1300 ) + 5 (1= 3050 ) | Wbl
and

(6.17) /[ M] ay q

R |I’2 _ y2|%

Al Al
<2 B(1-%,— Bll——= —
<27 |2 (1-355) + 2 (1-3.57) |1

Proof. Seta =3 =1— % in the previous corollary. O

Note that inequalities3(16) and ¢.17) could not be obtained from Theoreinl.
In other words there are no suchand g for which the kernel in inequalities5(4)
and 6.5) reduces tdz? — y?| 2.
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