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Abstract
We prove LP-inequality for the Littlewood-Paley g-function in the Dunkl case on

P{]
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In the Euclidean case, the Littlewood-Palgfunction is given by

o) = [ I <'%u(m,t>

whereuw is the Poisson integral of andV is the usual gradient. Th&’-norm

1
2

—i—\qu(x,t)\Z)tdt] , T €RY

2

of this operator is comparable with té&-norm of f for p €]1, o] (see [.9]). Litlewood-Paley g-Function in
Next, this operator plays an important role in questions related to multipliers, ~ the Dunkl Analysison R
Sobolev spaces and Hardy spaces ($€p.[ Fethi Soltani

Over the past twenty years considerable effort has been made to extend the
Littlewood-Paleyg-function on generalized hypergroups)] 1, 7], and com-

. . . Title Page
plete Riemannian manifolds].

In this paper we consider the differential-difference operatprg = 1, .. ., d, GO
onR¢ introduced by Dunkl in§] and aptly called Dunkl operators in the litera- PP 99
ture. These operators extend the usual partial derivatives by additional reflection
terms and give generalizations of many multi-variable analytic structures like S 4
the exponential function, the Fourier transform, the convolution product and the Go Back
Poisson integral (see.?, 23, 16] and [L3]). p—

During the last years, these operators have gained considerable interest in
various fields of mathematics and in certain parts of quantum mechanics; one Quit
expects that the results in this paper will be useful when discussing the bound- Page 3 of 28

edness property of the Littlewood-Palgjunction in the Dunkl analysis oR“.
Moreover they are naturally connected with certain Schrodinger operators for ; 7o pue and Apl. M. 6 At 64, 2005
Calogero-Sutherland-type quantum many body systemriq.[ gl
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The main purpose of this paper is to give fiteinequality for the Littlewood-
Paleyg-function in the Dunkl case oR? by using continuity properties of the
Dunkl transformF;, the Dunkl translation operators of radial functions and the
generalized convolution produet. We will adapt to this case techniques Stein
usedin .8, 19].

The paper is organized as follows. In Sectibwe recall some basic har-
monic analysis results related to the Dunkl operator®6énIn particular, we
list some basic properties of the Dunkl transfafin and the generalized con-
volution productx; (see , 23, 15)]).

In Section3 we study the Littlewood-Paley-function:

o)) = [ | Oguk(x,w

whereuy (-, t) is the generalized Poisson integraljof

We prove thay is LP-boundedness fagr € |1, 2].

Throughout the paper denotes a positive constant whose value may vary
from line to line.

1
2

+|quk(a:,t)|2>tdt] , = €RY

2
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We consideiR? with the Euclidean inner produ¢t -) and normj|z|| = /(z, z).
Fora € RY4\{0}, leto, be the reflection in the hyperpla#g, C R¢ orthog-

onal toa:
(Q(a,m))
Ol '— T — TN «
et

A finite setR ¢ R%\{0} is called a root system, R "R, a = {—a, a} and
o,R = R forall « € R. We assume that it is normalized by||*> = 2 for all
a € R.

For a root systenk, the reflections,,, « € R generate a finite grou@ C
O(d), the reflection group associated with All reflections inG, correspond to
suitable pairs of roots. For a givehe H := R? \U H,, we fix the positive
subsystem:

aER

R, :={a€e R/ {a,p) >0}

Then for eachy € R eithera € R, or—«a € R,
Let k£ : R — C be a multiplicity function onR (i.e. a function which is
constant on the orbits under the action(®f. For brevity, we introduce the

index:
y=9k) =) ko).

aER

Moreover, letw;, denote the weight function:

wi(w) == [] Ko, o), zeRr?,

acER,
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which isG-invariant and homogeneous of degee
We introduce the Mehta-type constagt by

(2.1) Ck = (/]Rd e"'”ﬁzduk(x)) . where du(x) := wi(z)dz.

The Dunkl operatorg’; j = 1,...,d, onRR? associated with the finite re-
flection groupG and multiplicity functionk are given for a functiorf of class
C' onR¢, by

Tif(x) :=

+ ) k(o)

acR

The generalized Laplaciah; associated witli- andk, is defined byA,, :=
>4, T2 Itis given explicitly by

) =2 > k(a) ai;f“x),

acER

(2.2) Apf(z) = Lif(z

with the singular elliptic operator:

(x)+2 > k(a) >>,

a€R4

(2.3) Lif () =

whereA denotes the usual Laplacian.
The operatot., can also be written in divergence form:

d a
— (2 &cz

(2.4) Lif(x
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This is a canonical multi-variable generalization of the Sturm-Liouville operator
for the classical spherical Bessel function?, 20].
Fory € R4, the initial value problerfju(z, -)(y) = z;u(z,y);j = 1,...,d,
with «(0,y) = 1 admits a unique analytic solution &¢, which will be denoted
by Ex(x,y) and called a Dunkl kerneb[ 14, 16, 23].
This kernel has the Bochner-type representation (5dg [

(2.5) Ex(z,2) = / WAl (y); xR zeCY
R4

where(y, z) = Zle y;z; andI’', is a probability measure di? with support
in the closed balB,(o, ||z||) of centero and radiug|z||.

Example 2.1 (seei3, p. 21)). If G = Z,, the Dunkl kernel is given by

~D(y+3) sen(x) [
2 =" 0) TP /

Notation. We denote byD(R?) the space of > —functions oriR¢ with compact
support.

The Dunkl kernel gives an integral transform, called the Dunkl transform on
R?, which was studied by de Jeu id][ The Dunkl transform of a functioff in
D(RY) is given by

E

y (2 — )z +y)dy.

||

AN = [ Bz fdu@), <R
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Note thatF, agrees with the Fourier transforfonR¢:
F(P)a)i= [ e oy, e R
R4

The Dunkl transform of a functiofi € D(R?) which is radial is again radial,
and could be computed via the associated Fourier-Bessel tranﬁﬁlg%_l
[11, p. 586] that is:

Fie(f)(z) = 27+d/201;1 .7:5+d/2_1(F)(||x||),

wheref(x) = F(||z||), and

h Jrvayz ([|z]|7) _
P (Pl = [ ) e s

Herej, is the spherical Bessel functions].
Notations. We denote by_? (R?), p € [1, o], the space of measurable functions
fonR? such that

1
P

< oo, pEIl, o0,

Il = | [ 1P dunt)

[fllzze := esssup | f(z)| < oo,
z€R4

whereyy, is the measure given by (1).
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Theorem 2.1 (seeT)).

i) Plancherel theorem:the normalized Dunkl transforr"~42¢,. F; is an
isometric automorphism oh? (R?). In particular,

1Fllzz =272 | Fi( )l oz

i) Inversion formula: let f be a function inL}(R?), such thatF,(f) €
LL(R9). Then

FAf)(x) =272 F(f)(—z), ae.xcR™

In [6], Dunkl defines the intertwining operatdf, on P := C[R?] (the C-
algebra of polynomial functions dR?), by

V)@= [ p)dru). e R

wherel’, is the representing measure Rfigiven by @.5).

Next, Rosler proved the positivity properties of this operator ($€B.[
Notation. We denote by (R?) and by&’(R?) the spaces af>°—functions on
R and of distributions ofR?¢ with compact support respectively.

In [22, Theorem 6.3], Triméche has proved the following results:

Proposition 2.2.
i) The operatoi;, can be extended to a topological automorphisng 6R?).
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i) For all z € RY, there exists a unique distribution, . in &'(R) with
Supfnr.) € {y € R/ ||ly|| < ||lz||}, such that

Vo) ' () (@) = (e, £, f € ERY).
Next in [27], the author defines:
e The Dunkl translation operators, = € R?, on&(R?), by
T f(y) == (Vi)o ® (Vi) (Vi) ()@ +9)],  y e RY
These operators satisfy fory andz € R? the following properties:
(2.6) of=/f nfly)=1/f(2),
Ey(x,2)E(y, 2) = 7o (Ek (-, 2))(2),
and
2.7) Fi(re F)(y) = Buliz, y) Fu(f)(y).  f € DRY).

Thus by @.7), the Dunkl translation operators can be extended{iR<),
and forz € R? we have

I7efllee < W fllez,  f € LE(RY).

e The generalized convolution produgtof two functionsf andg in L2 (R?),
by
Frg@)i= [ nfpowdn. o r
R
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Note thatx, agrees with the standard convolutiewn R¢:
frgl)= | fle=ygly)dy, =eR"
R

The generalized convolutiof), satisfies the following properties:

Proposition 2.3.
i) Letf,g € D(RY). Then

Fi(f *x 9) = Fi(f) Fr(g)-

i) Letf,g € LZ(R?). Thenfx,g belongsta 2(R?) if and only if 7. ( f)Fx(9)
belongs taL; (R?) and we have

Fi(f *1 9) = Fi(f)Frlg), intheL? — case

Proof. The assertion i) is shown i, Theorem 7.2]. We can prove ii) in the
same manner demonstrated #1,[p. 101-103]. ]

Theorem 2.4.Letp, q,r € [1, 00| satisfy the Young’s condition:/p + 1/q =
L+ 1/r. Assume that € L}(R?) andg € L{(R?). If |7, f]|l.2 < c| fl|L2 for
all x € R4, then

1f =k glly < cllfllzellgllze-

Proof. The assumption that, is a bounded operator dif (R¢) ensures that the
usual proof of Young’s inequality (se&f, p. 37]) works. O
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Proposition 2.5.
i) If f(x) = F(||z|) in E(RY), then we have

i) = [P (VPP 208) aro: ay e R

Y

where

= 4/ mi <€l <
Avy = { €€ minlle-+ gyl < 1€l < max o+ gl |

andI', the representing measure given{@y>).

i) Forall z € R?and for f € L} (R?), radial, p € [1, ],

17 flle < [[flze-

i) Letp,q,r € [1, 00] satisfy the Young’s conditiornt:/p + 1/¢ = 1+ 1/r.

Assume that € LF(R?), radial, andg € L} (R?), then
1k glloy, < 1 llzpllgleg-

Proof. The assertion i) is shown by Rdésler in] Theorem 5.1].
i) Since f is a radial function, the explicit formula af. f shows that

% f ()] < (D) ()
Hence, it follows readily fron{2.6) that

17 flly < I lley-
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By duality the same inequality holds fpr= oc.
Thus by interpolation we obtain the result foE |1, oo|.
iii) follows directly from Theoren?.4.

Notation. For allz, y, z € R, we put

Wv(x,y, Z) = [1 — Ozy,2 + Oz + UZ,yyw] B’Y(‘x|> ’y|7 |Z|)=

where s
o %, if x,y € R\{0}
TY,2 T
0, otherwise
andB, is the Bessel kernel given by
B’V(|x|7 |y|7 |Z|)
(=] + y)? = 2%) (22 = (=] = D>
:: d, TP , izl € Ayy
0, otherwise
9=2v+1p ’Y+l
d7: ﬁr((’)/) 2)7 Aw,y: H|x|_|y|"|x|+|y’]

Remark 1 (see [(]). The signed kernédll’, is even and satisfies:
W’y($a Y, Z) = W’Y(ya z, Z) = WV<_xa Z, 9)7

W’y(xaya Z) = W’y(_zay7 _:E) = WV<_xa —-v, _Z)a
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and
/ Wy (x,y,2)|dz < 4.
We consider the signedRmeasun% (see [L(]) defined by
W, (x,y,2)|z[*dz, if z,y € R\{0}
dvgy(2) = q do.(2), if y=0
ddy(z), if z=0.
The measures, , have the following properties:

SUPP(v2y) = Avy U (—Asy)s eyl == / dliy] < 4.

Proposition 2.6 (see 0, 19)). If d = 1 andG = Z,, then
i) Forall =,y € R and for f a continuous function oR, we have

rf(y) = / F(E)dvay () + /( F(E)dva (©).

—Azy)
i) Forallz € Randforf € L2(R), p € [1, <],
17 fllg < 41 fllzz-

iif) Assume thap, ¢, € [1, 00| satisfy the Young’s conditiont/p + 1/q =
1+ 1/r. Then the magf, g) — f *, g extends to a continuous map from
LE(R) x LI(R) to L (R) and we have

1Sy glls < 40 flezllglles-
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By analogy with the case of Euclidean spacé, [p. 61] we define, fot > 0,
the functiond¥, and P, onR?, by

Wi(x) == 27274 /

R4

e e By (i, €)dpx(€), = € R,

and
Pyi(z) = 272742 / e By (i, ) dpg(€), x € R4
Rd

The functioni¥;, may be called the generalized heat kernel and the funéiion
the generalized Poisson kernel respectively.
From [23, p. 37] we have

_ Ck — ||| /4t d
Wt(x)—me ”H/, r € R%.

Writing

1 e d
(31) Pt(x) = ﬁ \/— Wt2/4s( )d87 reR )

0

we obtain
(3.2 Py(x) = ar t ay = al v+ 57) O+5) .

(t2 + Hx||2)7+(d+1)/2’

NG

However, fort > 0 and for allf € LE(R?), p € [1, cc], we put:

up(a,1) = Powy f(x), = eR
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The functionu, is called the generalized Poisson integraf pfvhich was stud-
ied by Roslerinil, 13].

Let us consider the Littlewood-Paleyfunction (in the Dunkl case). This
auxiliary operator is defined initially fof € D(R<), by

o)) [ O—th

whereu,, is the generalized Poisson integral. Littlewood-Paley g-Function in
. . the Dunkl Analysis on R4
The main result of the paper is:

2

|quk(m,t)|2>tdt] , xR

. Fethi Soltani
Theorem 3.1. For p €]1,2], there exists a constamt, > 0 such that, for
f € LE(RY),
Title Page
lg( ey < Ap £l o 2
. . Contents
For the proof of this theorem we need the following lemmas:
" . 44 44
Lemma 3.2. Let f € D(R?) be a positive function.
< | 2
) un(a,t) > 0 and| % (2,1)| < i k€ Nanda € R, o Back
i)y For ||z|| large we have Close
c Ouy, c Quit
<
o) < G e 209 |Gt 0| < G Page 16 of 2

Proof. i) If the generalized Poisson kerng is a positive radial function, then 3. Ineq. Pure and Appl. Math. 6(3) Art. 84, 2005
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On the other hand from Propositi@nbiii) we have

aNUk aNPt
- - < 1 || —=
()] < 1l |G|

Then we obtain the result from the fact that
|5

otN
i) From Propositior2.51) we can write

tdl,(€)
maFi(=y) a’“/uw [£2 + [|z]]2 + |ly|? — 2(y, §) ] rd+D/2

whereaq,, is the constant given by3(2).
Sincef € D(R?), there exists > 0, such that supfy) C Ba(o,a). Then

F(y)dT,(€)dpui (y)
xt‘%ﬂmwﬁwﬁ+wwuwta@MWMw

It is easily verified forj|z|| large andy € B;(o, a) that

C
L?’ — tQ'y—i—d—f—N

x,y € R,

1 c
< .
[+ el + Tl — 20y, ] 77 = (@ 4 [l By

Therefore and using the fact that (2 + ||=||?)'/2, we obtain

( t) ct < c
T
(82 4 ||z ||2)rH D2 = (82 4 [|o][2)r /2
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Thus the first inequality is proven.
From (2.6) we can write

= )dF (§)dpw(y)
x t = ay, /Bd (0,a) /Aly t2 + ||3;||2 _|_ ||y||2 _|_2<$ £>]ﬂ/+ 02

By derivation under the integral sign we obtain

8uk (o.1) _ak/ / - —t(2x; + &) f(=y)dly (§)dpw(y)
By(o,a) J Ag,

. Littl d-Pal -Function i
+ [l + Iyl + 2(z, s/ "the Dunki Anaysison B

But for ||z|| large andy € By(o, a) we have AUl
t|2z; + &| < £(2]w] + [&]) ' Title Page
[ + [l + [y]I* + 2(2, P+ 32 = (82  ||z]|2)r+ /2
Contents
Using the fact that(2|z;| + &) < (14 |&]) (12 + ||=]|?) when|z| large, we «“ >
obtain
’8 o t)‘ c < >
. 2 Hd+1)/2”
O (% + [l ]|*)” ——
which proves the second inequality. O
Close
Lemma 3.3. Let f € D(R?) be a positive function ang €]1, oo]. Quit
. . N 0%u?
) ]\}1_{20 de(o,N) o o (4, 1) tdtdpy(x fRd fP(@)dpk (). PEEE 118 6 2t

") ]\}I_I}’;O fON de(O,N) Lkui(, t) (l’) dluk (l’)tdt _ O7 J. Ineq. Pure and Appl. Math. 6(3) Art. 84, 2005
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whereL, is the singular elliptic operator given bi2.4).

Proof. i) Integrating by parts, we obtain
N 92uP
/ L () et ()
Bg(o,N) J0

By(o,N) Bg(o,N)

ou . o
1 k ] .
+pN ! (o N) N dpae (), " the Dunki Analyeie o R
Bd(07N)
From Lemma3.2i), we easily get Fethi Soltani
/ ub (x, N)dug(x) < ¢ N~ 1)@v+d) Title Page
By(o,N)
’ Contents
and 5
N W, N) 2k (2, N)dpug(x) < ¢ N™@DCra), “« | »
Ba(o,N) ot y >
which gives i).
i) We have Go Back
N Close
Lkup )( d,uk tdt Iz N, :
/0 /Bd(o,N) k Z Quit
where Page 19 of 28
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Let us study/; y:

N W) L1 (2™) ¢ Ok, ()
Liy=p wi(x'™) Juy (2 1) 5 (1)
0 Bg_1(o,N) O

_ 8uk
— uy, 1(_$(N)’t)8_x1

(=™, t)} dxs ... drgtdt,

Wherex(N):< N2 — EZ 2xf,x2,...,xd).

Littlewood-Paley g-Function in

Then, by using Lemma.2ii) and the fact thatv, (+¥)) < 27 N2 we obtain the Dunkl Analysis on R
fOF N large Fethi Soltani
dﬁd tdt
Iin <eN?%
LV =€ / /Bd N t2 + N2)(“/+d/2)p+1/2 Title Page
< ¢ NP+ / / L dagtdt Contents
Ba- 10N> « "
< (r—1)(2y+d)—(d-1)/2.
cN™ P >
The same result holds fdr v, i = 2,. .., d, which proves ii). O E——
Lemma 3.4.Let f € D(R?) be a positive function. Define the maximal function Close
M (f), by _
(3.9 Mi(f)(@) = sup (e(z,8)), o € RE =
. ) = sup (ug(zx, , T .
g t>103 g Page 20 of 28

Then forp € ]1, oo], there exists a constant, > 0 such that, forf € L} (R?),
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moreover the operataM, is of weak typé1,1).

Proof. From (3.1) it follows that

t o0
ug(x,t) = m/o W, 5y, f(z)e /455732,

which implies, as in]8, p. 49] that

M(f)(x) < csup Q f(z , T €E Rd’ Littlewood-Paley g-Function in
y>0 the Dunkl Analysis on R4
Fethi Soltani

whereQ, f(z) = W; % f(z), which is a semigroup of operators a@f(R?).
Hence using the Hopf-Dunford-Schwartz ergodic theorem asingd. 48], we

get the boundedness 8, on L7 (R?) for p €11, oo] and weak typg1,1). [ Title Page
Proof of Theoren.1 Let f € D(R?) be a positive function. From Lemnga2 Contents
i) the generalized Poisson integtal of f is positive. < »»
First step Estimate of the quantity2 u,(z, t)| 24 |Voux(z, t)| 2. P >
Let H, be the operator:
Go Back
82
=L Close
Quit

whereL, is the singular elliptic operator given bg.(Q).

Using the fact that Page 21 of 28
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we obtain forp € |1, oo],

Hyl (2, 1) = p(p — Dl >(, 1) ['%uk(x,t)

+ \quk(x,t)P]

where
Uy, t) = 2ul (1) [ug (2, ) — ug(oaz, )], a € Ry.
Let A, B > 0, then the inequality
2AP"1(A— B) > (AP"' + B (A - B)
is equivalent to
(AP~ — BP"H (A~ B) >0,
which holds ifA > B or A < B. Thus we deduce that
Un(z,t) > [uf  (2,t) + ul 00z, )] [ug(z,t) — up(0am,t)]
and therefore we get

2

0
(3.4) ‘auk(%t) +\V$uk(x,t)|2

1
p(p—1)

uzfp(:c, t) [vg(, t) + Hyul (z,t)],

Littlewood-Paley g-Function in
the Dunkl Analysis on R4
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Title Page
Contents
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< | 2
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Close
Quit
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where

vz, t) =p Y k(a) [ (oo, t) +ul (2, 1)] [ur(0az, t) — up(2,t)].

2
acER <Oé’ x>

Second steprhe inequalityl|g(f)|z» < Ay || f[|z, forp €]1,2].
From 3.4), we have

1 (o @)
[g(f) ($)]2 < — / Ui p(ﬁ, t) [Uk: (x, t) + H/ﬂbi(fﬂ, t)] tdt Littlewood-Paley g?Function in
p(p - 1) 0 the Dunkl Analysis on R¢
1
< B O@ MU R
where - Title Page
Ze(f)(x) = / [og (2, 1) + Hpuy (z,t)] tdt, Contents
0
and M, (f) the maximal function given by3(3). 4 dd
Thus it is proven that < >
o < (=) [ ED @ M) i
L = \pp—-1) e b A Close
By applying Hoélder’s inequality, we obtain Quri

Page 23 of 28
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Sincevg(x,t) + Hyup(z,t) > 0, we can apply Fubini-Tonnelli’'s Theorem to
obtain

N
1Z6(Pllzy = Jim / / [ve(, 1) + Hyul (, )] dpg () tdt.
—>Jo Bg(o,N)

Puttingy = o,x and using the fact that? = id; (o,y,a) = —(y,a), then as
in the argument of 16, p. 390] we obtain

/ vg(x, t)dug(z) = —/
By(o,N) Bg(o,N)

/ vel, D) () = 0.
Bg(o,N)

Hence from Lemm®&.3, we deduce that

vi(y, t)dp(y)-

Thus

N
@8 70y = Jin [ [ e ttadpnte) = 117,
= JBy(o,N) J0O k
On the other hand from Lemnta4 we have

(3.7) [Me()llze < Cpllfll e
Finally, from 3.5, (3.6) and (3.7), we obtain

1 3
o ) _ (2-p)/2.
9l < A5z, 4= (525 )
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Since the operatog is sub-linear, we obtain the inequality fgr € D(RY).
And by an easy limiting argument one shows that the result is also true for any
feLiRY, pell2

For the case = 2, using 8.4) and (3.6) we get

1 o 1
o <5 [ [ Do) + Mo )] titdyante) = 511,

which completes the proof of the theorem. ]
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