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Abstract:

In this paper, we obtain the general solution and the generalized Hyers-
Ulam-Rassias stability of the generalized mixed type of functional equa-
tion

fle+ay) + f(x—ay)

=a®[fx+y)+ flx—y]+2(1-a®) f(2)
(a4—a

+T)[f(2y)+f(*2y)*4f(y)*4f(*y)]-

for fixed integers: with a # 0, £1.
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1. Introduction

S.M. Ulam B1]] is the pioneer of the stability problem in functional equations. In

1940, while he was delivering a talk before the Mathematics Club of the University
of Wisconsin, he discussed a number of unsolved problems. Among them was the

following question concerning the stability of homomorphisms:
"Let G be group andH be a metric group with metrid(-,-). Givene > 0 does
there exist & > 0 such that if a functiorf : G — H satisfies

d(f(zy), f(x)f(y)) <o
forall z,y € G, then there exists a homomorphismG — H with
d(f(z),alz)) <e

forall z € G."
In 1941, D.H. Hyers12] gave the first affirmative partial answer to the question
of Ulam for Banach spaces. He proved the following celebrated theorem.

Theorem 1.1 ([L2]). Let X, Y be Banach spaces and Iét: X — Y be a mapping
satisfying

(1.1) If(x+y)—f@) - fWl<e
forall z,y € X. Then the limit

(1.2) a(x) = lim %
exists for allxr € X anda : X — Y is the unique additive mapping satisfying
(1.3) If (z) —a(@)] <e

forall z € X.

W

£’ e

*

P
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In 1950, Aoki [2] generalized the Hyers theorem for additive mappings. In 1978,
Th.M. RassiasZ6] provided a generalized version of the Hyers theorem which per-
mitted the Cauchy difference to become unbounded. He proved the following:

Theorem 1.2 (R6]). Let X be a normed vector space aidbe a Banach space. If
a functionf : X — Y satisfies the inequality

(1.4) 1f (@ +y) = f (@)= FWI < 0=l”+[lyl[")
forall =,y € X, wheref andp are constants witld > 0 andp < 1, then the limit
(1.5) T(x) = lim L (22“3“")

exists for all: € X andT : X — Y is the unique additive mapping which satisfies

(1.6) If (2) =T (z)] < 9 iegp

forall z € X. If p < 0, then inequality {.4) holds forz,y # 0 and (L.6) for z # 0.
Also if for eachz € X the functionf(tx) is continuous irt € R, thenT is linear.

[l[[”

It was shown by Z. Gajda9], as well as Th.M. Rassias and P. Sen@T|[that
one cannot prove a Th.M. Rassias type theorem whenl. The counter examples
of Z. Gajda, as well as of Th.M. Rassias and P. Se@if] have stimulated several
mathematicians to invent new definitions of approximately additive or approximately
linear mappings; P. Gavruta(] and S.M. Jung17] among others have studied the
Hyers-Ulam-Rassias stability of functional equations. The inequality) that was
introduced by Th.M. Rassiag§] provided much influence in the development of a
generalization of the Hyers-Ulam stability concept. This new concept is known as
the Hyers-Ulam-Rassias stability of functions.
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In 1982, J.M. Rassia22f]] following the spirit of the approach of Th.M. Ras-
sias 6] for the unbounded Cauchy difference proved a similar stability theorem in
which he replaced the factdr:||” + ||y||? by ||z||?||y||? for p,q € R with p+ ¢ # 1.

Theorem 1.3 (R4]). Let X be areal normed linear space andbe a real completed
normed linear space. Assume tifat X — Y is an approximately additive mapping
for which there exists constamis> 0 andp,q € R suchthatr = p+ ¢ # 1 and f
satisfies the inequality

If (@+y) = f (@) = f @I <0zl [yl
forall =,y € X. Then the limit

(1.7)

L(z) = lim —f (2"z)

n—oo on

(1.8)

exists for allr € X andL : X — Y is the unique additive mapping which satisfies

(1.9) 1/ () = L{z)| <

forall x € X. If, in addition f : X — Y is a mapping such that the transformation
t — f(tx) is continuous int € R for each fixedr € X, thenL is anR— linear

mapping.

However, the case = 1 in inequality (L.9) is singular. A counter example has
been given by P. Gavrutd ]]. The above-mentioned stability involving a product
of different powers of norms was called Ulam-Gavruta-Rassias stability by M.A.
Sibaha et al.,30], as well as by K. Ravi and M. Arunkuma2@]. This stability result
was also called the Hyers-Ulam-Rassias stability involving a product of different
powers of norms by Parkf].
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In 1994, a generalization of Th.M. Rassias’ theorem and J.M. Rassias’ theorem

was obtained by P. Gavrutd(], who replaced the factor& (||x||” + ||y||’) and
0 (||z||”|ly||?) by a general control functiop(x,y). In the past few years several

mathematicians have published various generalizations and applications of Hyers-
Ulam- Rassias stability to a number of functional equations and mappings (see

[4, 5, 13, 18, 19]). Very recently, J.M. Rassiag9] in the inequality (.7) replaced
the bound by a mixed one involving the product and sum of powers of norms, that
is, O{I[|[Plly[[” + ([|=[1* + [ly|[*")}.

The functional equation

fla+y)+ fle—y) =2f(x)+2f(y)

is said to be ajuadratic functional equatiobecause the quadratic functigiiz) =
ax? is a solution of the functional equatiof.( (). A quadratic functional equation
was used to characterize inner product spate(. Itis well known that a function

f is a solution of (.10 if and only if there exists a unique symmetric biadditive
function B such thatf(z) = B(z, z) for all z (see RQ]). The biadditive function3

is given by

(1.10)

(1.11) f(x+y)+ f(z—y)].

S,

B(r,y) =
The functional equation

fQRrx+y)+ f(2r—y)=2f(z+y)+2f(x—y)+12f (z)

is called acubic functional equatignbecause the cubic functiof{z) = c2? is a
solution of the equationl(12. The general solution and the generalized Hyers-
Ulam-Rassias stability for the functional equation1() was discussed by K.W.
Jun and H.M. Kim 14]. They proved that a functiori between real vector spaces

(1.12)

W

N
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X andY is a solution of {.12) if and only if there exists a unique functiai :
X x X x X — Y suchthatf(z) = C(z,z,z) forall z € X andC' is symmetric for
each fixed one variable and is additive for fixed two variables.

Thequartic functional equation

(113) f(z+2y) + f(z—2y)—6f(z)=4[f(z+y)+ f(x—y)]+24f (v)

was introduced by J.M. Rassiadd. Later S.H. Lee et al.,Z1] remodified J.M.
Rassias’s equation and obtained a new quartic functional equation of the form

(1.14) fQx+y)+fQRr—y)=4[f(x+y) + f(r—y)+24f(z) —6f(y)

and discussed its general solution. In fact S.H. Lee et} groved that a function
f between vector spaces andY is a solution of {.14) if and only if there exists
a unigue symmetric multi - additive functiagp : X x X x X x X — Y such that
f(x) = Q(z,z,z,z) forall z € X. Itis easy to show that the functiof{z) = kz*
is the solution of {.13 and (L.14).

A function

(1.15) f(x) = Q(z1, w2, 73, T4)

is called symmetric multi additive i€) is additive with respect to each variable
z;, 1=1,2,3,4in(1.19.
A function f is defined as

wherea(z) = f(2z) — 16f(x), B(x) = f(2z) — 4f(z), further, f satisfiesf (2z) =
4f(z)andf(2z) = 16 f(x) is said to be guadratic - quartic function
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K.W. Jun and H.M. Kim [L€] introduced the following generalizeguadratic and
additive type functional equation

(1.16) f(in>+<n—2>Zf<xi>: Y. flrit)

1<i<j<n

in the class of functions between real vector spaces. nFet 3, Pl. Kannap-
Stability of Generalized Mixed Type

pan proved that a functiofi satisfies the functional equatiof. (6 if and only if K. Ravi, J.M. Rassias,
there exists a symmetric bi-additive functidnand an additive functio®s such that bSO B
f(x) = B(z,z) + A(x) for all = (see RQ]). The Hyers-Ulam stability for the equa- (RN L e

tion (1.16 whenn = 3 was proved by S.M. JundL]. The Hyers-Ulam-Rassias
stability for the equationl(.16 whenn = 4 was also investigated by I.S. Chang et

al [3] Title Page
The general solution and the generalized Hyers-Ulam stability foqiagratic Contents
and additive type functional equation o N
(1.17) fatay)+af(x—y)=f(r—ay) +af (z+y) < >
for any positive integet. with a # —1,0,1 was discussed by K.W. Jun and H.M. Page 9 of 57
Kim [15]. Recently A. Najati and M.B. Moghimig2] investigated the generalized
Hyers-Ulam-Rassias stability forquadratic and additive type functional equation Go Back
of the form Full Screen
(1.18) [z +y)+fQRx—y)=2f(v+y) +2f(@—y)+2f(2z) —4f (z) Close
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for fixed integerst with £ # 0, £1 in quasi -Banach spaces was investigated by M.
Eshaghi Gordji and H. Khodaié&]. The mixed type functional equationi.(L9) is
additive, quadratic and cubic.

In this paper, the authors introduce a mixed type functional equation of the form

(1.20) f(z+ay)+ f(z —ay)

= CL2 [f (I + y) + f (x - y)] +2 (1 - CL2) f (]7) Stability of Generalized Mixed Type
a4 _ a2 K. Ravi, J.M. Rassias,
4 [f <2y) 4 f (—Qy) o 4f (y) . 4f (_y)] M. Arunkfjmar and R. Kodandan
12 vol. 10, iss. 4, art. 114, 2009
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2. General Solution
In this section, we present the general solution of the functional equaitiaf).(
Throughout this section lef; and E; be real vector spaces.

Theorem 2.1.Let f : By — E, be a function satisfyingl(20 for all x,y € F;. If
f is even thery is quadratic - quartic.

Proof. Let f be an even function, i.ef(—z) = f(z). Then equationi(20) becomes
1) f(z+ay)+ f(z—ay)
=a[fz+y)+fle—-yl+2(1-a) f(x)
[ (2) — 4f W)

forall x,y € E;. Interchanging: andy in (2.1) and using the evenness ffwe get

(2.2) f(ax+y)+ f(az —y)
=a’[f(x+y)+flr—y]+2(1—0a®) f(y)

CL4—CL2

+ 1 20) — 4f (@)

forall x,y € E;. Setting(z,y) as(0,0) in (2.2), we obtainf(0) = 0. Replacingy
by z + y in (2.2) and using the evenness ffwe have

3) fla+)z+y)+ f(la—1)r—y)
=d’[fz+y)+fW]+2(1—a®) f(z+y)

[f (22) — 4f (2)]

a*—a
6

+
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forall z,y € E;. Replacingy by z — y in (2.2), we obtain

4) f(la+)z—y)+ f(la—1)z+y)
=a’[fQz—y)+fW]+2(1—0a®) flz—y)
[f (2z) —Af (2)]

a —a

6

forall x,y € F;. Adding (2.3) and ¢.4), we get

25) f(la+Da+y)+f((a-De—y) +f((a+1)z—y)
+f((a—1)az+y)
=d[fr+y)+fQr—y)+2f )] +2(1—a®) [f(x+y)+ f(z—y)]

© 2 of (20) - 8f ()]

6
forall z,y € E,. Replacingy by ax + y in (2.2), we obtain

(2.6) f(ax+y)+ f(y) =a’[f((a+1)z+y)+ f(1—a)z—y)]

4 2

— [ (22) — 4f (@]

+

+2(1—a2)f(ax+y)+a
forall x,y € E;. Replacingy by ax — y in (2.3), we get
@2.7) fQar—y)+fy)=a’[f((@a+Da—y)+ f((1-a)z+y)

F2(1- ) f(ar - 9) + [ 20) - 4 (@)
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forall z,y € E;. Adding (2.6) and ¢.7), we obtain

(2.8) f(2ax+y) + f (2ax —y) +2f (v)

=a[f((a+Da+y) +f((a+)z—y)+f(la-Da+y)+f(la—1)z—y)

a* — a?

+2(1—a®) [f(ax+y) + f(az —y)] + 3

[f (22) — 4f (2)]

forall x,y € E;. Using €.5) in (2.8), we arrive at

(2.9) fQaz+y)+ f(2ax —y) +2f (v)
=a'[f Qe +y)+ [ 2z —y)]+2a"f (y) +2a° (1 = a®) [f (x+y) + f (x — y)]
TN (o) — 4 (@] 42 (1 @) [F (a4 9) + f (az — )]

1 (20) — f (@)

_|_

forall z,y € E;. Replacinge by 2z in (2.2), we get

(2.10) f(2ax +y) + f (2ax —y)
=a[f e +y)+ 2z —y)]+2(1-d®) f(y)

T (aa) — 47 (20)

a —a

6

forall x,y € E;. Using .10 in (2.9), we obtain

(211) & [fz+y)+ fQRz—y)|+2(1—a®) f(y)

a* — a?

+ g f (o) — 4f (22)] +2f ()
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= a'[f Qe+ )+ f (2 = y)] +20° (1= @) [ (2 + ) + f (=)
+M[f(2x)_4f(.r)]+2(l—a2) [f (ax +y) + f (ax — y)]

0,4—&2

[f (22) = 4f (x)] +2a"  (y)
forall z,y € E;. Using ¢.2) in (2.11), we get
(2.12) a*[f (22 +y) + f (22 —y)]

a —a

+2(1—a®) f(y)+ 5 [f (4x) —4f (22)] +2f (y)
=a'[fQe4y)+ [z —y]+20° (1-a®)[f(x+y)+ f(x—y)]

il ) U= (20) — 4f ()

[f (2z) —4f (z)] +
+2a'f (y) +2(1—a) |&* (f(z+y)+ f(z—y))

4 2

CL4 —
+2(1—a®) f(y)+ 5
forall x,y € E;. Lettingy = 01in (2.2), we obtain

CL4—(12

CF (20) - 4f (&)

(2.13) 2f (ax) = 2a° f () + [f (22) —4f (x)]
forall x,y € FE;. Replacingy by = in (2.2), we get
(2.14) f((a+1)z)+ f((a—1)z)

at — a2

= a2 (20)+2 (1 - a?) f (o) + S [ (20) — 4f (o)
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forall z € E,. Replacingy by az in (2.2), we obtain

(2.15) f(2az) =a’[f (1 +a)x) + f((1—a)2)]

+2(1—ad?) f(az)+

a* — a?

[f (22) —4f (2)]

forall x € F,. Lettingy = 0in (2.10), we get

4 2

1 (4) - 4f (20)

forall z € F,. From .15 and .16), we arrive at

(2.16) f (2ax) = a*f (2z) +

4 2

S [f (42) — 4f (20)] = @ [[ (1 + @) @) + £ (1 - a) 2)]

12
+2(1—a?) f(az) + L [f (20) — Af (2)]

(2.17) a>f (22) +

forall z € F;. Using €.139 and ¢.14) in (2.17), we obtain

CL4—(12

5 Lf (42) — 4f (22)]
= 2 [a2f (22) +2 (1 —a?) f (z) + g [f (2x) —4f (fv)]]
+ (1-a?) [2a2f (x) +

(2.18) a*f (2z) +

at — a2
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forall z € F,. Comparing 2.12 and ¢.19, we arrive at

(2.19) fx+y)+f(2z—y)
=4[f(@+y)+ f(@—y)] =8f(z) +2f (2z) — 6/ (y)
forall x,y € E;. Replacingy by 2y in (2.19, we get

(2.20) f(2z+2y) + f (2x —2y)
=4[f(z+2y) + f(z —2y)] = 8f () +2f (2z) — 6/ (2y)

for all x,y € E,. Interchanging: andy in (2.19 and using the evenness ff we

obtain

(2.21) f(x+2y)+ f(z—2y)
=4[f(@+y)+ f(z—y]-8f(y)+2f(2y) —6f ()
forall x,y € E;. Using ¢.21) in (2.20), we get
(2.22) f(2z+2y)+ f (2 —2y)
=16[f (x+y) + f(x —y)l +2f (2y) = 32f (y) + 2f (2x) — 32f (x)
forall x,y € E,. Rearranging4.22), we have
(2.23) {f(2z+2y) —16f(z+y)} +{f (2z —2y) —16f (z — y)}
=2{f (2z) =16 (x)} + 2{f (2y) — 16/ ()}
forall xz,y € E;. Leta : E; — FE, defined by

(2.24) a(z) = f(2x) —16f (x), Vo € Ej.
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Applying (2.24) in (2.23, we arrive at
(2.25) a(r+y)+a(r—y)=2a)+2a(y) Vo € Ey.

Henceoa : E; — FE, is quadratic mapping.
Since« is quadratic, we have (2z) = 4a/(x) for all z € E,. Then

(2.26) f(4x) =20f (2z) — 64f ()
forall z € E,. Replacing(z, y) by (2z,2y) in (2.19, we get
(2.27) f(2(2x +y)) + f(2(2x —y))
=4[f 2@ +y) + (2@ —y)] - 8f(2z) +2f (4z) — 6/ (2y)

forall x,y € E;. Using .26 in (2.27), we obtain
(2.28) f(2(2z+y)) + f(2(2x —y))

=4[f 2x+y)+ 2@ —y)]+32{f (22) —4f ()} — 6/ (2y)
forall x,y € E;. Multiplying (2.19 by 4, we arrive at

(2.29) 4f 2z +y)+4f (22 —y)
=16[f (z+y)+ f(z—y]+8{f 2z) —4f (x)} — 24 (y)

forall x,y € E;. Subtracting?.29 from (2.29, we get

(230) {f2@z+y)—4fCe+y)}+{f 22z —vy))—4f 2z —y)}
=4{f2@+y) —Af(z+y)} +4{f 2= —y) —4f (x —y)}
+24{f (2z) —4f (x)} —6{f (2y) —4f (v)}
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forallz,y € E;. Let( : E; — E, be defined by

(2.31) B(x)=f(2x) —4f (x),Vx € Ey.

Applying (2.30 in (2.31), we arrive at

(2.32) B2z +y)+ B2z —y)=4[B(z+y)+ B (z—y)] + 248 (z) — 65 (y)

forall x,y € F,. Hences : E; — Ey is quartic mapping.
On the other hand, we have

(2.33) flz) = w Vo € B,
This means thaf is quadratic-quartic function. This completes the proof of the
theorem. O

Theorem 2.2.Let f : E; — E5 be a function satisfyingl(20) for all x,y € E;. If
f is odd thenf is additive - cubic.

Proof. Let f be an odd function (i.e.f (—z) = —f (z)). Then equationi(.20
becomes

(234) f(r+ay) +f(z—ay)=a’[f(x+y)+ f(z—y)]+2(1—a°) f(2)
forall x,y € E;. By Lemma 2.2 of 13], f is additive-cubic. O

Theorem 2.3.Let f : E; — F, be a function satisfyingl(20 for all z,y € F;
if and only if there exists functiond : £, — E,, B : Ey x By — Ej, C :
E1 XE1 XE1 —>E2andDIE1 XEl XE1 XE1 —>EQSUChthat

(2.35) f(z)=A(x)+ B(z,2)+C(z,z,2) + D (x,z, 2, x)
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forall x € Ey, whereA is additive,B is symmetric bi-additive(' is symmetric for
each fixed one variable and is additive for fixed two variables Bnd symmetric
multi-additive.

Proof. Let f : Ey, — E, be a function satisfyingl(20). We decompos¢ into even
and odd parts by setting

@)= U@+ (=0t fol@)= (@)~ f(~a)}

forallx € F,. Itisclearthatf (z) = f. (z)+ f, (z) forallz € E;. Itis easy to show
that the functiong. and f, satisfy (L..20). Hence by Theoren?.1and 2.2, we see
that the functionf, is quadratic-quartic ang, is additive-cubic, respectively. Thus
there exist a symmetric bi-additive functidh : £, x E; — FE, and a symmetric
multi-additive functionD : E; x E; x Ey x E; — E; such thatf. () = B (z,z) +
D (xz,z,z,x) for all z € E;, and the functiold : F;, — F, is additive and"' :
E, x Ey x Ey — Ey such thatf, () = A(x) + C (z,z,z) , whereC' is symmetric
for each fixed one variable and is additive for fixed two variables. Hence we get
(2.39forallz € E.

Conversely letf (z) = A(x) + B(z,z) + C (z,z,2) + D (z,x,z,z) for all
x € FE;, whereA is additive, B is symmetric bi-additive(’ is symmetric for each
fixed one variable and is additive for fixed two variables @hts symmetric multi-
additive. Then it is easy to show thAsatisfies {.20). O
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3. Stability of the Functional Equation (1.20

In this section, we investigate the generalized Hyers-Ulam-Rassias stability problem

for the functional equationi(20). Throughout this section, Idf; be a real normed
space andv, be a Banach space. Define a difference operatbr £, x F; — Es

by

Df (z,y)

=fle+ay)+f(z—ay)—a’[f(x+y)+ f(z—y)] -

2(1-a) f(z)
5 [F 2y) + F (=29) = 4f (y) — 4 ()

forall z,y € E;.
Theorem 3.1.Let¢, : E; x E; — [0, 00) be a function such that

(3.1) > W converges and  lim 9 (2", 2"y)
n=0

=0

n—oo 4qn

forall x,y € Fy and letf : E; — E, be an even function which satisfies the
inequality

(3.2) IDf (2, )] < b (2,9)

for all x,y € E;. Then there exists a unique quadratic functién £, — F, such
that

=P 2’“
(33) If 20) - 167 () - B o) < 3 30 220
k=0
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for all x € E, where the mappin@(z) and ®,(2*z) are defined by

(3.4) B(x) = lim L {f(2""z) —16f (2"2)}

n—oo 4m

(3.5) @ (2*z) =

ad _ g2 [12 (1—a®) ¢y (0,2°z) + 12a°¢, (2", 2%2)
+ 605 (0, 2k+1x) + 120, (Qkaa:, 2’“:16) }
forall z € E;.

Proof. Using the evenness gf from (3.2) we get

36) [f@+ay)+ /@ —ay) = [f(@+y)+ @@=y -2(1-a?) f ()
(a' —a?)

— 5 2f (29) - 8f (y)]” < ¢ (2,9)

forall x,y € E;. Interchanging: andy in (3.6), we obtain

B7) |faw+y)+ flaz—y) = [f (@ +y) + f@—y)] —2(1- ) F ()

_(a4 — a?)

s () = 87 (]| < )
forall x,y € E;. Lettingy = 01in (3.7), we get
@) |2 -2 o) - s 0 - 81 @l < 0.0
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forall z € E;. Puttingy = x in (3.7), we obtain

39) |f(a+12)+f((a=1)a) = a*f (22) 2 (1~ a*) f (2)

at — a2

—%[Qf (27) — 8f ()] ' < ¢ (v, )
forall x € F,. Replacingr by 2x in (3.9), we get
(3.10) ‘Qf (2ax) — 2a*f (2z) — @[Z}f (4x) — 8f (22)] ’ < ¢ (0, 2z)

forall x € E,. Settingy by ax in (3.7), we obtain

(3811) [£(2ar) = [f (1 +a)a) + f (1 = a) )] = 2(1 — a?) f (a2)
(a' — a?)

— o 2f (20) - 81 (@)

forall z € E,. Multiplying (3.9), (3.9), (3.10 and ¢.11) by 12(1 — a?), 12a?, 6 and
12 respectively, we have

(a* — a®) || f (4z) — 20f (2z) + 64f ()|

= et - s tan) - 202 (1 - ) £ )
1201 a1)2<a =)ot (2) 8f<x)]}
+ {1202 (0 + 1) 2) +120°F ((a — 1)) — 120" f (20)

1242 (a* — a?)

s 20 -1 0]}

' < ¢y (az, )

—24a* (1 - a®) f (2)
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+ {—12f (2ax) +12a*f (2x) + W[Zf (4x) — 8f (23;)]}

+{12f (2ax) — 12a* [f (1 +a) ) + f (1 — a) 2)]

12 (a* — a?)
S 12 (1 . CLZ) ¢b (O, x) + 12@2¢b (QS, LE) + 6¢b (0’ 21.) + 12¢b (ax, :E) Stability of Generalized Mixed Type

“21(1- @) £ (o) 2 s ) -7 0]

. . M. Arunkumar and R. Kodandan
for all z € F,. Hence from the above inequality, we get ,
vol. 10, iss. 4, art. 114, 2009

(8.12) ||f (4x) —20f (2x) + 64 (x)]|

Title P
< [12 (1= a2) ¢, (0, 2) + 12a%¢, (z, ) + 604 (0, 22) + 126, (az, 7)] e e
(a - ) Contents
forall z € £,. From (3.12), we arrive at oy >
(3.13) I|f (4z) — 20f (2x) + 64f (z)]| < Py (), < >
where Page 23 of 57
1 9 9 Go Back
Oy (v) = 3 [12(1 = @®) ¢, (0, 2) + 12a°¢y, (2, ) + 6, (0, 2) + 12¢p (az, 7))
a—a Full Screen
forall z € E,. Itis easy to see fronB(13 that Close
3.14 4r) —16f (22) — 4{f (2z) — 1 <o
(314)  [f(42) = 16f (22) = 4{f (22) = 16f (@)}]| < By () oumal of ineaualiies
forall x € E,. Using ¢.24) in (3.14), we obtain in pure and applied
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forall x € E;.

(3.16)

forall z € FE;.

(3.17)

forall z € F;.

(3.18)

forall x € FE;.

(3.19)

forall x € F;.

From (3.15, we have

o<

Now replacingr by 2z and dividing by 4 in 8.16), we obtain
a(2’r)  of(2z)

42 4

ST

From (3.16) and 3.17), we arrive at

%j@—a(x)” < O‘(fjx) e ‘+ “BY o)
o+ 22)

In general for any positive integer we get
(2”37) 1 ol q)b (QkZ')

(6%
o) —a<w>Hé;Z o

——Z

In order to prove the convergence of the seque{n%éf—a’)}, replace

(I)b2.1'
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x by 2™z and divide by™ in (3.19. For anym,n > 0, we have

a(2"mr) o (2™x)
4n+m 4m

a(2"2mx) o (277)

oo (I) k+m
I & (2
=4 Ak+m

k=0
— 0 as m — 00

for all z € E,. Hence the sequene{e‘%} is a Cauchy sequence. Sinég is

complete, there exists a quadratic mappihg £; — FE, such that

B = 1m 229 vy e g,

n—00 4n
Lettingn — oo in (3.19 and using £.24), we see that{.3) holds for allx € E;. To
prove thatB satisfies {.20), replace(z, y) by (2"z, 2"y) and divide by4™ in (3.2).
We obtain

4n

F@"(z+ay)+ (2" (x—ay) —a* [f (2" (@ +y) + [ (2" (z —p))]

-2 (1 — a2) f(2"x) — —(a4 — @)

12
(a* — a?)

S g e - ar e )| <

[f (2" (29) + £ (2" (=29))]

o (2"x,2™y)
4n
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forall z,y € E;. Lettingn — oo in the above inequality, we see that

HB(m—i—ay)—i—B(m—ay)—a2[B(x+y)+B(x—y)]—2(1—a2)B(x)
(at = a?

— 5 [B(2y) + B(~2y) — 4B (y) — 4Bf (—y)]H <0,

which gives

B(z +ay) + B (z — ay)
=a’[B(x+y)+ Bz —y)]+2(1-d°)B(x)

@ (B (2y) + B (—2y) — 4B (y) — 4Bf (—y)]

forall x,y € E;. HenceB satisfies {.20. To prove thatB is unique, letB’ be
another quadratic function satisfying. 20 and 3.3). We have

+

1B (@)~ B ()] = 4 1B @) - B @)

1 n n n n
< o UIB(2"2) —a(2")[| + ||l (2"2) — B'(2"2)[}
<1l & (2°)
— 4n 2 4k
k=0
— 0 as n — 00

for all x € F,. HenceB is unique. This completes the proof of the theorem. [J

The following corollary is an immediate consequence of Thedigimoncerning
the stability of (L.20).
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Corollary 3.2. Lete, p be nonnegative real numbers. Suppose that an even function
f : By — FEy satisfies the inequality

e ([l + llyll”), 0<p<2;
320) [Df @yl <] e
. T,y ~
el lyll”, 0<p<l;
2 2 -- v
e (Nl floll” + L=l + lylI*}) Stabilty of Generalized Mixed Type
for all z,y € E,. Then there exists a unique quadratic functin £, — E, such M- Attinkumar and . Kodandan
that vol. 10, iss. 4, art. 114, 2009
(- Aall=|”
12_)\21) ’ Title Page
2
(3.21) I|f (2z) —16f () — B (x)] < Nsal?? Contents
422 3
WIRES 44 44
\  4-22%P < >
where Page 27 of 57
age 27 0
e{24 +12a* + 12 (a?) + 6 (2F)} £
A= 4 2 ) Ay = 4 27 Go Back
a —a a* —a
A — 12¢ {a® + a”} and A\ = G {24 + 24a® + 12 (a?) + 12 (a®) + 6 (2°)} Full Screen
o ot —a? o at — a? Close
forall z € F,.
Theorem 3.3. Let¢, : E;, x E; — [0,00) be a function such that (et ey gl s
in pure and applied
=1 ¢q (27, 2™y g (27, 2ny mathematics
(3.22) Z% converges and nh_)nolo ( 16 ) =0 issn: 1443-575k
n=0
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forall z,y € Fy and letf : E; — E, be an even function which satisfies the
inequality

for all z,y € E,. Then there exists a unique quartic functibn: £; — FE, such
that

(3.24) If (22) — 4f (2) = D (x)]| < E;T

for all z € £, where the mapping(z) and ®,(2*x) are defined by

D (z) = lim L {f(2"2)

n—oo 16"

(3.25) —4f(2"0)},

(3.26) @, (2"z) =

A2 [12 (1 —a®) ¢4 (0,2%2) +12a°¢q (2", 2%2)
+ 604 (0,2 12) + 126, (2 az, 2"2) |
forall x € E;.

Proof. Along similar lines to those in the proof of Theoreéhi, we have

(3.27) 1] (42) = 20f (22) + 64f (z)|| < ®a(2),
where
O, () = ﬁ [12 (1 — a®) ¢4 (0, %) + 12a°¢, (z,2) + 664 (0, 22) + 12¢4 (az, z)]
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forall z € E,. Itis easy to see fronB(27) that

(3.28) If (42) — 4f (22) — 16 {f (22) — 4f (2)}]| < P ()
forall z € E;. Using ¢.31) in (3.29, we obtain
(3.29) 18 (22) — 1683 (z)|| < Pa(z)
forall x € E;. From (3.29, we have
B (2z) Dy ()
(3.30) ] 22) | < Pat
forall x € E;. Now replacingr by 2z and dividing by 16 in £.30), we obtain
B(2%z)  [(2x)| _ Pa(22)
(3.31) H 162 16 = 162
forall x € E,. From (3.30) and @3.31), we arrive at
B(2 B(2 g (2z)
R e M
< 1_6 |:(I)d(l‘) + —16 :|
for all x € F,. In general for any positive integer we get
3(2 1 = &, (2%2)
(3.33) 220 50 <552 e
1 > (I)d (dei)
=16 ,; 16+
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forall x € E;. In order to prove the convergence of the seque{r@éﬂ—”}, replace
x by 2™z and divide byl6™ in (3.33. For anym,n > 0, we then have

‘6 2mz)  B(27x) Hﬁ (2"2™x)

2m
167+m 16m —8(2")

16m
|2y (2m)
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+m
i (I)d (2 $> vol. 10, iss. 4, art. 114, 2009

<
— 16 16++m
k=0

—0 a m— oo Title Page
for all z € E,. Hence the sequenc{e%} is a Cauchy sequence. Sinég is Contents
complete, there exists a quartic mapping £, — FE, such that 4 »

on < 4
D) = im 22 e,
n—oo 167 Page 30 of 57
Lettingn — oo in (3.33 and using 2.31) we see that3.24) holds for allz € F;. Go Back
The proof thatD satisfies {.20) and is unique is similar to that for Theoréin. []
Full Screen
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f : By — FEy satisfies the inequality

(e (=" + llyl"), 0<p<4;
6’
(3.34) [|IDf (z,y)| < -
ellz]|” [y, 0<p<2;
e (=1 lyl” + {1zl + [ly|*}), 0<p<2

for all x,y € F;. Then there exists a unique quartic functibn: £, — E; such
that
(- Aall=]”
16—2p 7
2)\27
(3.35) If (22) = 4f (z) = D (z)] <

Aal|z]|*?
16—22p

Aalz]|*?
\ 1622

forall x € Ey, where); (i = 1,2,3,4) are given in Corollary3.2.

Theorem 3.5.Let¢ : F; x E; — [0, 00) be a function such that

> ¢y (27, 2" s 2", 2"
(3.36) > W, > W converges
n=0 n=0
and
2%y, 2" AL AL
(3.37) lim 2202 - Y _ o= iy $Z02%) = y)

Stability of Generalized Mixed Type
K. Ravi, J.M. Rassias,

M. Arunkumar and R. Kodandan

vol. 10, iss. 4, art. 114, 2009

Title Page
Contents
44 44
< >
Page 31 of 57
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

for all z,y € E,. Suppose that an even functign £, — FE, satisfies the inequali-
ties (3.2) and (3.23 for all z,y € E;. Then there exists a unique quadratic function
B : E; — FE, and a unique quartic functio® : £, — FE5 such that

(338) |/ ()~ B(x)~ D(@)] < {i2%+%2%}

forall 2 € E, where®, (2¢z) and®, (2"z) are defined in§.5) and (3.26), respec-
tively for all x € E;.

Proof. By Theorems3.1and 3.3, there exists a unique quadratic functiBn: F; —
E5 and a unique quatrtic functioh; : £; — E5 such that

(339) I (22) = 167 (2) - By (@)] < }12 2 ()
and :
(3.40) I ) =47 ) 01 0] < 5 > 45
for all € E,. Now from (3.39 and @.40), one can soee that
|70+ 35800 - 501 @)
:H{ f (22) 16]1‘2(x)+311gp)}+{f(122x)_4fl(2x)_Dlléx)}H

< E{Hf(%) —16f () = By (2)[ + [|f (22) = 4f () — Dy (2)][[}
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_1 <I>b(2x)+i°°<l>d(2kx)
12 4 4k 16 16%

=0 k=0
for all z € E;. Thus we obtaing.39 by definingB (z) = 3 B (z) and D (z) =
5Dy (), whered, (2¥2) and®, (2¥z) are defined in%.5) and @.26), respectively
forall X € F,. O

The following corollary is the immediate consequence of Thecientoncern-
ing the stability of (..20).

Corollary 3.6. Let ¢, p be nonnegative real numbers. Suppose an even function
f: By — FE, satisfies the inequality

(el + 11, 0<p<
57
(341) DS (x.y)] <
IDF@ DI e e 0<p<t
< (el [ + {1l + 19l™Y), 0<p<1

forall z,y € E;. Then there exists a unique quadratic functién £, — F, and a
unique quartic functiorD : F; — F, such that

Sl

{4 2P
>\2
dolel” 1

{4 22p + 16—221’} ’
A4Hx||” 1

{4 22p + 167221”} )

forall z € E;, where); (i = 1,2,3,4) are given in Corollary3.2.

16 21’}’

(3.42) If (z) = B(z) = D ()] <
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Theorem 3.7.Let¢, : E; x E; — [0,00) be a function such that

(3.43) > W converges and lim qb“(z—iﬂy) =0
n=0

n— oo 2

forall z,y € F; and letf : £y — E, be an odd function withf(0) = 0 which

satisfies the inequality

(3.44) IDf (z,y)|| < da (2, y)
for all z,y € E;. Then there exists a unique additive functidn F; — FE, such
that
1N ®, (2F
(3.4 If 20)~8F (0) ~ A)] < 2 30 2 )

for all x € E;, where the mapping\(z) and®,(2*z) are defined by

(3.46) Ax) = lim zin {f (@) =8 (2"2)}
(3.47) B, (247) = 5 [(5— 4a%) 6 (2, 2%0) + a6, (271, 25772)

+2a°¢, (22, 2%2) + (4 — 2a%) @, (25,2 "2) + ¢, (2%2,2"32)
+2¢, (2" (1 + a) z,2%2) + 2, (2° (1 — a) z,2"2)

+dq (2° (1 + 2a) z,2%2) + ¢, (2 (1 — 2a) 2, 2%2) ]

forall x € F;.
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Proof. Using the oddness gf and from (3.44), we get
(3.48) Hf (x 4+ ay) + f (x — ay)

—a[f @ +y) +fa—y)]-2(1=a) f@)|| < 60 .y
forall x € E;. Replacingy by z in (3.48), we obtain

(3.49) ||/ (1+a)2) + f (1 —a)x) —a*f (22) — 2 (1 — a?) f (2)|| < ¢u (z,2)
forall z € E,. Replacingr by 2z in (3.49, we get

(350) [[f2(1+a)z)+ f(2(1—a)zx)—d’f(4z) —2(1—a®) f (22)]
< ¢a (22, 22)
for all x € F,. Again replacingz, y) by (2z, x) in (3.49, we obtain
(351 |[f((2+a)2)+ /(2 a)w) —a*f (30)
—a’f (1) = 2(1- @) f (20) | < 6u (20,2)
for all z € F,. Replacingy by 2z in (3.49), we get
(352) ||f((1+2a)2)+ /(1 20)2)

—af (32) + a*f (2) =2 (1~ a®) |
for all z € F,. Replacingy by 3z in (3.49, we obtain

7)< 60 @, 20)

(3.53) Hf (1+3a)z) + f (1 — 3a)z)

—ad’f (4a) +a°f (22) —2 (1 — @®) f (z) H < ¢ (2, 37)
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forall x € E,. Replacing(z, y) by ((1 + a)z, z) in (3.49, we get

(354) || (1+20)2) + f (@) = *f (2 + a) )
—a’f(az) —2(1—a”) f((1+a)x) H < o (14 a)z,z)

forall z € E,. Again replacingz, y) by ((1 — a)z, z) in (3.48), we obtain

(3:55) [£((1=20)2) + f (2) = a*f (2 - a) )
+a?f (az) —2(1—a?) £ ((1 - a) ) H < 6o (1 — a) z, )

forall z € E,. Adding (3.54) and 3.59, we arrive at

(3.56) ||f ((1+2a)x)+ f((1—2a)z)+2f (z)—a’f ((2+a)x)

—af((2-a)a) = 2(1-a®) f((1+a)2) ~2(1-a®) [ (1 - a)0) |
< oo (L+a)z,z)+ ¢o (1 —a)z,z)
forall z € F,. Replacing z,y) by ((1 + 2a)z, x) in (3.49), we get

(3.57) ||f (1+3a)2)+ f(1+a)x) —a®f(2(1+a)x) —a®f (2ax)
—2(1-a”) f((1+2a)2)|| < ¢ (1+2a) z,2)
for all z € E,. Again replacingz, y) by ((1 — 2a)z, z) in (3.489), we obtain

(358) |[f((1=3a)z)+ f((1—a)x)—a’f(2(1 —a)z)+a’f (2az)
—2(1=a®) f((1=2a) )| < ¢a ((1 —2a)z,z)

Stability of Generalized Mixed Type
K. Ravi, J.M. Rassias,

M. Arunkumar and R. Kodandan

vol. 10, iss. 4, art. 114, 2009

Title Page
Contents
44 44
< >
Page 36 of 57
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

forall z € E,. Adding (3.57) and 3.59, we arrive at

(359) ||/ (1+3a)2) + £ (1= 3a)2) + (1 +a)a)
+F (1 —a)z) —a®f (2(1+a) ) — a2f (2(1 — a)z)
—2(1—a®) f((1+20)2) =2 (1= a®) [ (1 - 20)2) |
< ¢a (14 20) 7, 2) + ¢a (1 — 2a) 2, )

for all z € E,. Now multiplying (3.49 by 2(1 — @?), (3.5]) by a* and adding .52
and (3.56), we have

(a" = a®) |f (32) = 4f (22) + 51 ()]

:H{z (1-a®) f((1+a)z) +2(1—a?) f((1—a)z) — 242 (1 — a?) f (2x)
~4(1-a?)" f @)} + {a*f (2+a)2) +a*f (2 - a)2) — a'f (30)
—a'f(z)—2a° (1—a®) f(22)} + {—f (1 + 2a) 2)
~ £((1=20)2) + a*f (32) — a*f (2) +2(1-a?) f (&)}
+{f (1 +20)2) + f (1 = 20)2) +2f () — a*f (2 + a) )
—af(2-a)2)-2(1-a) f(1+a)a) =2 (1-a®) [((1-a)a)}

(
<2(1=a%) ¢o (z,2) + a*@o (22, 2) + ¢ (z,21)
+¢a (14 a)2,2) + ¢a (1 — a) 2, 2)
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for all x € F,. Hence from the above inequality, we get

(3.60) | (3z) —4f (2z) +5f (z)|

< ﬁ [2 (1 — a2) ba (z,7) + a’dq (22, )

+¢a (2, 22) + ¢a (1 + @) 2,2) + ¢4 (1 = a) 2, 7)]

for all x € E;. Now multiplying (3.50) by a?, (3.52) by 2(1 — a?) and adding§.49),
(3.53 and .59, we have

(a* —a®) |If (42) — 2f (3x) — 2f (22) + 6f («)]

= [{-f (1 +a)z) = f((1—a)z) +a*f(22) +2 (1 —a®) f(2)}
+{*f(2(1+a)z) +a*f (2(1 —a)z) — a* f (42) — 2a° (1 — @®) f (22)}
+{2(1-a®) f((Q1+2a)z) +2(1—a®) f((1 —2a)z) — 2a* (1 — a®) f (3z)
+20* (1= a?) f (w) =4 (1=a®)" [ (@)} +{~F (1 +30)2)
— f((1=3a)z) +a’f (4z) —a®f (2z) +2(1—a®) f(2)} + {f (1 + 3a) 2)
+f((1=3a)z)+ f(1+a)z)+ f((1—a)z) —a®f(2(1+a))
—a’f21—a)z)—2(1—a®) f((1+2a)x) —2(1—a®) f((1—2a)x)}||

< @ (2,2) + a* o (22,20) + 2 (1 - a®) @, (2, 22)
+ ¢o (2,32) + ¢o (1 4+ 2a) z,2) + ¢o ((1 — 2a) x, )

Stability of Generalized Mixed Type
K. Ravi, J.M. Rassias,

M. Arunkumar and R. Kodandan

vol. 10, iss. 4, art. 114, 2009

Title Page
Contents
44 44
< >
Page 38 of 57
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

for all x € F,. Hence from the above inequality, we get
(3.61) ||f (4z) —2f (3x) — 2f (2z) + 6 (x)||
= (@ i ) [% (z,2) + a*¢, (2z,27) + 2 (1 — a2) Ga (7,27) + ¢g (7, 37)
+éq ((1+2a) z,2) + ¢g (1 — 2a) z, x)]
forall x € E,. From (3.60) and (3.61), we arrive at

(3.62) ||f (4x) —10f (22) +16f ()]
= [12f Bx) = 8f (22) +10f (x) + f (4x) — 2f (3x) — 2f (2x) + 6 («)]]
< 2|[f Bz) —4f (22) +5f (=)
+ 1S (42) = 2f (3x) — 2f (22) + 6 ()|

5 — 4&2) ¢a (Qf, .CE) + a2¢a (23:7 23:) + 2a2¢a (21‘, .17)

1
@ U
£ (4 20%) 6o (2.20) + b4 (2,32) + 26, (1 + a) 7,7)
+20, ((1 —a)x,x) +¢ ((1 + 2a) z,x) + ¢y (1 — 2a) z, x)]

forall x € E,. From (3.62), we have

<

(3.63) If (42) = 10f (22) + 16 (2)[| < @q (2),
where
o, (x) = ﬁ [(5— 4a°) ¢ (z,2) + 0P (22, 22) + 2a°D, (22, )

+ (4 —2a%) @o (,22) + ¢q (7,37) + 20, (1 + a) z, x)
204 (1 —a) z,2) +¢ (1 + 2a) 2, 2) + ¢ (1 — 2a) 7, z)]
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forall x € E. Itis easy to see fronB(63)

(3.64) If (4z) = 8f (2x) — 2{f (2z) — 8f (2)}|| < Pa (2)
for all x € E,. Define a mapping : E; — E, by

(3.65) v () = f (2z) — 8f (x)
forall z € E,. Using (3.65 in (3.64), we obtain

(3.66) 17 (22) — 27 (2)|| < @ (z)
forall x € E,. From (3.66), we have
P
o

forall x € E;. Now replacinge by 2z and dividing by 2 in .67), we obtain

(3.67) ’ 7 (2

v(2%2) ()] _ Pa(22)
(3.68) H S R < =
forall x € E,. From (3.67) and (3.69, we arrive at
1

=3 [@a (z) + %1

for all x € F;. In general for any positive integac we get

n—1 00
v (2™x) 1 Pq (2°2) Fx) 1
g — < Z E Z E

k=0
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forall x € E;. In order to prove the convergence of the seque[n@ézi)}, replace
x by 2™z and divide by2™ in (3.70). Then for anym,n > 0, we have

v(@2Mme) oy (2M) 1 ||y (2"272)
_ - || 7 Qm
n—1 k+m
P

_ 15 2 (M)

- 92 9k+m

k=

2k+m )

=3 Z 2k+m

—0 as m— oo

for all z € E;. Hence the sequen e”%—:x)} is a Cauchy sequence. Sinég is
complete, there exists a additive mappihg £, — E5 such that

2TL
A(z) = lim %ﬂx) Vo € B
Lettingn — oo in (3.70 and using £.65 we see that{.45 holds for allz € F;.
The proof thatA satisfies {.20) and is unique is similar to that of Theoréirl. []

The following corollary is the immediate consequence of Thedientoncern-
ing the stability of (.20).

Corollary 3.8. Lete, p be nonnegative real numbers. Suppose that an odd function
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f: E1 — Eywith f(0) = 0 satisfies the inequality

e (P + 1) 0<p<2
57
(3.71) Df(z,y)|l <
IDFEDISA e o 0<p<;
e (Il ol + {lal + ™)) . 0<p <}

for all z,y € E;. Then there exists a unique additive functidn E; — FE, such

that
( Asle]”
2—-2p )
)‘67
(3.72) 1f (22) = 8f (z) = A(@)[| < § ssjue
2-22p
sl
\ 2-22p
where
Ny = ———{21—8a> + 2 (2a° +4) + 3 +2(1 + a)’
a* —a
+2(1—a)’ 4+ (14 2a)" + (1 —2a)" },
£ (16 — 3a?)
>\6 - a4 o a2 )
A= ———{5—4d® +2%a® + 4(2") + 3" + 2(1 + a)’
a — a

+2(1—a)’+(1+2a)"+ (1 —2a)"}
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and

_ ¢ 2 2 2 2
A= ——— {26 — 12a® + 2% (3a® + 4) + 3%
2(14a)®+2(1—a)®+ (1+2a)” + (1 — 2a) + 4 (2°)
+3+2(14+a)+2(1—a)’+ (14 2a)"+ (1 —2a)"}
forall x € E;.

Theorem 3.9.Let¢. : £y x E; — [0, 00) be a function such that

n—o00 8n

(3.73) > W converges and lim 9 (2'2,2"y) _ 0
n=0

forall x,y € F, andletf : F; — FE, be an odd function witlf(0) = 0 that satisfies
the inequality

(3.74) IDf (2, y)]| < e (2,)

forall =,y € F,. Then there exists a unique cubic functon E; — E, such that

(375 If 20)—2f () - C o)l < £ 50 220

for all z € E, where the mapping'(z) and®.(2*z) are defined by

(3.76) C(z) = lim 1 {f(2'z) —2f (2"2)}

n—oo SN
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B77) . (20) = = [(5— 40%) 6. (2, 2°0) + a2, (22, 24)

at —
+2a° ¢ (22, 250) + (4 — 2a%) ¢, (2°2, 2" ') + o (2°2,2732)
+2¢. (2" (1 + a) z,2"z) +2¢. (2" (1 — a) 2, 2"2)
+ée (28" (1 +2a) 2, 2°2) + ¢ (2" (1 — 2a) 2, 2°7) |
forall x € E;.

Proof. Following along similar lines to those in the proof of Theorém we have

(3.78) |f (4z) —10f (22) + 16 f (2)[| < P (v),
where
® (@) = 7 ! 77 [(5— 40%) 00 (. 2) + 0%, (20, 22) + 20%. (2.

+ (4 —2a%) ¢ (7,22) + @ (z,32) + 2¢. (1 + a) z, z)
+ 20 (1 = a) z, @) +¢ (1 + 2a) z,x) + ¢c (1 — 2a) z, z)]

forall x € F;. Itis easy to see fronB3(79 that

(3.79) IS (42) = 2f (22) = 8{f (2x) = 2f (2)}]| < Pc (x)
for all z € F,. Define a mapping : £, — E, by

(3.80) 6 (x) = f(2) - 2f (x)

forall x € F;. Using (.80 in (3.79, we obtain

(3.81) 16 (22) — 86 ()] < e (2)
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forall z € E,. From (3.81), we have

(3.82) H“?) _ 5<x>H < 210

forall x € E;. Now replacinge by 22 and dividing by 8 in £.82), we obtain
H §(2%2z) &6 (2x)

< P, (22)
82 8

(3.83) <3

forall z € F,. From 3.82 and (3.83, we arrive at

§(22x) §(22z) & (2x) § (27)
: — < — _
(3.84) H & 5(95)” < H & 3 3 (z)
1 . (2x)
< = —cm
<3 {(DC (x) + 3 ]
for all z € E,. In general for any positive integer we get
5 (2") 1= @, (2F2)
. — < = E 7
(3.85) H g d ()] < P o
1 o= P, (2’%)
S5l

B
Il

0

forall z € F4. In order to prove the convergence of the seque[n%gi)}, replace

Stability of Generalized Mixed Type
K. Ravi, J.M. Rassias,

M. Arunkumar and R. Kodandan

vol. 10, iss. 4, art. 114, 2009

Title Page
Contents
44 44
< >
Page 45 of 57
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

x by 2™z and divide by8™ in (3.85. Then for anym,n > 0, we have

H 5 (2mtma)

8n+m

for all x € E;. Hence the sequen

=Q Z 8k’+m

—0 as m — o

5(2 z)

d(2"2Mx)
8n
P (2k+m$)

n—1

2=
8k+m

k=

2k+m )

g) =

—60(2Mx)

|~ o

complete, there exists a cubic mappﬂilg E; — FE, such that

that of TheorenB. L

The following corollary is an immediate consequence of Thediéinoncerning
the stability of (L.20).

Corollary 3.10. Lete, p be nonnegative real numbers. Suppose that an odd function

d(2"x)
8n

Lettingn — oo in (3.84) and using £.80 we see thaty.75 holds for allz € F;.
The rest of the proof, which proves th@tsatisfies {.20) and is unique, is similar to

C(z) = lim

Vo € El'

} is a Cauchy sequence. Sinég is
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f: E1 — Eywith f(0) = 0 satisfies the inequality

el + yl), 0<p<s

€,
G80) IPTEIN= N e e 0<p<
e el ol + (el + 1)), 0<p<?

forall z,y € FE;. Then there exists a unique cubic functi@n F; — E, such that

( Asll=]”

(3.87) I 20) =8 (@)~ A@I <] |
8—22p

As|z(|*
\ 8-22r

forall x € Ey, where); (i = 5,6,7,8) are given in Corollary3.8.

Theorem 3.11.Let¢ : £, X E; — [0,00) be a function such that

(3.88) > W, > W converges
n=0 n=0

and

(3.89) fim 2202 gy 202
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for all z,y € FE;. Suppose that an odd functioh: E; — E, with f(0) = 0

satisfies the inequalities3(44) and (3.74) for all x,y € E;. Then there exists a

unique additive functiom : £; — FE, and a unique cubic functio®’' : £; — FE»
such that

(3.90) Hf(r)—A@)—C(x)HSé{lZ¥ %Z }

k=0

for all z € F;, where®, (2*z) and @, (2"z) are defined by {47 and .77,
respectively for al: € F;.

Proof. By Theorems3.7and 3.9, there exists a unique additive functidn : £; —
FE5 and a unique cubic functiofl; : F; — E5 such that

> P, (2Fx
(391) I 20) - 87 (0) — s (o)) < 5 30 200
k=0
and
1 o= @ (2F2)
(392) I (20) ~2f ()~ G ()] < £ 32200
k=0

forall z € E,. Now from (3.91) and (3.92), one can see that

Hf (1) + A1 (1)~ £CL(2)

H{ 2x)+8f(x)+A1(x)}+{f(2$) 2f(x)_01($)}H

6 6 6 6 6

< S {lf (22) = 8F (1) — A @) + I (20) 2/ (7) ~ 1 @)1}
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119, (282) 1K @ (2%2)
Sa{égi—Er—+§§3—§F—
=0 =0

forall 2 € E;. Thus we obtain.90 by definingA (z) = <+ A4, («) andC (z) =
+C, (z), whered, (2Fz) and®. (2*z) are defined in%.47) and @3.77), respectively

forallz € E;. O

The following corollary is an immediate consequence of Theaserfconcern-
ing the stability of (..20).

Corollary 3.12. Lete, p be nonnegative real numbers. Suppose that an odd function
f: By — Eywith f(0) = 0 satisfies the inequality

Ce (el + yl), 0<p<l;
g,

G99 IPTEIN=N e e 0<p<i
e el ol + (el + 1)), 0<p< ]

for all z,y € E,. Then there exists a unique additive functién £; — E; and a
unique cubic functiod' : £y — E5 such that

( A5llw\|"{ 1 1 }
6 2—2pP +872P )

(3.94) 1f (z) = Ax) = C ()] <

bd 1 1
szt )

As|l]]” 1 1
\ 6 {2—22p + 8—2217} ’
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forall x € Ey, where); (i = 5,6,7,8) are given in Corollary3.8.

Theorem 3.13.Let¢ : E; x E; — [0, 00) be a function that satisfies (36), (3.37),
(3.89 and (3.89 for all z,y € FE;. Suppose that a functiofi : £, — FE5 with
f(0) = 0 satisfies the inequalitieS(2), (3.23, (3.449) and 3.74) for all z,y € E;.
Then there exists a unique additive functidn: F; — FE,, a unique quadratic
functionB : E; — F,, a unique cubic functiot' : F; — E5 and a unique quartic
functionD : E, — E5 such that

(3.95) |f(x) = A(x) = B(x) - C(x) = D ()]

1 (~ ~ ~ ~
< 5 {8 (@) + @ (@) + B () + Fu0) }
for all = € Ey, whered, (z), ®, () , d. () andd, () are defined by
~ 11 GR @ (2F2) 1] @, (—2F2)
(3.96) @a(x)_é §ZT+§ o (>
k=0 k=0
1 IR (2R) 1O By (—2M)
~ 11X P (2%2) 1 @ (—2F2)

(3.99) éd(x):%{izw_i_lz@d(_Qx)}’

respectively for alkc €

&

1-
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Proof. Let f, (z) = 3 {f (z) + f (—z)} forall z € E;. Thenf, (0) = 0, f. (z) =
fe (—x). Hence

IDf. (& 9)l = 5 {IDF (2.) + Df (~, ~)[}
< SAIDS (@ 9)ll + 1Df (2~}
< 10 (@0) + 0 (2, -0)

for all x € E;. Hence from Theorer.5, there exists a unique quadratic function
B : E; — E, and a unique quartic functiob : £, — F5 such that

(3.100) |[If () — B(x) = D (z)]

whered, (x) and®, (x) aregivening.97) and 3.99 forall z € E;. Againf, () =
1{f(z) — f(—a)} forallz € E,. Thenf, (0) =0, f, (z) = —f, (—z). Hence

IDf, (&9)]l = 5 {1Df (e.5) = DF (~2, =)}

< SAIDT @)+ 1DS (=2, ~9)I}
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< {09 + o (5, )}

for all x € F,. Hence from Theorermi.11, there exists a unique additive function
A : Fy — E5 and a unique cubic functioff : £; — F5 such that

(3.101)  |f(z) - A(z) - C ()]

< D, (2Fx . D, (2Fx
e S

whered, (z) and®, (z) are given in £.96) and 3.99 for all z € E,. Sincef (z) =
fe (x) + fo (z), then it follows from 3.100 and (3.107) that

If (2) = A(z) = B(x) = C(x) = D ()]

% {@a (@) + B (@) + B (2) + B (2) }

for all x € E,. Hence the proof of the theorem is complete. O

The following corollary is an immediate consequence of Theadseificoncern-
ing the stability of (.20).
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Corollary 3.14. Lete, p be nonnegative real numbers. Suppose a functioy; —
E, with f(0) = 0 satisfies the inequality

Ce el + ), 0<p<l;

g,
G202 P EIN= e e 0<p<l
(el Il + (el + 191™}), 0<p <

for all z,y € FE;. Then there exists a unique additive functién: £; — FE», a
unique quadratic functio® : £, — FE,, a unique cubic functiod’ : £, — FE, and
a unique quartic functio : E; — E5 such that

(3.103) [[f (z) — A(z (fE)—C( ) = D ()]

{4 2P 16i2p} + % {2—12p + 8_12p}} H$Hp3
4,\6

|
sy

-~

3
& {4 o T 16712217}—’_%{@_'—@}}“‘%”21);
{4 o T 16712210}—’_%{@_'—@}}“1’”21)

forall x € E;, where),; (z' =1,...
3.12

IN

r—'Hr—'Hr—'H/—"—\

,8) are respectively, given in Corollaries6and
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