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In [5], Qi studied a very interesting integral inequality and proved the following

result

Theorem 1. Let f(x) be continuous ofu, b], differentiable or{a, b) and f (a) =
0. If f/(z) > 1forz € (a,b), then

W / ) de > Ji ) dxr .

If 0 < f'(x) <1, then the inequalityl() reverses.

Qi extended this result to a more general ca$egnd obtained the following
inequality @).
Theorem 2. Letn be a positive integer. Suppogér) has continuous derivative

of then-th order on the intervala, b] such thatf®) (a) > 0 whered <i < n—1,
and £ (x) > n!, then

) /ab[f(%’)]”+2 da > Ub () dl’}

n+1
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Qi then proposed an open problem: Under what condition is the inequality
(2) still true if n is replaced by any positive real numhbér

Some new results on this subject can be foundJn[P], [ 2], and [].

We now give an answer to Qi’'s open problem. The following result is a
generalization of Theorerm

Theorem 3. Letp be a positive number anfl(x) be continuous oﬁu b] and

differentiable on(a, b) such thatf(a) = 0. If [f%] (x) > (p+ ) “lforz e
(a,b), then
b b p+l
© [ pae= | [ sl
If0 < [f%] (z) < (p+ 1) ~!for x € (a,b), then the inequalityd) reverses.

Proof. Suppose tha[tﬁ]’(x) >0,z € (a,b). ThenfE(x) is a non-decreasing
function. It follows thatf( ) > 0forall z € (a,b.

If [f#)/(x) > (p+ 1)7 " for = € (a,b), thenf(z) > 0 for z € (a,b]. Thus
both sides of §) are not 0. Now consider the quotient of both sides3)f By
using Cauchy’s Mean Value Theorem twice, we have

(4) JulT @ ffl = [f(b,l,)]pﬂ 5 (a<by <)
[fff(x)dx} (p+1) falf r)d }
[F(b)]"H

5 = s
© ((p+1)P Jo I )dx>
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1+ f f(bQ)

(6) = ) (a < bg < bl)
(7) = (@+p)' 51y <b2>) .
(8) > 1.

So the inequality ) holds.

If f = 0onla,b], then itis trivial that the equation ir8) holds. Suppose
now thatf is not identically O orja, b]. Sincef(x) is non-decreasing and non-
negative, we may assunfé¢z) > 0, x € (a, b] (otherwise we can find; such
thata; < b, f(ay) = 0and f(xz) > 0 for a; < = < b and hence we only need
to considerf on (ay, b]). This implies that both sides o8) are not 0. Now if
0<[f#)(z) < (p+ 1), then(1+p) v [f#]'(b2) < 1, which, together with
(7), implies that the inequality3] reverses. O]

Note that ifp = 1, then @) becomes1). So Theoreni is just a special case
of Theorem3.
In Theoreml, we see that iff'(x) = 1, thenf(z) = = — a and the equation
in (1) holds. A very natural question can be asked the same way: For what
polynomial f(z) = C(x — a)™ does the equation ir2f hold? It is easy to
see that”' = % The n-th derivative of this polynomial is a constant

m This motivates the following theorem.

Theorem 4. Supposegf (x) has derivative of the-th order on the intervala, b
such thatf@(a) = 0 fori = 0,1,2,...,n — 1. If f™(z) > (nﬂ’;ﬁ and
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f™(x) is increasing, then the inequalitg) holds. 1f0 < £ () < Mﬁ
and ™) (x) is decreasing, then the inequalitg) feverses.

Proof. Suppose thaf "™ (z) > It is easy to see that

(n +1)<” 2

(x —a)"
(n+ 1)1

Using the same argument as in the proof of TheoBeme have

LU @)2de (] (

[f;f(x) dx}nﬂ (n+1) [fblf x dx}
(flb_il_l)i 1 [f(b1>]

[f;l f(x) d:v} "

(n+1) [ f(z)dx

f(x) >

(9)

a<b <b)

(10)

Now for the term in { 1), by using Cauchy’s Mean Value Theorem several times,

we will have
(by —a)f(b)) . (ba—a)f'(by)
(12) fabl f(z)dx H f(b2)
(bs —a)f"(bs)
J'(b3)

(G<b2 <b1)

(13) =2+ (a < bg < bg)

(14)
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(bn-i-l - a)f(n)<bn+1)
f(n_l)(bn—i—l)

(15) =n-+ (@ < bpy1 < by).

But
FUI@) = ) = F 7V (a) = f(0)(E - a)
for somet; € (a,t). If £ () isincreasing, therf™ (¢,) < f™(t). Therefore

(16) FOTIE) < fD(E - a).
Applying (16) to (15) yields
(b1 — a)f(bl)
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(17) b Title Page
S (@) de
Contents
(2) follows from (17) and (L1).

Suppose that < f(z) < (n+1)(n 7 and f"(x) is decreasing. It is clear « dd
F=1(¢t) is increasing. Iff "~ (t) = 0 for somet € (a,b), thenf*=1(s) = 0 < 4
for s € (a,t). Hencef(s) = 0 for s € (a,t) and0 < s < n — 1. So we can Go Back
assume thaf "~V (x) # 0 for = € (a,b). By Rolle’s Theorem, this means that
f@(x) # 0fora € (a,b) and for0 < i < n — 1. Now that the inequalitiesl() Clezz
and (L6) reverse, it follows that the inequality {) reverses, so doeg&)( O] Quit

Unfortunately there is an additional hypothesis on monotonicity in Theorem Page 6 of 9

4. Our conjecture is that this hypothesis could be dropped. But we are not able
to prove it for the moment. However, we have
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Theorem 5. Supposef (x) has derivative of the-th order on the intervala, b
such that,f?(a) = 0 fori = 0,1,2,...,n — 1. If f®)(z) > D then the
inequality @) holds.

Proof. If f(z) > "t then

n+1 n
(18) f(@) 2 —=(x —a)
(ll) now becomes Note on an Open Problem of
Feng Qi
19 f:[f(x)]n+2 dx > (bl - a)f(bl) Yin Chen and John Kimball
(19) b A =\ ey |
[fa f(x) dx} nf, flw)de
Title Page
Note that all the terms inlE) are positive, so we have Contents
(20) (blbl_ a)f(b1) >, <« 13
Jo fx)dz < >
The inequality 2) follows from (19) and @0). O Go Back
The same argument can be used to prove the following result obtained by Close
Pearic and Pejkoi [3, Theorem 2]. Quit
Theorem 6. Letp be a positive number anfl(x) be continuous ofu, b] and Page 7 of 9
differentiable or(a, b) such thatf(a) > 0. If f'(z) > p(x—a)P~! forz € (a,b),
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Proof. Suppose thaf’(x) > p(x — a)?~! for z € (a,b). Consider the quotient
of the two sides of¥). By using Cauchy’s Mean Value Theorem three times,

we have
@y S [f<bl>]p+1 b )
@)™ ey [ S da]!
(22) = /()P /(b” — (a<by<by)
(p—1) | [ flx }
( 2) bg —a -
23 >
& - ()
(24) _ (1+f/ bs—a))p_
(25) > 1.

This completes the proof.
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