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ABSTRACT. In this paper, an integral inequality and an application of it, that imply the Cheby-
shev functional for two 3-convex (3-concave) functions, are given.
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1. INTRODUCTION

For two Lebesgue functiong g : [a, b] — R, consider the Chebyshev functional
1 b 1 b b
C(f.g9) = m/a f(x)g(x)dz — m/a f(x)dx-/a g(x)dz.
In 1972, A. Lupag![2] showed that ff, g are convex functions on the intenjal 5], then

@y o)z g [ b (x— “"2”’) flayie- | b (as— “"2”’) g(a)d,

with equality when at least one of the functiofig is a linear function offa, b]. He proved this
result using the following lemma:

Lemma 1.1.If f,¢: [a,b] — R are convex functions on the intenjal b], then
(1.2) [F(e*) = F(e)’]F(fg) — F(e*)F(f)F(g)

> Flef)F(eg) — F(e)[F(f)F(eg) + F(ef)F(g)],
whereF' is an isotonic positive linear functional, defined by one of the following relations:

1 / S p(a) f (x)da "
fx)de,  F(f):==———"7—, F(f):=) piflz
r=a ), (@ )=l B = Yo
(z; € la,bl;p; > 0,0 = 1,2,...,n, >0 p; = 1), p: [a,b] — R is a positive, integrable
function onja, bl ande(z) = z, « € [a, b]. If f or g is a linear function, then the equality holds

in (I.2).
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(13)  F(f) =
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In this note, we provide a lower bound for the Chebyshev functional in the case of two 3-
convex (3-concave) functionfsandyg.

2. RESULTS
Note that the inequality (I].2) can be written in the form:
1 Fle)  F(g)
(2.1) F(e) F(e?) F(eg) | >0.
F(f) F(ef) F(fg)
The following lemma holds.

Lemma 2.1.1If f, ¢ : [a,b] — R are 3-convex (3-concave) functions on the intefuabl, then

LR R ()
Flo) F(?) F(@) Fleg)
@2 F(@) F@) Fle) Fleg) |7

F(f) Flef) F(e*f) F(fg)

whereci(z) = 2%,z € [a,b],7 = 1,4 and F is defined by{L.3).
If fis 3-convex (3-concave) ands 3-concave (3-convex) then the reverse of the inequality

in (2.2) holds.

If f or gis a polynomial function of degree at most two, then the equality hol{@&Z)

Proof. Let [z, y, 2, t; f] be the divided difference of a certain functignlf f andg are 3-convex
(3-concave) on the intervid, b], then we have

(2.3) [z, y,2,t; f] - [y, 2,t; 9] > 0,

for all distinct pointse, y, z, t from [a, b].

When f is 3-convex (3-concave) angis 3-concave (3-convex) then the reverse of the in-
equality in [2.38) holds.

In the following we prove[(2]2) in the case when both functignand g are 3-convex (3-
concave). The inequality (2.3) is equivalent to

1 1 1 1 1 1 1 1
T Y z t x Y z t
(2.4) 72 y? 52 12 g2 Y2 22 12 >0,

flx) fly) f(z) f(t) g(x) g(y) g(z) g(t)

with true equality holding when at least one pfandg is a polynomial function of degree at
most two.

Note that the functior¥’ defined by [(1.3) has the properfy(1) = 1. In order to put in
evidence the variable, we write I, instead ofF.

Now, using the fact thak’ is a linear positive functional, by applying successively[on|(2.4)
the functionalg’,, F,, F, and thenF;, we obtain the inequality (2.2). For instance, if

A:A(:U?y727t7f7g> =

< e =
Y
~
s
—~
8
SN~—
Q
~
8
:_/
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then
11 1]
A=y =z ¢ F(fg),
y2 22 t2
1 F(e) F(e?)
RF.F,F,(A)=6-| F(e) F(e*) F(e’) |- F(fg)
F(e?) F(e*) F(e')
and if
1 1 1 11
B=DB(x,y, 2t fg):=|y z t ||z =z t | flx)gy),
y2 22 t2 2 2 t2
then
1 1 1 F(f) 1 1
EB)=|y =z g(y) - | Flef) = t |,
y2 2 t2 F(62f) 2’2 t2
1 Fle) Fl(g)
F,F.F,F,(B)=2-| F(e) F(e*) F(eg) |-F(e*f)
F(e?) F(e) F(e*g)
1 F(g)  F(e?)

Theorem 2.2.1f f, g are 3-convex (3-concave) functions on the intefuab], then
180 * b
@5) C(f.0) > g | @) f@de- [ g@lgta)is

C
2 23 [ (-

)]

If fis 3-convex (3-concave) ands 3-concave (3-convex) then the reverse of the inequality

in (2.5) holds.

The equality in(2.5) holds when at least one gfor ¢ is a polynomial function of degree at
most two orja, b].

where
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Proof. We choose

(2.6) (P = 5= [ fad.
Then
@) Flo = 30 ey = CEOEE
F(eg):a ~|—abl—ab +b F(64):a +ab+a5b +ab ~|—b.
Note that the inequality (2.2) can be written as
1 F(e) F(e?) . Fle)
@®) | F) FE) F@) | P~ | e | FEDFE)
F(e?) F(e?) F(e*)
| rey rn | FenFe | pl) ) | FOR@
F pen pn | FEDFEa) + Fenres)
b b | F@DF@) + FIFE)
e e | PenP@) + FOFea) 2 0
By calculation, we find
1 F(e) F(e?) (b )
(2.9) Fle) F(e*) F(€) | = e
F(e?) F(e3) F(eb)
1 F(e*) | (b—a)*(4a® + Tab + 4b%)
(2.10) F(e?) F(e*) | 45 ’
F(e?) F(e?) (b—a)?*(a* + 4a®b + 10a®b? 4 4ab® + b*)
(2.11) F(e?) F(eY) |~ 240 ’
1 F(e) (b—a)*(a+ D)
(2.12) F(e?) F(e®) | 12 ’
Fe) F(e®) |  (b—a)*(a®+4ab+b?)
(2.13) F(e?) F(e*) | 72
F(e) F(e?) |  (b—a)*(a®+ 4a®b + 4ab® + b*)
(2.14) F(e*) F(e*) | 60 '
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The relations[(Z2]7) (2.14) give us

(b—a) a* + 4a®b + 10a2b? + 4ab® + b* [° b
(2.15) 5160 / f(z)g(z)dx — Y /a f(x)dx/a g(x)dx

> 5 [ s / coteyte + IO i [yt
— alzb [/ab 2 f(r)dx /ab zg(z)dr + /ab zf(z)dz /ab:cQg(x)dx]

b b b b
+W U g;zf(g;)da:/ g(@)de + f(x)dﬂf/ ng(x)dﬁ”]
@+ 4a% + dab? £ B [/bxf(x)dx /bg<m)dx+ bf<w>dff/bxg(x)d4 ’

60
or

(2.16) C(f,9) > % { / () / g

A(4a® + Tab + 4b%) [° ’
+ (4a +17§ i )/ :L'f(:c)d:c/ xg(z)dz

2a* + 10ab + 21aV? 4 10ab® 4 26 [° ’
N a® +10a°b + 520b+ Oab” + 2b ~/f(x)dx/g(x)dx

- al—;b [/abxzf(ﬂf)dﬂf/abxg(m)da:—{—/abaxf(a:)dx/abeLq(x)dx}
+W{/ °f(x dm/b x)dx + f dx/abgcg( )dx}
_a —l—4a2b+4ab2—|—b3 V / o)de

/f da: a xg 1}

The last inequality can be written as

217) 0<f,g>z%/ab(x— Y e [ (o= ) g

([ e

+/f SASSSEES

i [t [ s
i [ (25

which is equivalent tcﬂES). O
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Corollary 2.3. Let f andg be as in Theoremn 3.2 and assume that

(2.18) f(x)=—fla+b—x)
or
(2.19) g(z) = —gla+b—2x)

for all « from[a, b]. Then Lupas’ inequality holds.
Proof. Note that the function denoted lyin Theorenj 2. is symmetric abaut= %4, namely

q(z) = qla+b—w),

for all z from [a, b].
Assume that{ (2.18) is satisfied. Then we have

@20 [ @@= [ a@)lfe) - fa+b-a)do
b b
—5 [ a@ iz =5 [ aa+b-afa+b-ada
=5 | a@r@is =3 [ aswi o
From [2.5) and[(2.20), we deduge (1.1). O

Note that the conditiorj (2.3) is important. The same results are valid if we suppose that this
(or its reverse) is satisfied. Thus, we obtain a more general result:

Theorem 2.4. If the functionsf and g are integrable on the intervdk, b and satisfy(2.3) (or
its reverse), then we hayg.5) (or its reverse).

The equality in(2.5) holds when at least one gfor g is a polynomial function of degree at
most two orja, b].

Corollary 2.5. If the functionf is integrable ona, b], then we have

(2.21) (b—a) /ab F2(z)dz — (/abf(:c)dsc>2

225 ([ =25 ) 20 [

whereg(z) is defined in Theorefm 2.2.
Proof. Consideringy(xz) = f(z) in (2.5), we find the inequality (2.21). O

Remark 1. The inequality[(2.2]1) is better than the well-known inequality

(2.22) b—a/f dx>(/f dx),

valid for all integrable functiong on [a, b].

Corollary 2.6. If the functionsf, g satisfy the following conditions:

(i) f,g are 3-convex (3-concave) functions janb|;
(i) f, g are differentiable functions ofa, b],
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then we have

(2.23) / g @y > LB f(Z)]_ [g;(b) — g(a)]

+b?a<hfm[}@mx_£@§}ﬁg)

< (ﬁ /abg(x)dx - M) |

Proof. In (L.7), we use the fact that ff g are 3-convex functions da, b], thenf’, ¢’ are convex
functions ona, b]. We have

[ e - ot [ @ [ g
>m/a (x a;b>f(a:)dx-/ab<x—a;b)g’(x)dx,

which is equivalent tq (2.23). O

Remark 2. If, in addition, f andg are convex (concave) dn, b], then the inequality] (2.23) is
better than the inequality

which is valid for all convex (concave) functiotfsg on [a, b].

Remark 3. Lemmd 2.]L can be generalized foconvex functions, obtaining a result similar to
(2.2), from where the inequality

a n_gn b
b—a Foal Lo B [, g(x)dx
2_a2 3_a3 n 1_an 1 b
e 5t L Jo xg(x)da
(2.25) . . N . >0,
n_gn n+l_ an+1 271—17042’“—1 b n—
: : n+1 e : 2n—1 f T 1
f; f(x)dx f: rf(z)dr ... f 2" f(x)dx f flx

holds for all integer numberns > 3.

Some similar results related to the Chebyshev functional are given in[[1] — [6].

3. AN APPLICATION

Let f, g be two 3-time differentiable functions defined on a nonempty intémva].
Denote

my = inf fO(z), M= sup fP(a),

z€la,b] z€|a,b]
my = inf ¢®(z), M, = sup ¢®(x).
velab velat]
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Considering the function®, Gy, F», Gs : |a,b] — R, defined by

Fia) = "5= — J(@), Gile) = "= — ga).
By(r) = T55 — f(2), Galw) = - — (o),

we note that these are 3-differentiable ons] and F\”) () < 0, GV (z) < 0, F{¥ (z) > 0,
G (x) > 0forall z € [a,b]. ThereforeF,, G, are 3-concave ofu, b] and Fy, G- are 3-convex
on[a, bl.

Applying Theorenj 2.2 we shall prove the following result:

Theorem 3.1.Let f, g be two 3-differentiable functions on the nonempty intefwal]. Then,
we have

3.1) |L(f.g) - 6(b1_a) /ab (x— a;b) r(z)h(z)dz

where

62 L) =Cr0) - o [ (o= 25 st [ (v 50 soris
- [ s [ g,

@) h)="EE )+ TR (),

(3.4) r(x)=<m—a;b—<b_fg\/ﬁ> (;U_“;H("‘fgm).

Proof. Applying Theoreny 22, we have

(35) C(F.Gy) > % / o(2) F (2)dz - / o(2)C (2)dx

180 b
@8) C(FG) > s / 4@)B()ds - | q(2)Ga(x)ds

+ﬁ/j (x—a;b Fg(x)dx-/ab(x—a;—b>G2(x)d$,
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b b
(3.7) C(F,Gs) < %/ q(x)Fl(a:)dx-/ q(z)Ga(z)da

it () [ (o)

180 b b
@8) C(FnG) < s / 4(z) Fy(z)dar - / 4(2)G) (2)dx

g 23 e o) e

whereg(z) is defined in Theorefn 2.2.
By calculation, we find

mims

4032
1

~6(b—a)

(3.9) C(F,Gy) =C(f,g)+ (b—a)*(9a* + 20a®b + 26a°b* + 20ab* + 9b*)

/ Blmag(x) + mof (@))da

a® + a?b+ ab® + b3
24(b — a)

(3.10) ﬁ/b (x—“;b> Fl(:c)d:c~/ab (m—“;”)) G (w)da

- 55 o (232

/ mug(e) + maf(2)]dz,

+ TZég(‘f (b— a)*(3a® + 4ab + 3b?)2
B [ o= S hugta) 4 maf (ol
b b
@1) oo [ dwRE [ @@
b b myms . )
- ey |t @ [ s+ TG~ 0) e+ )

a b
- s | @)+ maf(e)ld

From (3.%) and[(3]9) { (3:11), we obtain

mims

b a
@12) L.9)+ ot — 0 2 ot [ (o= ) rmag(o) + maf )]s

In a similar way we can prove that the inequalfty {3.6) is equivalent to

M, M. 1 b b
(13) Lif.0) + g0 — 0 = gt [ (0 S50 ) rlo)Migte) + Maf (),
the inequality[(3.]7) is equivalent to

m1M2

(3.14) L(f,g9) + 10080 (b—a)® < 6(b1— ) / (x S _2|_ b) r(x)[mig(z) + Maf (z)]dx,
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and the inequality] (3]8) is equivalent to

Myms b b

@15) LUf.0) + ppmes(b- 0 < gt [ (0= 50 ) r@)Migle) + maf o)l
From (3.12) and (3.13) we deduce

b a+b mimeg + My Mo
(3.16) L(f,9) — ﬁ/ (x - —2|— > r(z)h(x)dx > — 201—600 (b—a)®.
From (3.14) and (3.15) we find

b a my Vi 172
(3.17) L(f,9) — ﬁ/ (:v - ;_b> r(z)h(x)dr < — A;[O;S(])\g (b—a)’.
The inequalitieq (3.16) and (3]17) proye (3.1). O

Corollary 3.2. If f, g are 3-time differentiable ofu, b] and symmetric about = “T“’ then we
have

(m1 + My)(mg + Ms) (My —my)(My — my) _\6
(318) \L{f.9)+ 103200 103200 (b=a)"
Proof. Note that the functions andr defined onla, b by (3.3) and[(34) are symmetric about

x = “2. Hence, their produdt - r is symmetric about = “* and

<

(b—a)°

b
(3.19) / (x _ ¢ _2‘_ b) r(z)h(x)dx = 0.
From (3.1) and[(3.19), we obtain (3]18). O
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