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ABSTRACT. In this paper, we obtain a generalization of advanced integral inequality and by
means of examples we show the usefulness of our results.
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1. INTRODUCTION

Integral inequalities play an important role in the qualitative analysis of the solutions to dif-
ferential and integral equations. Many retarded inequalities have been discovered (see [2], [3],
[5], [[7]). However, we almost neglect the importance of advanced inequalities. After all, it does
great benefit to solve the bound of certain integral equations, which help us to fulfill a diversity
of desired goals. In this paper we establish two advanced integral inequalities and an application
of our results is also given.

2. PRELIMINARIES AND LEMMAS

In this paper, we assume throughout tRat = [0, c0), is a subset of the set of real numbers
R. The following lemmas play an important role in this paper.

Lemma 2.1. Let ¢ € C(R,,R,) be an increasing function wittp(cc) = oco. Lety €
C(R., R, ) be anondecreasing function and die a nonnegative constant. ket C*'(R,,R,)
be nondecreasing with(t) > t onR,.. If u, f € C(R,,R,) and

(2.1) plutt) <c+ | :f<s>w<u<s>>ds, teR.,
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2 XUEQIN ZHAO AND FANWEI MENG

thenfor0 <7 <t < oo,
(2.2) u(t) < ot {GI[G(C) + Oof(s)ds}} ,
a(t)

whereG(z) = fz‘z m, z >z > 0, ¢ !, G™! are respectively the inverse gfand G,

T € R, is chosen so that

(2.3a) G(c) + h f(s)ds € Dom(G™), t € [T,00).
a(t)

(2.3b) G! [G(c) +/ f(s)ds} € Dom(p ™), te[T,00).
a(t)
Proof. Define the nonincreasing positive functieft) and make

(2.4) 2(t)=ctet " T feuu(e)ds,  teRs,

wheree is an arbitrary small positive number. From inequality (2.1), we have
(2.5) u(t) < o tz(t)].
Differentiating [2.4) and using (.5) and the monotonicitysof', ¢/, we deduce that
Z(t) = —f(at)¥ [u(a(t)] «(t)

> —fa®)y [¢7" (2(a(t))] o'(1)

> —fa®)y [¢7 (2(1)] o'(1).
For

Y™ (2(1)] = ¢l (2(00))] = ¥lp~ (e +¢)] > 0,

from the definition of, the above relation gives

L) = —2U s rlam)a
&) = gy = T OO

Settingt = s, and integrating it front to oo and lettings — 0 yields

G(z(t)) < G(c) +/ f(s)ds, teR,.
a(t)
From (2.3),[(2.p) and the above relation, we obtain the inequality (2.2). O

In fact, we can regard Lemma 2.1 as a generalized form of an Ou-lang type inequality with
advanced argument.

Lemma 2.2. Letu f and g be nonnegative continuous functions defined®kon and lety €
C(R4,R,) be an increasing function witlx(co) = oo and letc be a nonnegative constant.
Moreover, letw;, wy, € C(R,,R,) be nondecreasing functions withy(u) > 0(i = 1,2) on
(0,00), @« € C*(R,R,) be nondecreasing with(¢) > t onR,.. If

(2.6) o(u <c+/ f(s)w(u ds+/ g(s)wa(u(s))ds, te Ry,

then for0 <7 <t < o0,
(1) Forthe caseavy(u) < wy(u),

(2.7) u(t) < gp_l{Gl_l {Gl(c)Jr/a: f(s)ds—i—/toog(s)ds}}.
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(7i) For the caseaw;(u) < wy(u),

2.8) u(t) < o {G2_1 [GQ@ - : Fopds+ [ Oog(s)ds} } ,
where ;
Gi(r):/m ﬁ, r>ryg>0, (i=1,2)

andp~!, G (i = 1,2) are respectively the inverse of G;, T € R, is chosen so that
(2.9) Gie) —|—/ f(s)ds +/ g(s)ds € Dom(G; 1Y), (i=1,2), t €T, 00).
a(t) t
Proof. Define the nonincreasing positive functieft) and make

(2.10) z(t)=c+e+ /: f(s)wy(u(s))ds + /toog(s)wQ(u(s))ds, 0<T<t< o0,

wheree is an arbitrary small positive number. From inequality (2.6), we have
(2.112) u(t) < o z(t)], teR,.
Differentiating [2.10) and using (2.111) and the monotonicityof, w,, w,, we deduce that
Z(t) = —f(a(t)w [u(a(t))] o' (t) — g(t)ws [u(t)],
> — f(a(t))wr [~ (=(a(t)] /(1) — glthue [0~ (2(0))]
> —f(a(t)wr [p7" (2(1)] &' () = g(t)w2 [¢7 (2(1))] -
() Whenws(u) < wq(u)
Y1) = —f(a@®)wr [ ((0)] o)) — 9w [¢7 (=)], tER..
For

wilp™ ()] = wi [¢7 (2(00))] = wilp™ (e +€)] > 0,
from the definition ofG,(r), the above relation gives

Lo = —2O o riamais -
dtGl( (t))—wl[w_l(z(t))]z fla(t)d/(t) — g(t), teR,.

Settingt = s and integrating it front to co and lete — 0 yields
Gi(:) <Gale) + [ flsds+ [ glo)ds. teRs,
t

a(t)
SO,

z(t) < Gyt {Gl(c) + h f(s)ds + /OO g(s)ds} : 0<T <t<o0.
a(t) t
Using (2.11), we have
u(t) <! {Gl—l [Gl(c) + /a(:) f(s)ds + /toog(s)ds} } : 0<T<t<o0.

(i) Whenw; (u) < ws(u), the proof can be completed similarly. O
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3. MAIN RESULTS
In this section, we obtain our main results as follows:

Theorem 3.1. Let u, f and g be nonnegative continuous functions definedRonand letc
be a nonnegative constant. Moreover, {ete C(R,,RR,) be an increasing function with
p(o0) = o0, ¥ € C(Ry,Ry) be a nondecreasing function with(z) > 0 on (0,0c0) and
a € CY(R,,R,) be nondecreasing with(t) > t onRR,. If

[e.e]

(3.2) p(u(t)) < e+ / D) o <R

thenfor0 <7 <t < oo,

c2 =y {or o (a0 [ :g<s>ds]+ a:f(s)ds)”,

where

" ds z ds
Q(T)_/mm, r>ro>0, G(z)= rrr=I=TEiE 2> 29> 0,

QL o=t G are respectively the inverse 9f o, G andT € R, is chosen so that

G{Q(C)—i—/oo g(s ds] / f(s)ds € Dom(G™)

()

Gl{G{Q(c)Jr/( ds} / f(s }eDom(Ql)

fort e [T, 00).
Proof. Let us first assume that> 0. Define the nonincreasing positive functior{¢) by the
right-hand side of (3]1). Then(oo) = ¢, u(t) < ¢ '[2(¢)] and

2(1) =~ [f (a®)u(a()) v [u(a)] ~ g(a®)u(a(t)] o)
— [f(a®)e™ (z(a@) e (2(a(t)] — gla(t) e~ (Zozt))}o/(t)
—[fla®)e™ (z(1) L [e™" (2(t))] — g(a(t) e~ (2(1)] o' (2).

and

i =~ a0)0 [ (a)] + s(a(0) } ).
Settingt = s and integrating it front to oo yields
OG0) <00 + [ o)+ [ Sl (o)

Let 7" < T) be an arbitrary number. We denqig) = Q(c) + f (1 9(s)ds. From the above
relation, we deduce that

Q(=(1)) < p(T}) + :f(S)w[so‘l(Z(S))]d& T, <t < oo,

Now an application of Lemma 2.1 gives

0 < {o e+ [ :O) fas|} mst<oe
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" u(t) < ! {Ql [Gl (G(p(Tl)) + /a : f(s)dsﬂ }  Ti<t<oo

Takingt = T} in the above inequality, sincg is arbitrary, we can prove the desired inequality

@B.9).
If ¢ = 0 we carry out the above procedure with> 0 instead ofc and subsequently let
e — 0. O]

Corollary 3.2. Letu, f and g be nonnegative continuous functions definedRgnand letc
be a nonnegative constant. Moreover, Jetc C(R,,R,) be a nondecreasing function with
¥(u) > 00n(0,00) anda € C'(R,, R, ) be nondecreasing with(t) > t onR,.. If

o0

W) <t / F&)u(s)d(u(s) + g(s)u(s)ds, ¢ € Ry,

a(t)
thenfor0 < T <t < oo,

ut) < Q7! [Q <c+ % /a : g(s)ds) + % : f(s)ds] ,

where
" ds

-  (s)’
Q~lis the inverse of), andT € R, is chosen so that

1 [ 1 [
Q (c + —/ g(s)ds) + - f(s)ds € Dom(Q™1)
2 Ja 2 Jaw

Q(r) r >0,

forall t € [T, c0).

Corollary 3.3. Letu, f andg be nonnegative continuous functions defined®qrand letc be
a nonnegative constant. Moreover, et C' (R, , R, ) be nondecreasing with(¢) > ¢t onRR .
If

[e.e]

Rt <t / O T gutolds, 20

ult) < (H%/Q:) g(s)ds) exp B /Q:) f(s)ds} . t>0.

Corollary 3.4. Letu, f and g be nonnegative continuous functions definedRonand letc
be a nonnegative constant. Moreover, jety be positive constants with > ¢, p # 1. Let
a € C'(R.,R,) be nondecreasing with(t) > t onR,.. If

then

o0

P(t) < et / [F(s)u(s) + g(s)u(s)]ds,  teR,,

a(t)

then fort € R,

_1 — o0 Pj o
(9 2 2 g(s)s) ™ exp [L S F(9)ds] . whenp =g,
u(t) < L
_1 _ 0 2%(11 — 0o P=a
{(c(l p) 4+ 1’71 o) g(s)d8> + ’% O((t)f(s)al:s} , whenp > q.
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Theorem 3.5. Let u, f and g be nonnegative continuous functions definedRan and let
v € C(R,,R,) be anincreasing function with(oco) = oo and letc be a nonnegative constant.
Moreover, letw,, ws € C(R,,R,) be nondecreasing functions with(u) > 0(i = 1,2) on
(0,00) anda € C*(R,, R, ) be nondecreasing with(¢) >t onR,. If

33) o) <ct / f(s ))ds + /toog<s>u<s>w2<u<s>>ds,

then for0 <7 <t < o0,
(1) For the caseus(u) < wq(u),

(71) Forthe casav; (u) < wsy(u),

I G Gty : res+ [ atas)]

where

" ds
s _— >
Q(r) /m 1(s)’ r>re >0,

N ds .
60 = | ey 22020 (=12

Q71 o=t G are respectively the inverse 9f o, G, andT" € R, is chosen so that

G, (Q(c)+ :f( )ds+/oo (s )ds) € Dom(G; 1),

[ ( / /(s d3+/ gs)ds)]GDom(Q—l)’

forall t € [T, c0).

Proof. Let ¢ > 0, define the nonincreasing positive functioft) and make

(3.6) =c+ / f(s ))ds + /toog(s)u(s)wg(u(s))ds.
From inequality[(3.B), we have
(3.7) u(t) < o tz(t)].

Differentiating [3.6) and using (3.7) and the monotonicitysof , w,, w,, we deduce that

Z'(t) = —f(a@®))u(at))w [u(a(t))] () — g(t)u(t)ws [u(t)],

> f( (1)~ (z(a(t)w [ (2(a(t))] o'(t) = g(t)p™" (2())wa [¢7 (2(1))]
—fa®)e ™ (z(t)wr [  (2(1)] &' () — g()~  (2(1))wa [¢7H (2(2)) ] -
(i) Whean( ) < wq(u)
Z'(t) —1 ' -1
iy 2 @) [ CO)] o0~ g [ ()]

For
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settingt = s and integrating front to oo yields
Q(z(t)) < Q(c) + ()f(s)wl [go_l(z(t))] ds +/ g(s)wn [gp_l(z(t))} ds.
alt t
From Lemma 22, we obtain

awsa*{ef[aﬂudw+a:f@Ms+[mg@m4}, 0<T<t<oo

Usingu(t) < ¢~ 1[z(t)], we get the inequality iff (3/4)

If ¢ = 0, we can carry out the above procedure witly 0 instead ofc and subsequently let
e — 0.
(i) Whenw, (u) < ws(u), the proof can be completed similarly. O

4. AN APPLICATION

We consider an integral equation

(4.1) 20 =alt)+ [ Fls,a(s).a0())ds
Assume that:

(4.2) Pz, y,0) < f(@)ul? + g(@)ul
and

(4.3) la(t)| <¢, ¢>0 p>q¢>0, p#1,

where f, g are nonnegative continuous real-valued functions, are C' (R, R, ) is nonde-
creasing withp(t) > ¢ onR... From [4.1),[(4.R) and (4.3) we have

e < et [ 1o+ g(s)lalo(s)lds.
Making the change of variables from the above inequality and taking
1
M = su
ert, 9()°

we have

[z(®)]F <c+ M /¢: F(s)lz () + g(s)|x(s)lds,

in which f(s) = f(¢7%(s)), g(s) = g(¢~'(s)). From Corollary 3.4, we obtain

(C(1—%)+M —
z(t)] < n

{(C(lé) + M(z;—l) f(;:t)g(s)d$>pj 4 M@—q)

If the integrals off (s), g(s) are bounded, then we have the bound of the solutioh of (4.1).

0 g(s)ds> " exp [% f;(j) f(s)ds] : when p=gq

rP—q
ds} , when p>q.
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