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ABSTRACT. In this paper is defined ann-inner product of type〈a1, . . . ,an|b1 · · ·bn〉 where
a1, . . . ,an, b1, . . . ,bn are vectors from a vector spaceV . This definition generalizes the defini-
tion of Misiak ofn-inner product [5], such that in special case if we consider only such pairs of
sets{a1, . . . ,a1} and{b1 · · ·bn} which differ for at most one vector, we obtain the definition
of Misiak. The Cauchy-Schwarz inequality for this general type ofn-inner product is proved
and some applications are given.
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1. I NTRODUCTION

A. Misiak [5] has introduced ann-inner product by the following definition.

Definition 1.1. Assume thatn is a positive integer andV is a real vector space such that
dim V ≥ n and(•, •| •, . . . , •︸ ︷︷ ︸

n−1

) is a real function defined onV × V × · · · × V︸ ︷︷ ︸
n+1

such that:

i) (x1,x1|x2, . . . ,xn) ≥ 0, for anyx1,x2, . . . ,xn ∈ V and(x1,x1|x2, . . . ,xn) = 0 if and
only if x1,x2, . . . ,xn are linearly dependent vectors;

ii) (a,b|x1, . . . ,xn−1) = (ϕ(a), ϕ(b)|π(x1), . . . , π(xn−1)), for anya,b,x1, . . . ,xn−1 ∈
V and for any bijections

π : {x1, . . . ,xn−1} → {x1, . . . ,xn−1} and ϕ : {a,b} → {a,b};
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2 KOSTADIN TRENČEVSKI AND RISTO MAL ČESKI

iii) If n > 1, then(x1,x1|x2, . . . ,xn) = (x2,x2|x1,x3, . . . ,xn), for anyx1,x2, . . . ,xn ∈
V ;

iv) (αa,b|x1, . . . ,xn−1) = α(a,b|x1, . . . ,xn−1), for anya,b,x1, . . . ,xn−1 ∈ V and any
scalarα ∈ R;

v) (a+a1,b|x1, . . . ,xn−1) = (a,b|x1, . . . ,xn−1)+(a1,b|x1, . . . ,xn−1), for anya,b, a1,
x1, . . . ,xn−1 ∈ V .

Then(•, •| •, . . . , •︸ ︷︷ ︸
n−1

) is called then-inner product and(V, (•, •| •, . . . , •︸ ︷︷ ︸
n−1

)) is called then-prehilbert

space.

If n = 1, then Definition 1.1 reduces to the ordinary inner product.
Thisn-inner product induces ann-norm ([5]) by

‖x1, . . . ,xn‖ =
√

(x1,x1|x2, . . . ,xn).

In the next section we introduce a more general and more convenient definition ofn-inner prod-
uct and prove the corresponding Cauchy-Schwarz inequality. In the last section some related
results are given.

Although in this paper we only consider real vector spaces, the results of this paper can easily
be generalized for the complex vector spaces.

2. n-INNER PRODUCT AND THE CAUCHY -SCHWARZ INEQUALITY

First we give the following definition ofn-inner products.

Definition 2.1. Assume thatn is a positive integer,V is a real vector space such thatdim V ≥ n
and〈•, . . . , •|•, . . . , •〉 is a real function onV 2n such that

i)

(2.1) 〈a1, . . . , an|a1, . . . , an〉 > 0

if a1, . . . , an are linearly independent vectors,
ii)

(2.2) 〈a1, . . . , an|b1, . . . ,bn〉 = 〈b1, . . . ,bn|a1, . . . , an〉

for any a1, . . . , an,b1, . . . ,bn ∈ V ,
iii)

(2.3) 〈λa1, . . . , an|b1, . . . ,bn〉 = λ〈a1, . . . , an|b1, . . . ,bn〉

for any scalarλ ∈R and anya1, . . . , an,b1, . . . ,bn ∈ V ,
iv)

(2.4) 〈a1, . . . , an|b1, . . . ,bn〉 = −〈aσ(1), . . . , aσ(n)|b1, . . . ,bn〉

for any odd permutationσ in the set{1, . . . , n} and anya1, . . . , an,b1, . . . ,bn ∈ V ,
v)

(2.5) 〈a1 + c, a2, . . . , an|b1, . . . ,bn〉
= 〈a1, a2, . . . , an|b1, . . . ,bn〉+ 〈c, a2, . . . , an|b1, . . . ,bn〉

for anya1, . . . , an,b1, . . . ,bn, c ∈ V ,
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ON A GENERALIZED n−INNER PRODUCT AND THE CORRESPONDINGCAUCHY-SCHWARZ INEQUALITY 3

vi) if

(2.6) 〈a1,b1, . . . ,bi−1,bi+1, . . . ,bn|b1, . . . ,bn〉 = 0

for eachi ∈ {1, 2, . . . , n}, then

(2.7) 〈a1, . . . , an|b1, . . . ,bn〉 = 0

for arbitrary vectorsa2, . . . , an.
Then the function〈•, . . . , •|•, . . . , •〉 is called ann-inner product and the pair(V, 〈•, . . . , •|
•, . . . , •〉) is called ann-prehilbert space.

We give some consequences from the conditions i) – vi) of Definition 2.1.
From (2.4) it follows that if two of the vectorsa1, . . . , an are equal, then〈a1, . . . , an|

b1, . . . ,bn〉 = 0.
From (2.3) it follows that

〈a1, . . . , an|b1, . . . ,bn〉 = 0

if there existsi such thatai = 0.
From (2.4) and (2.2) it follows more generally that
iv’)

〈a1, . . . , an|b1, . . . ,bn〉 = (−1)sgn(π)+sgn(τ)〈aπ(1), . . . , aπ(n)|bτ(1), . . . ,bτ(n)〉
for any permutationsπ andτ on{1, . . . , n} and a1, . . . , an,b1, . . . ,bn ∈ V .

From (2.3), (2.4) and (2.5) it follows that

〈a1, . . . , an|b1, . . . ,bn〉 = 0

if a1, . . . , an are linearly dependent vectors. Thus i) can be replaced by
i’) 〈a1, . . . , an|a1, . . . , an〉 ≥ 0 for anya1, . . . , an ∈ V and〈a1, . . . , an|a1, . . . , an〉 = 0 if

and only ifa1, . . . , an are linearly dependent vectors.
Note that then-inner product onV induces ann-normed space by

‖x1, . . . ,xn‖ =
√
〈x1, . . . ,xn|x1, . . . ,xn〉,

and it is the same norm induced by Definition 1.1.
In the special case if we consider only such pairs of setsa1, . . . , a1 andb1, . . . ,bn which

differ for at most one vector, for examplea1 = a, b1 = b anda2 = b2 = x1, . . . , an = bn =
xn−1, then by putting

(a,b|x1, . . . ,xn−1) = 〈a,x1, . . . ,xn−1|b,x1, . . . ,xn−1〉
we obtain ann-inner product according to Definition 1.1 of Misiak. Indeed, the conditions i),
iv) and v) are triavially satisfied. The condition ii) is satisfied for an arbitrary permutationπ,
because according to iv′)

〈a1, . . . , an|b1, . . . ,bn〉 = 〈a1, aπ(2), . . . , aπ(n)|b1,bπ(2), . . . ,bπ(n)〉
for any permutationπ : {2, 3, . . . , n} → {2, 3, . . . , n}. Similarly the condition iii) is satisfied.
Moreover, in this special case of Definition 2.1 we do not have any restriction of Definition 1.1.
For example, then the condition vi) does not say anything. Namely, ifa1 /∈ {b1, . . . ,bn}, then
the vectorsa2, . . . , an must be from the set{b1, . . . ,bn}, and(2.6′′) is satisfied because the
assumption(2.6′) is satisfied. Ifa1 ∈ {b1, . . . ,bn}, for examplea1 = bj, then(2.6′) implies
that 〈bj,b1, . . . ,bj−1,bj+1, . . . ,bn|b1, . . . ,bn〉 = 0, and it is possible only ifb1, . . . ,bn are
linearly dependent vectors. However, then(2.6′′) is satisfied. Thus Definition 2.1 generalizes
Definition 1.1.

Now we give the following example of then-inner product.
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4 KOSTADIN TRENČEVSKI AND RISTO MAL ČESKI

Example 2.1. We refer to the classical known example, as ann-inner product according to
Definition 2.1. LetV be a space with inner product〈·|·〉. Then

〈a1, . . . , an|b1, . . . ,bn〉 =

∣∣∣∣∣∣∣∣∣∣∣

〈a1|b1〉 〈a1|b2〉 · · · 〈a1|bn〉
〈a2|b1〉 〈a2|b2〉 · · · 〈a2|bn〉

·
·
·

〈an|b1〉 〈an|b2〉 · · · 〈an|bn〉

∣∣∣∣∣∣∣∣∣∣∣
satisfies the conditions i) - vi) and hence it defines ann-inner product onV . The conditions i) -
v) are trivial, and we will prove vi). Ifb1, . . . ,bn are linearly independent vectors and

〈a1,b1, . . . ,bi−1,bi+1, . . . ,bn|b1, . . . ,bn〉
≡ (−1)i−1〈b1, . . . ,bi−1, a1,bi+1, . . . ,bn|b1, . . . ,bn〉

≡ (−1)i−1

∣∣∣∣∣∣∣∣∣∣∣

〈b1|b1〉 〈b1|b2〉 · · · 〈b1|bn〉
〈b2|b1〉 〈b2|b2〉 · · · 〈b2|bn〉
· · · · · · · · · · · ·

〈a1|b1〉 〈a1|b2〉 · · · 〈a1|bn〉
· · · · · · · · · · · ·

〈bn|b1〉 〈bn|b2〉 · · · 〈bn|bn〉

∣∣∣∣∣∣∣∣∣∣∣
= 0,

then the vector
(〈a1|b1〉, 〈a1|b2〉, . . . , 〈a1|bn〉) ∈ Rn

is a linear combination of

(〈b1|b1〉, . . . , 〈b1|bn〉), . . . , (〈bi−1|b1〉, . . . , 〈bi−1|bn〉),
(〈bi+1|b1〉, . . . , 〈bi+1|bn〉), . . . , (〈bn|b1〉, . . . , 〈bn|bn〉).

Since this is true for eachi ∈ {1, 2, . . . , n}, it must be that〈a1|b1〉 = · · · = 〈a1|bn〉 = 0.
Hence

〈a1, . . . , an|b1, . . . ,bn〉 = 0

for arbitrarya2, . . . , an.

Note that the inner product defined by

〈a1 ∧ · · · ∧ an|b1 ∧ · · · ∧ bn〉 =

∣∣∣∣∣∣∣∣∣∣∣

〈a1|b1〉 〈a1|b2〉 · · · 〈a1|bn〉
〈a2|b1〉 〈a2|b2〉 · · · 〈a2|bn〉

·
·
·

〈an|b1〉 〈an|b2〉 · · · 〈an|bn〉

∣∣∣∣∣∣∣∣∣∣∣
can uniquely be extended to ordinary inner products over the spaceΛn(V ) of n-forms overV
[4]. Indeed, if{ei}i∈I , I an index set, is an orthonormal basis of(V, 〈∗|∗〉), then

〈ei1 ∧ · · · ∧ ein|ej1 ∧ · · · ∧ ejn〉 = δi1···in
j1···jn

where the expressionδi1···in
j1···jn

is equal to 1 or -1 if{i1, . . . , in} = {j1, . . . , jn} with different
i1, . . . , in and additionally the permutation

(
i1 i2 ··· in
j1 j2 ··· jn

)
is even or odd respectively, and where the

above expression is 0 otherwise. It implies an inner product overΛn(V ).
Before we prove the next theorem, we give the following remarks assuming thatdim V > n.
Let b1, . . . ,bn be linearly independent vectors. If a vectora is such that

〈a,b1, . . . ,bi−1,bi+1, . . . ,bn|b1, . . . ,bn〉 = 0, (1 ≤ i ≤ n)
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then we say that the vectora is orthogonal to the subspace generated byb1, . . . ,bn. Note that
the set of orthogonal vectors to thisn-dimensional subspace is a vector subspace ofV , and the
orthogonality ofa to the considered vector subspace is invariant of the base vectorsb1, . . . ,bn.
If x is an arbitrary vector, then there exist uniqueλ1, . . . , λn ∈ R such thatx − λ1b1 − · · · −
λnbn is orthogonal to the vector subspace generated byb1, . . . ,bn. Namely, the orthogonality
conditions

〈b1, . . . ,bi−1,x− λ1b1 − · · · − λnbn,bi+1, . . . ,bn|b1, . . . ,bn〉 = 0, (1 ≤ i ≤ n)

have unique solutions

λi =
〈b1, . . . ,bi−1,x,bi+1, . . . ,bn|b1, . . . ,bn〉

〈b1, . . . ,bn|b1, . . . ,bn〉
, (1 ≤ i ≤ n).

Hence each vectorx can uniquely be decomposed asx = λ1b1 + · · · + λnbn + c, where
the vectorc is orthogonal to the vector subspace generated byb1, . . . ,bn. According to this
definition, the condition vi) of Definition 2.1 says that if the vectora1 is orthogonal to the vector
subspace generated byb1, . . . ,bn, then(2.6′′) holds for arbitrary vectorsa2, . . . , an.

Now we prove the Cauchy-Schwarz inequality as a consequence of Definition 2.1.

Theorem 2.1. If 〈•, . . . , •|•, . . . , •〉 is ann-inner product onV , then the following inequality

(2.8) 〈a1, . . . , an|b1, . . . ,bn〉2 ≤ 〈a1, . . . , an|a1, . . . , an〉〈b1, . . . ,bn|b1, . . . ,bn〉,
is true for any vectorsa1, . . . , an, b1, . . . ,bn ∈ V . Moreover, equality holds if and only if at

least one of the following conditions is satisfied
i) the vectorsa1, a2, . . . , an are linearly dependent,

ii) the vectorsb1,b2, . . . ,bn are linearly dependent,
iii) the vectorsa1, a2, . . . , an andb1,b2, . . . ,bn generate the same vector subspace of di-

mensionn.

Proof. If a1, . . . , an are linearly dependent vectors orb1, . . . ,bn are linearly dependent vectors,
then both sides of (2.8) are zero and hence equality holds. Thus, suppose thata1, . . . , an and
alsob1, . . . ,bn are linearly independent vectors. Note that the inequality (2.8) does not depend
on the choice of the basisa1, . . . , an of the subspace generated by thesen vectors. Indeed, each
vector row operation preserves the inequality (2.8), because both sides are invariant or both
sides are multiplied by a positive real scalar after any elementary vector row operation. We
assume thatdim V > n, because ifdim V = n, then the theorem is obviously satisfied.

Let Σ be a space generated by the vectorsa1, . . . , an andΣ∗ be the orthogonal subspace to
Σ. Let us decompose the vectorsbi asbi = ci + di whereci ∈ Σ anddi ∈ Σ∗. Thus

bi =
n∑

j=1

Pijaj + di, (1 ≤ i ≤ n)

〈a1, . . . , an|b1, . . . ,bn〉 =

〈
a1, . . . , an

∣∣∣∣∣
n∑

j1=1

P1j1aj1 + d1, . . . ,
n∑

jn=1

Pnjnajn + dn

〉

=
n∑

j1=1

· · ·
n∑

jn=1

P1j1P2j2 · · ·Pnjn〈a1, . . . , an|aj1 , . . . , ajn〉

=
n∑

j1=1

· · ·
n∑

jn=1

P1j1P2j2 · · ·Pnjn(−1)sgnσ〈a1, . . . , an|a1, . . . , an〉

= detP · 〈a1, . . . , an|a1, . . . , an〉
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6 KOSTADIN TRENČEVSKI AND RISTO MAL ČESKI

where we used the conditions ii) - vi) from Definition 2.1 and we denoted byP the matrix with
entriesPij, andσ =

(
1 2 ··· n
j1j2···jn

)
.

If det P = 0, then the left side of (2.8) is 0, the right side is positive and hence the inequality
(2.8) is true. So, let us suppose thatP is a non-singular matrix andQ = P−1. Now the
inequality (2.8) is equivalent to

(det P )2〈a1, . . . , an|a1, . . . , an〉2 ≤ 〈a1, . . . , an|a1, . . . , an〉〈b1, . . . ,bn|b1, . . . ,bn〉,

(2.9) 〈a1, . . . , an|a1, . . . , an〉 ≤ 〈b′1, . . . ,b′n|b′1, . . . ,b′n〉,
whereb′i =

∑n
j=1 Qijbj, (1 ≤ i ≤ n). Note thatb′i decomposes as

b′i =
n∑

j=1

Qij

(
n∑

l=1

Pjlal + dj

)
= ai + d′i

whered′i =
∑n

j=1 Qijdj ∈ Σ∗. Now we will prove (2.9), i.e.

(2.10) 〈a1, . . . , an|a1, . . . , an〉 ≤ 〈a1 + d′1, . . . , an + d′n|a1 + d′1, . . . , an + d′n〉
and equality holds if and only ifb′1 = a1, . . . , b′n = an, i.e., d′1 = · · · = d′n = 0. More
precisely, we will prove that (2.10) is true for at least one basisa1, . . . , an of Σ.

Using (2.5) and (2.2) we obtain

〈a1 + d′1, . . . , an + d′n|a1 + d′1, . . . , an + d′n〉
= 〈a1, a2 + d′2, . . . , an + d′n|a1, a2 + d′2, . . . , an + d′n〉

+ 〈d′1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉
+ 2〈a1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉

= 〈a1, a2, a3 + d′3, . . . , an + d′n|a1, a2, a3 + d′3, . . . , an + d′n〉
+ 〈a1,d

′
2, a3 + d′3, . . . , an + d′n|a1,d

′
2, a3 + d′3, . . . , an + d′n〉

+ 〈d′1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉
+ 2〈a1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉
+ 2〈a1, a2, a3 + d′3, . . . , an + d′n|a1,d

′
2, a3 + d′3, . . . , an + d′n〉

= · · ·
= 〈a1, . . . , an|a1, . . . , an〉+ 〈a1, . . . , an−1,d

′
n|a1, . . . , an−1,d

′
n〉

+ · · ·+ 〈a1,d
′
2, . . . , an + d′n|a1,d

′
2, . . . , an + d′n〉

+ 〈d′1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉+ S,

where

S = 2〈a1, a2 + d′2, . . . , an + d′n|d′1, a2 + d′2, . . . , an + d′n〉
+ 2〈a1, a2, a3 + d′3, . . . , an + d′n|a1,d

′
2, a3 + d′3, . . . , an + d′n〉

+ · · ·+ 2 〈a1, a2, . . . , an−1, an|a1, a2, . . . , an−1,d
′
n〉 .

We can change the basisa1, . . . , an of Σ such that the sumS vanishes. Indeed, if we replace
a1 by λa1 we can choose almost always a scalarλ such thatS = 0. The other cases can be
considered by another analogous linear transformations. Thus without loss of generality we can
putS = 0.

According to i′) the inequality (2.10) is true and equality holds if and only if the following sets
of vectors{a1, . . . , an−1,d

′
n}, . . . , {a1,d

′
2, a3 + d′3, . . . , an + d′n}, {d′1, a2 + d′2, . . . , an + d′n}
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are linearly dependent. This is satisfied if and only ifd′1 = d′2 = · · · = d′n = 0, i.e. if and only
if b′1 = a1, . . . , b′n = an. �

3. SOME APPLICATIONS

Let Σ1 andΣ2 be two subspaces ofV of dimensionn. We define the angleϕ betweenΣ1 and
Σ2 by

(3.1) cos ϕ =
〈a1, . . . , an|b1, . . . ,bn〉

‖a1, . . . , an‖ · ‖b1, . . . ,bn‖
,

wherea1, . . . , an are linearly independent vectors ofΣ1, b1, . . . ,bn are linearly independent
vectors ofΣ2 and

‖a1, . . . , an‖ =
√
〈a1, . . . , an|a1, . . . , an〉, ‖b1, . . . ,bn‖ =

√
〈b1, . . . ,bn|b1, . . . ,bn〉.

The angleϕ does not depend on the choice of the basesa1, . . . , an andb1, . . . ,bn.
Note that anyn-inner product induces an ordinary inner product over the vector spaceΛn(V )

of n-forms onV as follows. Let{eα}, be a basis ofV . Then we define〈 ∑
i1,...,in

ai1···inei1 ∧ · · · ∧ ein

∣∣∣∣∣ ∑
j1,...,jn

bj1···jnej1 ∧ · · · ∧ ejn

〉
=

∑
i1,...,in,j1,...,jn

ai1···inbj1···jn〈ei1 , . . . , ein|ej1 , . . . , ejn〉.

The first requirement for the inner product is a consequence of Theorem 2.1. For example, if

w = pei1 ∧ · · · ∧ ein − qej1 ∧ · · · ∧ ejn ,

then

〈w|w〉 = p2〈ei1 , . . . , ein|ei1 , . . . , ein〉+ q2〈ej1 , . . . , ejn|ej1 , . . . , ejn〉
− 2pq〈ei1 , . . . , ein|ej1 , . . . , ejn〉 ≥ 0

and moreover, the last expression is 0 if and only if

〈ei1 , . . . , ein|ej1 , . . . , ejn〉 =
√
〈ei1 , . . . , ein|ei1 , . . . , ein〉

√
〈ej1 , . . . , ejn|ej1 , . . . , ejn〉

which means thatei1 , . . . , ein andej1 , . . . , ejn generate the same subspace, andpei1∧· · ·∧ein =
qej1∧· · ·∧ejn, i.e. if and only ifw = 0. The other requirements for inner products are obviously
satisfied. Hence we obtain an induced ordinary inner product on the vector spaceΛn(V ) of n-
forms onV .

Remark 3.1. Note that the inner product onΛn(V ) introduced in Example 2.1 is only a special
case of an inner product onΛn(V ) and alson-inner product. It is induced via the existence of
an ordinary inner product onV .

The angle between subspaces defined by (3.1) coincides with the angle between twon-forms
in the vector spaceΛn(V ). Since the angle between two "lines" in any vector space with ordi-
nary inner product can be considered as a distance, we obtain that

(3.2) ϕ = arccos
〈a1, . . . , an|b1, . . . ,bn〉

‖a1, . . . , an‖ · ‖b1, . . . ,bn‖
determines a metric among then-dimensional subspaces ofV . Indeed, it induces a metric
on the Grassmann manifoldGn(V ), which is compatible with the ordinary topology of the
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Grassman manifoldGn(V ). This metric over Grassmann manifolds appears natural and appears
convenient also for the infinite dimensional vector spacesV .

Further, we shall consider a special case of ann-inner product for which there exists a ba-
sis {eα} of V such that the vectorei is orthogonal to the subspace generated by the vectors
ei1 , . . . , ein for different values ofi, i1, . . . , in. For such ann-inner product we have

(3.3) 〈ei1 , . . . , ein|ej1 , . . . , ejn〉 = Ci1···inδi1···in
j1···jn

whereδi1···in
j1···jn

is equal to 1 or -1 if{i1, . . . , in} = {j1, . . . , jn} with different i1, . . . , in, the
permutation

(
i1 i2 ··· in
j1 j2 ··· jn

)
is even or odd respectively, the expression is 0 otherwise, and where

Ci1···in > 0. Moreover, one can verify that the previous formula induces ann-inner product,
i.e. the six conditions i) - vi) are satisfied if and only if all the coefficientsCi1···in are equal
to a positive constantC > 0. Moreover, we can assume thatC = 1, because otherwise we
can consider the basis{eα/C1/2n} instead of the basis{eα} of V . Hence this special case of
n-inner product reduces to then-inner product given by the Example 2.1. Indeed, the ordinary
inner product is uniquely defined such that{eα} has an orthonormal system of vectors.

If the dimension ofV is finite, for exampledim V = m > n, then the previousn-inner
product induces a dual(m− n)-inner product onV which is induced by

(3.4) 〈ei1 , . . . , eim−n|ej1 , . . . , ejm−n〉∗ = δ
i1···im−n

j1···jm−n
.

The dual(m−n)-inner product is defined using the "orthonormal basis"{eα} of V . If we have
chosen another "orthonormal basis", the result will be the same. Further we prove the following
theorem.

Theorem 3.2. Let V be a finite dimensional vector space and let then-inner product onV be
defined as in Example 2.1. Then

ϕ(Σ1, Σ2) = ϕ(Σ∗
1, Σ

∗
2),

whereΣ1 andΣ2 are arbitraryn-dimensional subspaces ofV andΣ∗
1 andΣ∗

2 are their orthog-
onal subspaces inV .

Proof. Let Σ1 = 〈ω1〉, Σ2 = 〈ω2〉, Σ∗
1 = 〈ω∗

1〉, Σ∗
2 = 〈ω∗

2〉, where‖ω1‖ = ‖ω2‖ = ‖ω∗
1‖ =

‖ω∗
2‖ = 1. We will prove that

ω1 · ω2 = ±ω∗
1 · ω∗

2.

Indeed,ω1 · ω2 = ω∗
1 · ω∗

2 if ω1 ∧ ω2 andω∗
1 ∧ ω∗

2 have the same orientation inV andω1 · ω2 =
−ω∗

1 · ω∗
2 if ω1 ∧ ω2 andω∗

1 ∧ ω∗
2 have the opposite orientations inV .

Assume that the dimension ofV is m. Without loss of generality we can assume that

ω1 = e1 ∧ e2 ∧ · · · ∧ en and ω∗
1 = en+1 ∧ en+2 ∧ · · · ∧ em.

Without loss of generality we can assume that

ω2 = a1 ∧ a2 ∧ · · · ∧ an and ω∗
2 = an+1 ∧ an+2 ∧ · · · ∧ am,
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wherea1, . . . , am is an orthonormal system. Suppose thatai = (ai1, . . . , aim) (1 ≤ i ≤ m),
and let us introduce an orthogonalm×m matrix

A =



a11 · · · a1n a1,n+1 · · · a1m

·
·
·

an1 · · · ann an,n+1 · · · anm

an+1,1 · · · an+1,n an+1,n+1 · · · an+1,m

·
·
·

am1 · · · amn am,n+1 · · · amm


.

We denote byAi1···in (1 ≤ i1 < i2 < · · · < in ≤ m), then × n submatrix ofA whose rows
are the firstn rows ofA and whose columns are thei1-th,...,in-th column ofA. We denote by
A∗

i1···in the(m − n) × (m − n) submatrix ofA which is obtained by deleting the rows and the
columns corresponding to the submatrixAi1···in. It is easy to verify that

ω1 · ω2 = det A12...n and ω∗
1 · ω∗

2 = det A∗
12...n

and thus we have to prove that

(3.5) det A12...n = ± det A∗
12...n,

i.e.
det A12...n = det A∗

12...n if det A = 1

and
det A12...n = − det A∗

12...n if det A = −1.

Assume thatdet A = 1. Let us consider the expression

F =
∑

1≤i1<i2<···<in≤m

[
(det Ai1i2···in − (−1)1+2+···+n(−1)i1+i2+···+in det A∗

i1i2···in)
]2

.

Using‖ω2‖ = 1 and‖ω∗
2‖ = 1 we get∑

1≤i1<···<in≤m

(det Ai1i2···in)2 =
∑

1≤i1<···<in≤m

(det A∗
i1i2···in)2 = 1

and using the Laplace formula for decomposition of determinants, we obtain

F =
∑

1≤i1<···<in≤m

(det Ai1i2···in)2 +
∑

1≤i1<···<in≤m

(det A∗
i1i2···in)2

− 2
∑

1≤i1<···<in≤m

(−1)n(n+1)/2(−1)i1+i2+···+in det Ai1i2···in det A∗
i1i2···in

= 1 + 1− 2 · det A = 2− 2 = 0.

HenceF = 0 implies that

det Ai1i2···in = (−1)n(n+1)/2(−1)i1+i2+···+in det A∗
i1i2···in .

In particular, fori1 = 1, . . . , in = n we obtain

det Ai1i2···in = det A∗
i1i2···in .
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Assume thatdet A = −1. Then we consider the expression

F ′ =
∑

1≤i1<i2<···<in≤m

[
(det Ai1i2···in + (−1)1+2+···+n(−1)i1+i2+···+in det A∗

i1i2···in)
]2

and analogously we obtain that

det Ai1i2···in = −(−1)n(n+1)/2(−1)i1+i2+···+in det A∗
i1i2···in .

In particular, fori1 = 1, . . . , in = n we obtain

det Ai1i2···in = − det A∗
i1i2···in .

�

Finally we make the following remark. The presented approach ton-inner products appears
to be essential for applications in functional analysis. Since the correspondingn-norm is the
same as the correspondingn-norm from the definition of Misiak, we have the same results in
the normed spaces. It is an open question whether from Definition 2.1 a generalizedn-inner
product andn-semi-inner product with characteristicp can be introduced. It may also be of
interest to research the strong convexity in the possibly introduced space withn-semi-inner
product with characteristicp.
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