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ABSTRACT. In this paper we establish some generalized double inequalities involving the
gamma function.
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1. INTRODUCTION AND PRELIMINARY RESULTS

The Euler gamma functioki(z) is defined forz > 0, by

(1.1) [(x) = / e~ dt,
0
and the Psi (or digamma) function is defined by
_ I(z)
1.2) Y(z) = I(2) (x > 0).
The ¢-psi function is defined fob < ¢ < 1, by
d
(1.3) Yy(x) = . log 'y (),
where the;-gamma functior’,(x) is defined by(0 < ¢ < 1)
o 1—z - 1- ql
(1.4) Ty(x) = (1—q)' ™[] ==

=1
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Many properties of thg-gamma function were derived by Askey [2]. The explicit form of
the ¢-psi functiony, () is
T+

(1.5) Py(x) = —log(l —q) + long n z peet
i=0

In particular
hI{l Ly(z) =T(z) and hr{l Pe(x) = Y(z).
q—1= q—1

For the gamma function Alsina and Thomas [1] proved the following double inequality:

Theorem 1.1.For all x € [0, 1], and all nonnegative integers the following double inequality
holds true
1 C(1 4 z)|"
. <=
(1.6) n! = I'(l+nz) —
Sandor[[4] and Shabanil[5] proved the following generalization§ of (1.6) given by Theorem
[1.2 and Theorein 1.3 respectively.
Theorem 1.2.Forall « > 1 and allz € [0, 1], one has
1 < 1+ x)]*
I'l+a) = I'(1+ax) —
Theorem 1.3.Leta > b > 0, ¢,d be positive real numbers such that > ad > 0 and
(b + ax) > 0, wherex € [0, 1]. Then the following double inequality holds:

[C(a)]* _ [[(a+ bx)]°
1.8 <
(-8) TOF = T+ an)
Recently, Mansour [3] extended above gamma function inequalities to the ca§¢x0f
given by Theorer 1]4, below:

Theorem 1.4.Letz € [0,1) andq € (0,1). If a > b > 0, ¢, d are positive real numbers with
bec > ad > 0 and,(b+ ax) > 0, then
[Cy(a)]® _ [Tyla+ b)) —d

< < [[y(a+b)°
LB = [Lyfb+ an)i = o0
In our investigation we shall require the following lemmas:

(1.7)

< [P(a+b)

(1.9)

Lemma 1.5. Letg € (0,1), « > 0 anda, b be any two positive real numbers such that b.
Then

(1.10) Yy (aa + bx) > ¢y (ba + ax) z € [0,a],
and
(1.11) y(aa + bx) < ¢y(ba + ax) T € [a,00).

Proof. By using [1.5), we have

aa+b:v+z

ba+ax+i
q
¢q(aoz + bCL’) — ¢q(b04 + CLJ] 1quz ( _ aa+b:c+i - 1— qba+ax+i)

i aa+bx

o qbaJrax)
log q Z _ aoe+bx+z (1 _ qba—i—ax—i-z)

B 1qu§: q b(z+a)+i (q(a ba __ q(a—b)z)
- _ qaa+br+i _ gbadtaz+i)’
— (1-¢ )(1—q )

1=
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Since for0 < ¢ < 1, we havelogq < 0. In addition, fora > b, x € [0,«], we get(1l —
qaa+bx+i) > 07 (1 _ qba-i-ax—i-i) >0 andq(a—b)a < q(a—b)x. Hence

Yy (aa + bx) > Py (ba + ax) z €0, al.

Furthermore, for > b andx € [a, 0o), we have(1l — ¢ +e+i) > 0, (1 — ¢**Tee+i) > 0 and
gle—be > gle=bz Hence

Yy(ac + bx) < 9y (ba + ax) x € [a, 00).
which completes the proof. O

Lemma 1.6. Letz € [0,a], « > 0 andq € (0,1). If a,b, ¢, d are positive real numbers such
thata > b and[bc > ad, ¥, (ba + ax) > 0] or [be < ad, 1, (ac + bz) < 0], we have

(1.12) beyy(aa 4+ bx) — adip,(ba + ax) > 0.
Proof. Sincebe > ad andy,(ba + ax) > 0, then using[(1.1)0), we obtain

ad,(ba + ax) < beyy(bo + ax)
< bey(aa + bx).

Similarly, whenbc < ad andy,(ac + bx) < 0, we have
beyg(aa + bx) > adip,(ac + bx) > ady,(ba + ax).
This proves Lemmpa 1].6. O
Similarly, using [(1.I]l) and a similar proof to that above, we have the following lemma:

Lemma 1.7. Letg € (0,1) andzx € [, 00), a > 0. If a, b, ¢, d are positive real numbers such
thata > b and[bc > ad, ¢, (ba + ax) < 0] or [be < ad, ¥, (ac + bz) < 0], we have

(1.13) bey(aa 4+ br) — adip,(bo + ax) < 0.

2. MAIN RESULTS

In this section we will establish some generalized double inequalities involving gamma
function.

Theorem 2.1.Forall g € (0,1), x € [0, o], @« > 0 and positive real numbes b, ¢, d such that
a > band[bc > ad, ), (ba + ax) > 0] or [bc < ad, Y, (ac + bx) < 0], we have

[Ty(aa)]® _ [Dylaa + ba)]* c—d
(2.1) F bl S ot anp = Motla+ Dlajy ™
Proof. Let
2.2) f2) = [[',(ac + bx)]°

[Ty (ba + az)]®’

and assume tha{(x) is a function defined by(x) = log f(x). Then
g(z) = clogT'y(aae + bx) — dlog I’y (ba + ax),

SO

/() = bcl“;(aoz + bx) B adl“;(ba + ax)
I'y(ac + bx) I'y(ba + ax)

= be)y(ao + br) — adip,(ba + ax).
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Thus using Lemmpa 1].6, we hay&z) > 0. This means thaj(z) is an increasing function in
0, o], which implies that the functiorf(z) is also an increasing function |, o], so that

f0) < f(@) < fla),  z€[0,a],
and this is equivalent to
[[g(ac)]® < [[y(ac + bx)]®
[Fg(ba))® = [Py (bar + az))
This completes the proof of Theor¢m[2.1. O

< [Po{(a+ D)o}

Theorem 2.2.For all ¢ € (0,1), x € [a,00), o > 0 and positive real numbers, b, ¢, d such
thata > b and [bc > ad, ¢ (ba + ax) < 0] or [be < ad, ¥, (ac + bz) > 0], we have

[Ty (ac + ba)]*

(2.3) [T, (b + az)]? < [[,(a+b)a]
and
(2.4) [I'y(ac + bx) < [I'y(ac + by)] 0<y<r

[T, (ba + ax)]* — [Ty(ba + ay)]4’

Proof. Applying Lemméd 1.J and an argument similiar to that of Theorem 2.1, we see that the
function f(z) defined by|(2.R) is a decreasing function. Therefore we have

f@) < fle),  w€la,00),
which gives the desired result. O

Remark 1.

(i) Takinga = 1, Theorenj 2]l and Theordm R.2 yield the results obtained by Marigour [3].
(i) Takinga =1 andg — 1-, Theorenj 2]1 and Theorém P.2 yield the results obtained by
Shabanil[5].
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