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ABSTRACT. For a givenp-valent analytic functiory with positive coefficients in the open unit
disk A, we study a class of functiongz) = 2 + > a,z", a, > 0 satisfying

i)

Coefficient inequalities, distortion and covering theorems, as well as closure theorems are deter-
mined. The results obtained extend several known results as special cases.
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1. INTRODUCTION

Let A denote the class of all analytic functiofi&z) in the unit diskA := {z € C : |z| < 1}
with f(0) =0 = f/(0) — 1. The classV/(«) defined by

M(a)::{feAzg%(ZJ{;S))<a (1<a<§;zeA>}

was investigated by Uralegadetial.[6]. A subclass of\/(«) was recently investigated by Owa
and Srivastava_[3]. Motivated by/(«), we introduce a more general claB3/,(p, m, ) of
analytic functions with positive coefficients. For two analytic functions

f(z) =2+ Z a,z" and g(z) =2+ Z b, 2",

the convolution (or Hadamard product) pindg, denoted byf « g or (f * g)(z), is defined by
(f*xg)(z) =2+ Z anbp2".

Let T'(p, m) be the class of all analytig-valent functionsf(z) = z¥ — "> a,z" (a, > 0),
defined on the unit disk\ and letT := T(1,2). A function f(z) € T(p,m) is called a
function with negative coefficients. The subclasgofonsisting of starlike functions of order

a, denoted byl"S*(«), was studied by Silverman|[5]. Several other classes of starlike functions
with negative coefficients were studied; for e.g. see [2].

Let P(p, m) be the class of all analytic functions

(1.1) fz)=2"+> a,2" (a, >0)
andP := P(1,2).

Definition 1.1. Let

(1.2) 9(2) = 2"+ ) baz" (b > 0)

be a fixed analytic function ifk. Define the clas® M, (p, m, ) by
1 Z(f*g)’(Z)) ( m+p )}
PM,(p,m,a) := € Plpm): -R| ——F——) <aq, l<a< iz €A b
)= {1 € Pl 0 (L2 o

Wheng(z) = z/(1 — z), p = 1 andm = 2, the classPM,(p, m, a)) reduces to the subclass
PM(a) := PN M(a). Wheng(z) = z/(1 — 2)**!, p =1 andm = 2, the class® M, (p, m, @)
reduces to the class:

PA(a)—{feP:%(%><a, ()\>—1,1<a<§;zeA)},

whereD* denotes the Ruscheweyh derivative of orde¥When
g(z) =z+ Z nlz",
n=2

the class of functiong 1/, (1, 2, «) reduces to the clad3)M;(a) where

PMl(a):{feP:éR(%((j)))/)<a, (1<a<%;l20; zeA)},
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whereD' denotes the Salagean derivative of ordeklso we have
PM(«a) = Py(a) = PMy(a).
A function f € A(p,m)isin PPC(p,m,«, [3) if

1 (1= 0)2f'(2) + 5e(2f) () , m+p
EER< (1-B)f(2) + 22f(2) ) = (620’ VEasTy, >

This class is similar to the class gfPascu convex functions of orderand it unifies the class
of PM («) and the corresponding convex class.

For the newly defined clas8)M,(p, m, ), we obtain coefficient inequalities, distortion and
covering theorems, as well as closure theorems. As special cases, we obtain results for the
classed’ (a), andPM,(«). Similar results for the clasBPC(p, m, «, 3) also follow from our
results, the details of which are omitted here.

2. COEFFICIENT |INEQUALITIES

Throughout the paper, we assume that the funcfior) is given by the equatior (1.1) and
g(z) is given by by|(1.R). We first prove a necessary and sufficient condition for functions to be
in the classP M, (p, m, «) in the following:

Theorem 2.1. A functionf € PM,(p, m, «) if and only if

(2.1) f:(n — pa)ayb, < pla—1) (1 <a< m;};p) :

Proof. If f € PM,(p, m, ), then|2.1) follows from
1oy (2(f = g)/(Z))
e <

by letting z — 1— through real values. To prove the converse, assume[that (2.1) holds. Then
by making use of (2]1), we obtain

2(f % 9)'(2) = p(f * 9)(2) D e (M = planby, <1
2(f*x9)(2) — 2a—Dp(f*g)(2)| ~ 2(a—1p—3277,.[n — (2 — Dplayb, —
or equivalentlyf € PM,(p,m, a). O

Corollary 2.2. A functionf € Py(«) if and only if

i(n—a)aan()\) <a-1 (1 <a< g) ,

where :
A+1DHA+2)---(AN+n—-1)
(n—1)!

Corollary 2.3. A functionf € PM,,(«) if and only if

= 3
Z(n—a)annmga—l (1<a<§>.

n=2

(2.2) B.(\) =

Our next theorem gives an estimate for the coefficient of functions in the Blaggp, m, «).
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Theorem 2.4.1f f € PM,(p, m, «), then

pla—1)
(n - pa)bn
with equality only for functions of the form

an <

_ o, Pl
fTL(’Z) - + (TL —poz)bn .

Proof. Let f € PM,(p, m,«). By making use of the inequality (2.1), we have

(n — pa)ayb, < Z(n — pa)ayb, < pla—1)

or :
pla—1)
a, < ——m8—.
(n - pa)bn
Clearly for
a—1
fu(z) =2+ Mz" € PM,(p,m, ),
we have
_ pla—1)
Ap = —————.
(TL - pa)bn
Corollary 2.5. If f € P\(«), then
o < a—1
"7 (n—a)Bu(N)
with equality only for functions of the form
a—1 n
fn(’z) =z+ (TL . Oé)Bn(A)z )
whereB,, () is given by[(2.R).
Corollary 2.6. If f € PM,,(«), then
< a—1
n = (n —a)n™
with equality only for functions of the form
a—1 n

3. GROWTH AND DISTORTION THEOREMS
We now prove the growth theorem for the functions in the clad$, (p, m, ).
Theorem 3.1.1f f € PM,(p, m,«), then

D p(Oé-l) m < < P p(@—l) m _ 1
r —(m—pa)bmr <|f(z)| <P+ —(m—pa)me . el =r <1,
providedb,, > b,, > 1. The result is sharp for
et p M m
(3.2) f(z) =2+ (m—pa)bmz :
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Proof. By making use of the inequality (2.1) fgre PM,(p, m, a) together with
(m — pa)b, < (n— pa)b,,

we obtain
bm(m—paz Zn—paanb <pla—1)
or n=m n=m
- —1
(3.2) Z a, < M_

(m — pa)b,

n=m

By using [3.2) for the functiorf(z) = 27 + >°°  a,2" € PM,(p,m, «), we have forz| = r,
z)| <P+ Z anr”
<rP4rm Z an

pla—1)
<P m
= (m _pa)bmr
and similarly,
pla—1)
> P — .,
L T
0
Theorenj 3.1 also shows thAtA) for every f € PM,(p, m,«) contains the disk of radius
(a—1)
1— (rs—pa)bm .
Corollary 3.2. If f € P\(«a), then
a—1 9 a—1 9
— < < =
" asaorn SISt e (Bl=n)
The result is sharp for
B a—1 9
(3.3) f(z)—z+(2_a)<)\+1>
Corollary 3.3. If f € PM,,(a), then
a—1 a—-1
T L < - - —
G oag SHEIS T g (a=1)
The result is sharp for
a—1
4 = — 7
(3.4) f(2) z+<2_a)2mz

The distortion estimates for the functions in the cl&3d,(p, m, «) is given in the following:
Theorem 3.4.1f f € PM,(p,m,a), then

mp(a — 1)
(m — pa)b,

—1
<P < e b O e —
(m — pa)b,

providedb,, > b,,. The result is sharp for the function given py {3.1).

prp_l _
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Proof. By making use of the inequality (2.1) fgre PM,(p, m, ), we obtain

S g, < oD

— (m — pa)

and therefore, again using the inequality {2.1), we get

S na, < 220D
n=m (m - pa)bm

For the functionf(z) = 2 + > > a,2" € PM,(p,m, ), we now have

@ <o+ Y na ™ (2] =)

< prPt 4ot Z na,,
< p,r,pfl + mp(a _ ]') Tmfl
and similarly we have
—1)
/ > p—1 mp(a m—l.
7@z pr ! =
0
Corollary 3.5. If f € P\(«), then
2(a—1) , 2(a—1)
1-— < <1 =r).
2oy eI e gnyn H=n)

The result is sharp for the function given by (3.3)

Corollary 3.6. If f € PM,,(«), then

2(a—1) 2(a—1)
Bt St St Sty
(2 —a)2m (2 —a)2m
The result is sharp for the function given by (3.4)

1— r<ffEl <1+

(2l = 7).

4. CLOSURE THEOREMS

We shall now prove the following closure theorems for the clBdg,(p, m,«). Let the
functionsFj(z) be given by

(4.1) Fe(2) = 2"+ Y fas?", (k=1,2,...,M).

Theorem 4.1.Let\, > Ofor k = 1,2,..., M and 224:1 Ak
defined by[(4]1) be in the clag3M (p, m, o) for everyk = 1,
f(z) defined by

1. Let the functionFj(z)

<
2,...,M. Then the function

00 M
fe)=2"+3 (Z Akfn,k) &
n=m \k=1

belongs to the clasBM,(p, m, «).
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Proof. SinceF},(z) € PMy(p, m, ), it follows from Theoren 2]1 that

[e.9]

(4.2) > (0= pa)byfor < pla— 1)

n=m

foreveryk =1,2,..., M. Hence

Z (n — pa)b (Z i S k) = (Z(n - pa)bnfn7k>

n=m

[]= iMi

IN

Arp(a —1)
- 1).
By Theorenj 2.11, it follows thaf(z) € PM,(p,m, a). O

Corollary 4.2. The classPM,(p, m, «) is closed under convex linear combinations.
Theorem 4.3. Let

(VAN
=7
QH

p(OZ B 1) n
—Z
(n - pa)bn
forn =m,m+1,.... Thenf(z) € PM,(p, m,«) if and only if f(z) can be expressed in the
form

(4.3) F(2) = 22"+ ) AFu(2)

n=m

F,(z) = 2P and F,(z) = 2" +

where each\; > 0and\, + > 7 A, = 1.
Proof. Let f(z) be of the form[(4.8). Then

and therefore

iAnp(o‘_l)”_pa Z/\ —1-)<1.

(n —pa)b, pla—1)

n=m

By Theoren) 2.1, we havg(z) € PM,(p,m, a).
Conversely, leff(z) € PM,(p, m, ). From Theorem 2|4, we have

an_M for n=mm-+1,....
(n — pa)by,
Therefore we may take
B e L S T
pla—1)
and -
Ap=1- A
Then -

f(z) = A2 + Z AnEn(2)

n=m
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We now prove that the clag3M,(p, m, «) is closed under convolution with certain functions
and give an application of this result to show that the clads,(p, m, «) is closed under the
familiar Bernardi integral operator.

Theorem 4.4.Leth(z) = 2P + >~ h,z" be analytic inA with0 < h, < 1. If f(z) €
PMqy(p,m,a), then(f = h)(z) € PMy(p,m, ).

Proof. The result follows directly from Theorem 2.1. O

The generalized Bernardi integral operator is defined by the following integral:

C“j/ L ($)dt (¢ > —1; 2 € A).

(4.4) F(z) =

ZC
Since

F(z) = f (szSii >

we have the following:
Corollary 4.5. If f(z) € PMy(p, m, «), thenF(z) given by [(4.4) is also itPM,(p, m, a).

5. ORDER AND RADIUS RESULTS

Let PS)(p,m,3) be the subclass aP(m,p) consisting of functiong for which f x h is
starlike of orders.

Theorem 5.1.Leth(z) = 22 + > 7 h,z" with h, > 0. Let(a — 1)nh, < (n — pa)b,. If
f € PMy(p,m,a), thenf € PS;(p, m,3), where

(n — pa)b, — (a — 1)nh,
g _nlgrfn (n — pa)b, — (o — 1)ph,,

Proof. Let us first note that the conditidix — 1)nh,, < (n — pa)b,, implies f € PS;(p, m,0).
From the definition of3, it follows that

(n — pa)b, — (a — 1)nh,
S b (@ Dk

(0~ pA)hs _ (n— pa)h,
1-6 = a-1

or

and therefore, in view of (2/1),

io:(” pﬁ a,hy, <Z” P oo,

= p(1— (a—1)
Thus L) | S (nfp— Dagh
Z(f = z nem\1/p — L)ayhy,
’Za' (f * h)(2) _1’§ 1= anhy =1-p
and thereforef € PS;(p,m, (). O

Similarly we can prove the following:
Theorem 5.2.1f f € PM,(p, m, ), thenf € PM,(p,m, ) in |z| < r(«a, 3) where

(n—pa) w—l)b_n]nlp}_

(n —pa) (o —1) hy,

n>m

r(a, 3) := min {1 inf {
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