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Abstract

For a given p-valent analytic function g with positive coefficients in the open unit
disk A, we study a class of functions f(z) = 2/ +) > a,2", a, > 0 satisfying

n=m

EER <W> <a ( cAl<ac< m)+[)> .

p o\ (fxg)(z) 2p

Coefficient inequalities, distortion and covering theorems, as well as closure A Class of Multivalent

. . Functions with Positive
theorems are determined. The results obtained extend several known results CoetticionsDennanliy
as speual cases. Convolution
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Let .4 denote the class of all analytic functiofiz) in the unit diskA := {z €
C:|z| <1} with f(0) =0 = f/(0) — 1. The classV/ («) defined by

M(a):{féA:éR(i{é?) <« <1<a<g;z€A)}

was investigated by Uralegadeli al. [G]. A subclass of\/(«) was recently in-
vestigated by Owa and Srivastavd [Motivated by M («), we introduce a more
general clas® M, (p, m, o) of analytic functions with positive coefficients. For
two analytic functions

z):zp—l—ianz" and g¢(z —zp—l—sz

the convolution (or Hadamard product) pandg, denoted by xg or (f*g)(2),
is defined by

(f*xg)(z —zp—i—Zanbz

LetT'(p, m) be the class of all analytjgvalent functionsf (z) = 2#—>">°  a,2"

(a, > 0), defined on the unit disi\ and letT" := T7'(1,2). A function
f(z) € T(p,m) is called a function with negative coefficients. The subclass
of T consisting of starlike functions of order, denoted byl"S*(«), was stud-

ied by Silverman$]. Several other classes of starlike functions with negative
coefficients were studied; for e.g. seg [
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Let P(p, m) be the class of all analytic functions
(1.1) f2)=2"4) a.2" (a, >0)

andP := P(1,2).
Definition 1.1. Let

(1.2) g(z) =22+ i bpz" (b, > 0)

be a fixed analytic function in\. Define the clas$ M, (p, m, ) by

- my - g (29N
Pt = { € Py o (T8 ) <o

<1<a<m+p;z€A>}.
2p

Wheng(z) = z/(1 — z), p = 1 andm = 2, the classP M, (p, m, «) reduces
to the subclas® M (o) := PN M(«). Wheng(z) = 2/(1 — 2) !, p =1 and
m = 2, the classP M, (p, m, a)) reduces to the class:

PA(@):{feP:%(%)<a, (A>—1,1<@<§;zeA>},

whereD* denotes the Ruscheweyh derivative of ordeYWhen

g(z) =z+ anz",
n=2
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the class of function®/,(1, 2, o) reduces to the clag3/;(a) where

le(a):{feP:%<%)<a, (1<a<g;120; zéA)},

whereD' denotes the Salagean derivative of ordeklso we have

PM(a) = Py(a) = PMy(a).

A function f € A(p,m) isin PPC(p,m,«, ) if A Class of Multivalent

Functions with Positive
Coefficients Defined by

1 1 — ﬁ Zf, z2) + QZ zf/ "~ Convolution
- << ! —)ﬁ ) pﬂ( - /) <« (ﬁ >0, 0<a< m;‘])) Rosihan M. Ali, M. Hussain Khan,
p ( )f(z) + ;Zf <Z) p V. Ravichandran and

K.G. Subramanian

This class is similar to the class GfPascu convex functions of orderand it
unifies the class oP M («) and the corresponding convex class.

For the newly defined clag3)/,(p, m, ), we obtain coefficient inequalities,
distortion and covering theorems, as well as closure theorems. As special cases, Contents
we obtain results for the classé%(«), and PM;(«). Similar results for the
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Throughout the paper, we assume that the funcfian is given by the equation
(1.1) andg(z) is given by by (.2). We first prove a necessary and sufficient
condition for functions to be in the clags\/,(p, m, ) in the following:

Theorem 2.1. A functionf € PM,(p, m, «) if and only if

(2.1) gﬂ(n — pa)apb, < pla—1) (1 <a< m2~;p) .

Proof. If f € PM,(p, m, ), then @.1) follows from
Lo (2(f * g)’(Z))
R <a
p ( (f % 9)(2)
by lettingz — 1— through real values. To prove the converse, assumezHat (
holds. Then by making use o2 (1), we obtain
2(f * 9)'(2) — p(f * 9)(2)
2(f*g)'(2) = (2a = 1)p(f * g)(2)

Zf:m(n — P)anby
S e p=5 [n— (20— Dplanty =

or equivalentlyf € PM,(p,m, «). O
Corollary 2.2. A functionf € Py(«) if and only if

i(n—a)aan()\) <a-1 (1 <a< g) |

n=2
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where

A+DA+2)---(A+n—1)
(n—1)! '

Corollary 2.3. A functionf € PM,,(«) if and only if

- 3
Z(n—a)annmga—l (1<a<§).

n=2

(2.2) B.(\) =

Our next theorem gives an estimate for the coefficient of functions in the

classPM,(p, m, «).
Theorem 2.4.1f f € PM,(p,m,a), then
o < Pl
with equality only for functions of the form
_ oy Pla-1)
fu(z) =22+ (n—pa)bnz :
Proof. Let f € PM,(p, m, ). By making use of the inequality (1), we have

(n — pa)apb, < Z(n — pa)apb, < pla—1)

or
pla—1)

n = (n — pa)b,
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Clearly for

_p, pla—1)
Jalz) = 2"+ (n — pa)by,
we have
_ pla—1)
A, = —————.
(n - p()é)bn
Corollary 2.5. If f € P\(«), then
< a—1
" = a)Ba()
with equality only for functions of the form
a—1
A TSNP
whereB,,(\) is given by 2.2).
Corollary 2.6. If f € PM,,(«), then
P 1
fIn = (n —a)n™

with equality only for functions of the form

a—1
z+

(n— &)nmz

z

n

n

2" e PMy(p,m,a),

Y

A Class of Multivalent
Functions with Positive

Coefficients Defined by

Convolution

Rosihan M. Ali, M. Hussain Khan,

V. Ravichandran and
K.G. Subramanian

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 8 of 19

T e Birivm mmd Avmml Aatl 71

\ Avé 99 ANNE


http://jipam.vu.edu.au/
mailto:
mailto:rosihan@cs.usm.my
mailto:
mailto:khanhussaff@yahoo.co.in
mailto:
mailto:vravi@cs.usm.my
mailto:
mailto:kgsmani@vsnl.net
http://jipam.vu.edu.au/

We now prove the growth theorem for the functions in the clas$, (p, m, o).

Theorem 3.1.1f f € PM,(p, m,a), then

pla—1)
(m — pa)by,

e fe) s 2O m

P _
' (m _pa)bm

|z| =r <1,
providedb,, > b,, > 1. The result is sharp for

F(z) = 27 + Mzm_

(3.1) (m — pa)bn

Proof. By making use of the inequality?2(1) for f € PM,(p, m, «) together
with
(m — pa)b,, < (n — pa)by,

we obtain
by (M — pav) Z ap < Z(n — pa)apb, < pla—1)
or
S pla—1)
. < — .
52 ;&" = (m—pa)by,
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By using @.2) for the functionf(z) = 2# + > > a,z" € PM,(p,m,a), we
have for|z| = r,

FEI <+ Y an

o0
y4 m
<rf4r E an
n=m

pla-1)

< yP
=T (m_pa>bm

Y

and similarly,
pla—1)
> P — .
S =0 =
O

Theoren3.1also shows thaf(A) for every f € PM,(p, m, «) contains the

disk of radiusl — (f'*_a——n.
m—pa)bm,

Corollary 3.2. If f € Py(«), then

a—1 9 a—1 9
_ < < =r).
The result is sharp for
a—1 9

(3.3) f(z)=z+
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Corollary 3.3. If f € PM,,(a), then

a—1 a—1
e P < — =
r (2_&)2m7" _|f(z)|_7”—|—<2_a>2m7“ (|z| =)
The result is sharp for
B a—-1
(3.4) f(z)=z+ (2—04)27”2

The distortion estimates for the functions in the cl&sg,(p, m, «) is given
in the following:

Theorem 3.4.1f f € PM,(p, m, a), then

mpla — 1)
(m — pa)by,

mp(a _ 1) rm—l

prP7t — < ()| < prPt

(m - pa)bm ’
|z| =r <1,
providedb,, > b,,. The result is sharp for the function given t3/X).

Proof. By making use of the inequality (1) for f € PM,(p, m, «), we obtain
Z b < 0‘_—1)
(m — pa)
and therefore, again using the inequalitylj, we get

§ nan_

mp(a—1)
(m — pa)by,
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For the functionf(z) = 2 + > " a,z" € PM,(p,m,«), we now have

FEI<p + Y nar™ (| =)

< prPt 4ot Z nay,
< pr_l + mp(a B 1) rm—l
(m — pa)bm A Class of Multivalent
Functions with Positive
and similarly we have Coefficients Defined by
Convolution
‘f’(z)| > prp71 — Mﬂ”*l. Rosihan M. Ali, M. Hussain Khan,
(m - pa)bm V. Ravichandran and
K.G. Subramanian
]
Corollary 3.5. If f € P\(«), then Title Page
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(2—a)(A+1) (2—a)(A+1) < >
The result is sharp for the function given [3/3) < >
Corollary 3.6. If f € PM,,(«), then Go Back
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We shall now prove the following closure theorems for the clad§,;(p, m, «).
Let the functionsF(z) be given by

z)=z2P + Z k2",
Theorem 4.1.Let )\, > 0fork = 1,2,...,M and Yo, A\ < 1. Let the

function F(z) defined by 4.1) be in the cIassPM s(p,m,a) for everyk =
1,2,..., M. Then the functiorf(z) defined by

0o M
z) =2 + Z <Z Akfn,k) z
n=m k=1

belongs to the clasBM,(p, m, o).

(4.1) (k=1,2,...,M).

Proof. SinceFj(z) € PM,(p,m, ), it follows from Theoren®.1that

(4.2) > (n = pa)by fur < pla—1)
foreveryk =1,2,..., M. Hence
0o M 0o
> (n—pab, (ZAkfnk):ZAk (Z(n pabfnk>
n=m k=1 n=m

A Class of Multivalent
Functions with Positive

Coefficients Defined by

Convolution

Rosihan M. Ali, M. Hussain
V. Ravichandran and
K.G. Subramanian

Khan,

1T T Biivm mmrd Al Amtl 71\

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 13 of 19

Avé 99 AANEC


http://jipam.vu.edu.au/
mailto:
mailto:rosihan@cs.usm.my
mailto:
mailto:khanhussaff@yahoo.co.in
mailto:
mailto:vravi@cs.usm.my
mailto:
mailto:kgsmani@vsnl.net
http://jipam.vu.edu.au/

By Theorem2.1, it follows that f(z) € PM,(p, m,a). O

Corollary 4.2. The classPM,(p, m, «) is closed under convex linear combi-
nations.

Theorem 4.3. Let

pla-1) ,

F
(n - pa)bn

»(2) =2 andF, (z) = 2 +

forn =m,m+1,.... Thenf(z) € PM,(p,m,«) if and only if f(z) can be
expressed in the form

F2) =02+ ) MFu(2),

n=m

(4.3)

where each\; > 0andX, + > 7 A, =1L
Proof. Let f(z) be of the form 4.3). Then

f(z) =2+ Z —?gp_(o;;) ;Z 2"

and therefore

[e.9] [e.9]

Anp(a — 1) (n — pa)b, L
2 Tmpalhy pa-1) T MEL

n=m

By Theorem2.1, we havef(z) € PM,(p, m, c).

n=m
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Conversely, letf(z) € PM,(p, m, ). From Theoren?.4, we have

pla—1)

< 2 7
“ == pa)b,

for n=m,m+1,....

Therefore we may take

n — pa)b,ay,

)\n:( for n=mm+1,...

pla—1)
A Class of Multivalent
Functions with Positive
and oo Coefficients Defined by
Convolution
Ap=1-> A
n=m Rosihan M. Ali, M. Hussain Khan,
V. Ravichandran and
Then oo K.G. Subramanian
F(2) = 22"+ ) AFu(2).
n=m Title Page
H Contents
We now prove that the clag3)/,(p, m, «) is closed under convolution with < b

certain functions and give an application of this result to show that the class

PM,(p,m, o) is closed under the familiar Bernardi integral operator. .
Theorem 4.4.Leth(z) = 2# + 320 h,z" be analytic inA with 0 < h,, < 1. Go Back
If f(z) € PMy(p, m, ), then(f = h)(z) € PM,(p, m, ). Close
Proof. The result follows directly from Theoreh 1 ] Quit
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The generalized Bernardi integral operator is defined by the following inte-
gral:

(4.4) F(z)zc+p/ EUFBdE (e> —1; 2 € A).

ZC

Since

P =) (43 S5 2),

we have the following:
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Let PSS} (p, m, 3) be the subclass df(m, p) consisting of functiong for which
f * h is starlike of ordels.

Theorem 5.1.Leth(z) = 22 + > 7 h,z" with h, > 0. Let(a — 1)nh, <
(n — pa)b,. If f € PM,(p,m,a), thenf € PS;(p,m,[3), where

. (n — pa)b, — (a — 1)nh,
b= rg?{;w (n — pa)b, — (. — 1)ph, |

Proof. Let us first note that the conditiofax — 1)nh, < (n — pa)b, implies
f € PS;(p,m,0). From the definition off, it follows that

(n — pa)b, — (a — 1)nh,

= (n — pa)b, — (o — 1)phy,
or
(n=pB)hn _ (n—pa)by
1-6 =7 a-1

and therefore, in view ofA1),

Thus -
Yoo (n/p—Dayhy,
- 1= ah,

and thereforef € PS;(p,m, ). ]
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Similarly we can prove the following:

Theorem 5.2.1f f € PM,(p,m, ), thenf € PM,(p,m, ) in |z| < r(«, 3)

where 1
:=min< 1; in (n—pa) (B—1) by | "7
r(a, B) = {1%23 {(n “pa) (a—1) hn:| } :
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