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We apply the complex interpolation method to prove that, given two spaces

Bz(,f)"?a;so, Bg"?bm of n-tuples of operators in thg-Schatten class of a Hilbert

spaceH, endowed with weighted norms associated to positive and invertible op-
eratorsa andb of B(H) then, the curve of interpolatiofBi ..., B}S’;’)bm)[t]

of the pair is given by the space aftuples of operators in thg.-Schatten
class ofH, with the weighted norm associated to the positive invertible element

’Ya,b(t) — al/Q(a_l/Qba_l/Q)tal/Q.
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1. Introduction

In [6], J. Clarkson introduced the concept of uniform convexity in Banach spaces
and obtained that spacés (or /,) are uniformly convex fop > 1 throughout the
following inequalities

2 (11 + Ngl) < I = glls + 1f + gllz <227 (15 + Nglz)

Let (B(H), || - ||) denote the algebra of bounded operators acting on a complex
and separable Hilbert spaég GI(H ) the group of invertible elements &f( H) and
GI(H)" the set of all positive elements 6f(H).

If X € B(H) is compact we denote bs;(X)} the sequence of singular values
of X (decreasingly ordered). FOr< p < oo, let

Ixl, = (3 six))”

and the linear space

B,(H) = {X € B(H) :

For1 < p < oo, this space is called the—Schatten classf B(H) (to simplify
notation we useB,) and by convention| X || = || X, = s1(X). A reference for
this subject is 9].

C. McCarthy proved in14], among several other results, the following inequali-
ties forp-Schatten norms of Hilbert space operators:

2(1 Al + 11B113) < |A = Bl + 1A+ BII;
< 27|14l + 1B,

1X1], < o0}

(1.1)
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for2 < p < o0, and
(1.2) AP+ IBI?) < 1A= Bll? + |A+ BJl;
< 2(||All; + 18113,

for1 <p<2.

These are non-commutative versions of Clarkson’s inequalities. These estimates

have been found to be very powerful tools in operator theory (in particular they imply
the uniform convexity of3, for 1 < p < oo) and in mathematical physics (sd&]).

M. Klaus has remarked that there is a simple proof of the Clarkson-McCarthy in-
equalities which results from mimicking the proof that Bo&gjave of the Clarkson
original inequalities via the complex interpolation method.

In a previous work 7], motivated by [L], we studied the effect of the complex
interpolation method OB}(,") (this set will be defined below) fgr, s > 1 andn € N
with a Finsler norm associated withe GI(H)*:

X lp.ais = lla™2Xa™ 2|5,

From now on, for the sake of simplicity, we denote with lower case letters the ele-
ments of GI(H)*.

As a by-product, we obtain Clarkson type inequalities using the Klaus idea with
the linear operatdf,, : B — B given by

T (X) = (Th(X1,...,X,) = <Z X)) 01X, Ze;—lxj) ,
j=1 j=1 j=1

wheref,, . .., 0, are then roots of unity.
Recently, Kissin in 12], motivated by B], obtained analogues of the Clarkson-
McCarthy inequalities for.-tuples of operators from Schatten ideals. In this work
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the author considerd™, the orthogonal sum of copies of the Hilbert spack, and
each operatoRR € B(H") can be represented as anx n block-matrix operator
R = (Rj;) with Rj;, € B(H), and the linear operatdry, : B — B is defined
by Tr(A) = RA. Finally we remark that the work§[and [L1] are generalizations
of [10].

In these notes we obtain inequalities for the linear opefgton the Finsler norm

I]l,.0;s @S by-products of the complex interpolation method and Kissin's inequalities.
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2. Geometric Interpolation

We follow the notation used ir2] and we refer the reader td 3] and [5] for de-

tails on the complex interpolation method. For completeness, we recall the classical

Calderon-Lions theorem.

Theorem 2.1.Let X and ) be two compatible couples. Assume tiiats a linear
operator from&; to ); bounded by\/;, j = 0, 1. Then fort € [0, 1]

1Ty < MaME

1=V
Here and subsequently, [et< p < co,n € N, s > 1,a € GI(H)" and
B ={A=(A,...,A)" : A € B},
(where witht we denote the transpose of theéuple) endowed with the norm
[Allpass = (1ALl + -+ 1 Anll5.a)

andC" endowed with the norm

(@0, - san—1)], = (lao|® + -+ + |an—s|*)"/".

From now on, we denote witB,"%.. the space3." endowed with the nori(-, ..., )|
From Calderdn-Lions interpolation theory we get thatfgrp, , so, s1 € [1, 00)

(n) (n)
(2'1) (Bpo,l;sw Bp1,l;51>

where

_ B(n)

— i, lise
[t]

1 1—1 t 1 1—1¢ t
= + — and — =
yg; Do D1 S¢ So S1

p)a/;s '
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Note that forp = 2, (1.1) and (L.2) both reduce to thparallelogram law
2(|AI5 + 1BI5) = A = Bll5 + 1A+ Bll3.

while for the casep = 1, oo these inequalities follow from the triangle inequality
for B; and B(H) respectively. Then the inequalities.{) and (..2) can be proved

(for n = 2 via Theoren?.1) by interpolation between the previous elementary cases

with the linear operatof : By(),?l);p — B2 Ty(A) = (A + As, Al — Ay)' as
observed by Klaus.

In this section, we generaliz&.() for the Finsler normg(-, ..., -)|/pas. In [7],
we have obtained this extension for the particular case whes p; = p and

so = $1 = s. For sake of completeness, we recall this result

Theorem 2.2 (7, Th. 3.1]). Leta,b € GI(H)*,1 < p,s < oo, n € N and
€ (0,1). Then

D, Ya,b(t);8”

B BY,)
( p,a;s? 7 p,b;s 1]

wherey, ,(t) = a'/?(a/2ba=1/?)tal/2.

Remarkl. Note that wher: andb commute the curve is given by, ,(t) = o' 0"
The previous corollary tells us that the interpolating spate, ,:);s can be regarded
as a weighteg-Schatten space with weight—b' (see R, Th. 5.5.3)).

We observe that the curvg, ;, looks formally equal to the geodesic (or shortest
curve) between positive definitive matricedq]), positive invertible elements of
a C*-algebra (8]) and positive invertible operators that are perturbations ofpthe
Schatten class by multiples of the identity]j]

There is a natural action ¢fi/(H) on B;(;”), defined by

(2.2) 1:GU(H) x B{Y — B, 1,(4) = (gAig", ..., 9Aug")".
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Proposition 2.3 ([7, Prop. 3.1]). The norm inBé,”a);S is invariant for the action of the

group of invertible elements. By this we mean that for edch BZ(?”), a € GIUH)*T
andg € GI(H), we have

||ZHp,a;S = ||ZQ(Z>Hp,gag*;s :

Now, we state the main result of this paper, the general tase, p1, so, s1 <
Q.

Theorem 2.4.Leta,b € GI(H)",1 < pg,p1, 80,51 < oo, n € Nandt € (0,1).

Then - ®)
(n) n _ n
(Bpma;so’ Bm,b;81> M Bjoma,b(t)m7
where
1 1—¢ t 1 1—t t
- = + — and — = —.
Pt Po P St S0 S1

Proof. For the sake of simplicity, we will only consider the case- 2 and omit the
transpose. The proof below works feftuples ¢ > 3) with obvious modifications.

By the previous propositionj X1, Xs)||j4 is equal to the norm of */2( X, X,)a =1/
interpolated between the norms:. -)|,,.1.5, @and || (-, )|[p,.c.s,- CONsequently it is
sufficient to prove our statement for these two norms.

Lett € (0,1) and (X, Xs) € BS? such that| (X1, Xs)||p,.ct.s, = 1, @and define

z

z _t _t =z
c2c 2X9¢ 2¢2

where
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andX; = U;| X;| is the polar decomposition of; fori = 1, 2.
Then for each € S, g(z) € BY + Bf? and

2

Aiy) || %0
l9Gi)201 = z U | b Xt )
k=1 Po
< cTe 2Xkc % "
B Pt
<

ZHXk Pt ct) =1
and

gL+ iy)lI5) cisy < (Z Xk, )

Sinceg(t) = (X1.X;) andg = (91,92) € F (Bl Bl ) » we have
(X1, X2) |y < 1. Thus we have shown that

(X1, Xo) [y < [[(X1, Xo)

pt,clise

To prove the converse inequality, let= (f1, f2) € F (B(2)1 50 B](f?c;sl) ; f(t) =

po,
(X1, X,) andYy, Y, € Byo(H) (the set of finite-rank operators) witfv; ||, < 1,
whereg; is the conjugate exponent far < p, < oo (or a compact operator and
g=oif p=1). Fork =1,2, let

gr(z) = A
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Consider the function : S — (C2,|(-,-)],,),
hz) = (tr(f1(2)91(2)), tr(f2(2)g2(2)))-

Sincef(z) is analytic inS and bounded ir¥, thenh is analytic inS and bounded in
S, and

t t t t Clarkson-McCarthy Interpolated
h(t) = <t7’ <C_§ch_§}/1> 7tT (C_§X2C_E)/2)> - (hl(t), hg(t)) Inequalities
Cristian Conde
By Hadamard'’s three line theorem applieditand the Banach spa¢€?, |(-, -)|s,), vol. 10, iss. 1, art. 4, 2009
we have
|h(t)]s, < max {sup |h(iy)|s,, sup [h(1 + iy)|8t} . Title Page
yeR yeR
Forj =0,1, Contents
44 44
2 =
sup |h(j + iy)ls, = sup (Z tr(fi(j +iy)gs(j + Z'y))lst> < >
yeER yER 1
9 1 Page 10 of 21
St
= sup tr (¢ fo (5 + iy) e P grliy)) |* Go Back
veR \ k=1
1 Full Screen
2 s
< sup (G + i)l o
veR k=1
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then

”Xlupt ct + ”XQHPmCt - sup {‘h1(t)‘5t + ’hg(t)’St}
IY1]lq, <1,Y1€Boo(H)
IY2]lq, <1,Y2€Boo(H)

= sup
IY1llq, <1,Y1€Boo(H)
IY2llq, <1,Y2€Boo(H)

A5, < IlfHSt(B@ B2n)

Pos1;sg2 T P1:6381

Since the previous inequality is valid for eaghe j—“( e Liso Bg?c,51> with
f) = (X1, X3), we have

(X1, Xo)llpr.etsse < (X1, Xo2) -

In the special case that = p; = p andsy = s; = s we obtain Theorem.2.
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3. Clarkson-Kissin Type Inequalities

Bhatia and Kittanehd] proved that if2 < p < oo, then

n n n
2 _2
ne > NA R <Y B <0 > AR
j=1 j=1 j=1
n n n
n Y AL <D IBIE <> AR
j=1 j=1 j=1

(for 0 < p < 2, these two inequalities are reversed) whBre= > "7 _, HiAk with
01, ...,0, then roots of unity.
If we interpolate these inequalities we obtain that

1

1 1 1

1 n N s¢ n . St 1 . St

ne (E HAjllp> < (E ||Bj|!p) <l (E 145115 ) :
j=1 j=1

1 1—-t ¢t

St 2 b

where

Dividing by n°¢, we obtain

: (%jﬁ;nAjH;t)S (%Z B )
( >4 ||Sf>s.
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This inequality can be rephrased as follows; i [2, p] then

% (%jilAj;;)i < (%Z ij;)i
( >4 ||~>

In each of the following statements € GI(H"™) and we denote by, the linear
operator

Tr:B™ — B  Tr(A)=RA=(Bi,...,B,),

with B; = >°)_ | RjxAr anda = ||R7Y|, 8 = ||R|| (we use the same symbol to
denote the norm i3 (H) andB(H™)).
We observe that if the norm @i is at most)M when

T : (Blgn), Gy pns) — (B;”), [T

then if we consider the operatdy; between the spaces

i (B Cs Mpas) = (BSL NG ) o)

M)

its norm is at most’(a, b) M with

min{[[b~[llall, lla'/2b= a2 |[la" [al[} if a # b,
F(a,b) =

la= ]l

if a=0.
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Remark. If a=/2 € GI(H) commutes with? ¢ B(H"), thatis, ifa~'/? commutes
with R, forall 1 < j,k < n, thenF is reduced to

min{|[b~[[al, [|a'/2b~ a 2|} = [la'/2b~ 2] if a # D,
F(a,b) =
1 if a=0.

In [12], Kissin proved the following Clarkson type inequalities for thxuples
AeBM If2<p<ooand) p e [2,p],0rif 0 <p<2and), € [p,2], then

I o . 1 &
en e (3] < (L3 s
j=1 j=1
1
1 n n
<n0p (ﬁ;uw) ,
J:

1
X

wheref (p) = ‘% - %‘
Remarl3. This result extends the results of Bhatia and Kittaneh proved fer\ =
2orpandR = (R,;) where

221D

Rjk = 6( n

We use the inequalities (1) and the interpolation method to obtain the following

inequalities.
Theorem 3.1.Leta, b € GI(H)*, A € B{",1 < p < oo andt € [0, 1], then

n i n % n i
(3.2) k (Z ||Aj||§f,a) < <Z ||Bj\|ﬁ,%,b(t)> <K (Z ||Aj||5,a>
7j=1 7=1 7j=1
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where

k= k(p,a,b,t) = Fla,a) ' F(b,a) "t 5l lat,

and o o
K = R(p.a.b.t) = Fla,a) ' F(a.p)'nt 414,
if2<pand\ pe[2,plorifl <p<2anduc [p,2].

Proof. We will denote byy(t) = v,(t), when no confusion can arise.

Consider the spacB!” with the norm:
[Allpass = (1Aallpq + - - + 1Al )"°,

wherea € GI(H)™.
By (3.1), the norm ofl'y is at mostF'(a, oz)nA it é|ﬁ when

Tk : (Bp N [P ')“pﬂ%/t) - (Bp N I G ')“p,a;/\) )

and the norm of’ is at mostF'(a, b)n> "~ |ﬁ‘ when
Tg: (Bz(;n)v “(7 SRR ’)HP@;H) - (Bp ) “(7 SRR ')Hp,b;k) .

—
w\»-t

l|l
i b

Therefore, using the complex interpolation, we obtain the following diagram of

interpolation fort € [0, 1]

(BY NCoes )lpasn)

Tr

n T n
(BSN Gy Mae) —= (BSCo s Ml

K

(BS NGy ) pn)-
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By Theorem2.1, T satisfies

33) I Te@) lpnwn < Fla, @) " F(a,b)'n* 5572 8)A] 0.
Now applying the Complex method to
(B Gy ) o)
Tp1
(n) Tt o)
(Bp 5 H(a sy ')Hp,w(t);A) (Bp 5 H(a SR ')Hp,a;u)
Tp-1

(B G o)
one obtains
B4 Tt (A)llpay < Fla,a) " F(b, a)ini 373l a A, 0
Replacing in 8.4) A by RA we obtain
(3.5) 1Al < Fla, ) F(b,a) 35730 RAY, 00,

or equivalently

1

11 _J1_1| 4, = —
(3.6) F(a,a) " F(b,a)'n>"n [7=la NAllpan < I1TR(A)p -
Finally, the inequalitiesy.3) and (3.6) complete the proof. ]

We remark that the previous statement is a generalization of Th. 471 whpre
T, = Ty with R = <€(iW)1) anda~'/2 commutes withR for all
1<j,k<n
a€ GIH)T.
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On the other hand, it is well known thatai:fl , T, are non-negative numbers,

s € R and we denoteV,(z) = (137 |« ) then for0 < s < &/, M, (%) <
MS/(E).

If we denote||B|| = (|| Bill,,-- -, || Ball,) and we considet < p < 2, then it
holds fort € [0,1] and - = £t + L that

Clarkson-McCarthy Interpolated

MSt(HEH) < Mq(”EH) < TP ﬁqn q (Z ||A ||P) ’ |I’.lec.]ualities

Cristian Conde

vol. 10, iss. 1, art. 4, 2009
or equivalently

o n : Title Page
2 1_1
(3.7) (Z |1 B;]l f) < re- "Bani T (Z ||Aj”£> . Contents
j=1
< »
Analogously, for2 < p < oo we get
L N < >
n p St
(38) <Z HAJ“£> < p Papnq et (Z HB HSt) Page 17 of 21
Jj=1 Go Back
where = 1qt + 3 Full Screen
Now we can use the interpolation method with the inequalitie§ énd @.1) (or Close

(3.9 and @.1)).

If we consider the following diagram of interpolation with< p < 2 andt € journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:cconde@ungs.edu.ar
http://jipam.vu.edu.au

(B C- s o)

Tr

n Tr n
(B NCoes ) —= (B NGy
x

(BI(JL)’ ||(7 R ')Hp,l;q)'

p,l;St)

By Theorem2.1and (3.1), T satisfies

(39) TR e, < (1 08)' " (r57288) A0

Finally, from the inequalitiesy 7) and (3.9) we obtain

1
st n p
<§ HB H5t> < mln{ 6qni_% nf( )(1715)/61-‘%(%—1)7.(%—1%} <§ :HA]HIP;>
=1

We can summarize the previous facts in the following statement.

Theorem 3.2.Let A ¢ B{” and B = RA, whereR = (Ri) is invertible. Let
r = max ||R;x||, p = max ||(R™!),|| and ¢ be the conjugate exponent af Then,
fort € [0, 1] we get

1 1
n P st

<Z HAJ-|]£> < min {pl—%aini_?lt nf® )tat+(1—t) 1-2)a- } <Z 1B, HSt>
=1
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if2<pandj =1+ L or

q

1 1

.st n P

(ZHB ll“) < min {3 ghn 3, p 000 g DG <Z||Aj|!§> |
j=1

i 1 _ 1=t ¢t
|f1<p§2and§— oty

Finally using the Finsler norti(-, . . .,
ous inequalities we obtain:

Corollary 3.3. Leta,b € GI(H)*, A € B{” and B = R4, whereR =
invertible. Letr = max || R ||, p = max || (R~
of p. Then, fort,u € [0, 1] we get

)||p.a:s» Calderén’s method and the previ-

(R]k) is
k| andq be the conjugate exponent

St

1
(Z HAjH”,a> < F(a,a) ™ F(b,a)" M (ZHB [ > )
j=1 J=1

if2§p,é:%+§and

M; = M;(R,p,t) = min {pl iainé_i nf @)t t+(1_t)%p(1_%)(1_t)}

or

1

1
p%b ) < F(a,a)' “F(a,b)"M, (Z ”AJH£> ,

j=1

(s

i 1=t 4t
If1<p§2,s—— ’ +qand

My = My(R, p,t) = min {T%_lﬁgni_f Fp)(1= t)ﬁlth(%_l)r(%_l)t} .
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