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Recently, Shabané4] Theorem 2.4] established some inequalities involving the
gamma function. In this paper we present ¢hanalogues of these inequalities
involving theg-gamma function.
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1. Introduction

The Euler gamma functiohi(z) is defined forz > 0 by

F(x)—/ e tetdt.
0

The psi or digamma function, the logarithmic derivative of the gamma function is Inequalies for the
defined by g-Gamma Function
F/ T Toufik Mansour
Y(z) = F((x))’ x> 0. vol. 9, iss. 1, art. 18, 2008
Alsina and Tomas]]] proved that
1 (1 n Title Page
< M
nl — F(l —i—nx) -’ Contents
for all = € [0, 1] and nonnegative integers This inequality can be generalized to «“ >
1 (1 + z)° < 4
'l+a) ~T(1+azx) = 7 Page 3 of 9
foralla > 1 andx € [0,1], see B]. Recently, Shaban#4] using the series rep- Go Back
resentation of the function(z) and the ideas used i][established some double S
inequalities involving the gamma function. In particular, ShabaniTheorem 2.4] ufl screen
proved Close
(1.1) [(a)° < I'(a + bx)® < e + b)C’ journal of inequalities
L) — T'(b+ax)d — T'(a+ b)¢ in pure and applied

mathematics

forall z € [0,1],a > b > 0, ¢, d are positive real numbers such thhat> ad > 0, ,
issn: 1443-575kb

andy (b + ax) > 0.
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In this paper we give thg-inequalities of the above results by using similar tech-
niques to those id]. The main ideas of Shabani’s paper, as well as of the present

one, are contained in pap& by Sandor. More precisely, we define tig@si func-
tionas () <g<1)

d
Yulw) = - Tog Ty (o),

where the;-gamma functio’,(z) is defined by ¢ < ¢ < 1)

LTr 14
Ly(z) = (1-¢)* Hl_—qﬁl

=1

Many properties of thg-gamma function were derived by Aske3][ The explicit
form of ¢-psi functiony, () is

o0 T+
q
(1.2) Yy(x) = —log(1l — q) +logq E g
i=0

In this paper we extendl.(1) to the case of',(z). In particular, by using the facts
thatlim, ;- I';(z) = I'(z) andlim,_,;- ¢,(x) = +(x) we obtain all the results of
Shabani4].
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2. Main Results

In order to establish the proof of the theorems, we need the following lemmas.

Lemma 2.1. Letz € [0,1], ¢ € (0,1), anda, b be any two positive real numbers
such thatz > b. Then

Ye(a+bx) > 1P,(b+ ax).

Inequalities for the

Proof. Clearly,a + bx, b+ ax > 0. The series presentation®f(x), see (..2), gives ¢-Gamma Function
Toufik Mansour
a-i-bx—H b+ax+i vol. 9, iss. 1, art. 18, 2008
q Jiss. 1, :
Yg(a+bx) — y(b + ax) IquZ ( — qotbati 1 qb+am+i)
a—s—bx b+ax Title Page
—¢" )
=1
0gq Z _ a+bx+l )(1 — gbtoeti) Contents
g qb+bm+z(qa b _ q(a—b)m) << >
pr (1 _ anrb:rJrz)(l _ qb+a;t+z) < >
Since0 < g < 1 we have thatogg < 0. In addition, sincex > b we get that Page 5 of 9
a—b (a—b)x
" <q . Hence, Go Back
wq(a + bx) — ¢q(b +ax) > 0, Full Screen
which completes the proof. ] Close

Lemma 2.2. Letz € [0,1], ¢ € (0,1), a,b be any two positive real numbers such
thata > b andi,(b + azx) > 0. Letc, d be any two positive real numbers such that
be > ad > 0. Then
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Proof. Lemma?2.1 together withy, (b + az) > 0 give thaty,(a + bx) > 0. Thus
LemmaZ.1 obtains

beyy(a + bx) > adiy(a + bx) > adiy(b+ ax),
as required. O

Now we present the-inequality of (L.1) .

Inequalities for the

Theorem 2.3.Letx € [0,1], ¢ € (0,1),a > b > 0, ¢, d positive real numbers with ¢-Gamma Function
bc>ad >0 andwq(b + CLZ’) > 0. Then Toufik Mansour
( )C (a + bx)c < Fq(a + b)c vol. 9, iss. 1, art. 18, 2008
0,07 = T,(b+az)? = T,(a+ byt
Proof. Let f(x) = El‘fisgd andg(z) = log f(x). Then Title Page
g(z) = clogT'y(a + bx) — dlog'y(b + az), Contents
which implies that <« >
d
g'(@) = ——g(@) < >
.y I (a + bx) I (b + ax) Page 6 of 9
—a
Iy(a+ bx) L'(b+ ax) Go Back
= bey,(a + bx) — ady,(b+ ax). Full Sereen
Thus, Lemma?.2 givesg'(z) > 0, that is,g(x) is an increasing function o, 1]. .
Therefore,f(z) is an increasing function 0, 1]. Hence, for allz € [0, 1] we have
that f(0) < f(x) < f(1), which is equivalent to journal of inequalities
[y(a)° < [y(a+ bx)° < Ly(a+0b)° in pure and applied
T,(0) = Ty(b+ax)d = Ty(a+b)d mathematics

issn: 1443-575k
as requested. O
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Similarly as in the argument proofs of Lemmas — 2.2 and Theorem2.3 we
obtain the following results.

Lemma 2.4.Letz > 1, ¢ € (0,1), anda, b be any two positive real numbers with
b > a. Then

Ygla+bx) > y(b+ ax).

Lemma 2.5. Letx > 1, ¢ € (0, 1), a, b be any two positive real numbers with> a
and,(b+ ax) > 0, andc, d be any two real numbers such that> ad > 0. Then
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Using similar techniques to the ones in the proof of Theotefwith Lem-

mas2.4and2.5, instead of Lemmas.1and2.2, we can prove the following result. Title Page
Theorem 2.6.Letz > 1, ¢ € (0,1), a,b be any two positive real numbers with CEniEnE
b > a > 0andy,b+ ar) > 0, andc,d be any two real numbers such that pp >
Iy(a+bx)c : : :

be > ad > 0. ThenFZ(be)d is an increasing function ofi, 400). p R

In addition, similar arguments as in the proof of Lem&awill obtain the fol- Page 7 of 9
lowing lemmas.

Go Back

Lemma 2.7. Letz € [0,1], ¢ € (0,1), a,b be any two positive real numbers with

a > b > 0andy,(a+ br) < 0, andc,d be any two real numbers such that Full Screen

ad > bc > 0. Then S
beg(a + bx) — adiy(b+ ax) > 0.

Lemma 2.8.Letx > 1, € (0, 1), a, b be any two positive real numbers with> a

andiy,(a + bz) < 0, andc, d be any two real numbers such that > bc > 0. Then
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Using similar techniques to the ones in the proof of Theoreiwith Lemmas
2.2and2.7, we obtain the following.

Theorem 2.9.Letz € [0,1], ¢ € (0,1), a,b be any two positive real numbers
witha > b > 0 and,(a + bx) < 0, andc, d be any two real numbers such that

ad > be > 0. Thengzgﬁi’g: is an increasing function oft), 1].

Using similar techniques to the ones in the proof of Theoretnwith Lemmas
2.4and2.8, we obtain the following.

Theorem 2.10.Letx > 1, ¢ € (0,1), a,b be any two positive real numbers with
b > a > 0andy,(a+ bxr) < 0, andc,d be any two real numbers such that

ad > be > 0. Thengggl‘jjjg: is an increasing function oft, +oc).
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