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ABSTRACT. Applying Salagean operator, for the clagisof analytic functionsf(z) in the open

unit disk U which are normalized by (0) = f/(0) — 1 = 0, the generalization of an analytic
function to discuss the starlikeness is considered. Furthermore, from the subordination criteria
for Janowski functions generalized by some complex parameters, some interesting subordination
criteria for f(z) € A are given.
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1. INTRODUCTION, DEFINITION AND PRELIMINARIES

Let .4 denote the class of functiorfgz) of the form:

(1.1) ) =2+ an2"

which are analytic in the open unit disk
U={z:2€C and |z| <1}.
Also, let’P denote the class of functiop$z) of the form:

(1.2) p(z) =14 paz"

which are analytic ifUl. If p(z) € P satisfiesRe(p(z)) > 0 (z € U), then we say thai(z) is
the Carathéodory function (cf./[1]).
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By the familiar principle of differential subordination between analytic functifs and
g(z) In U, we say thaif(z) is subordinate tg(z) in U if there exists an analytic function(z)
satisfying the following conditions:

w(0)=0 and |w(z)] <1 (z € 1),
such that
f(2) =g(w(z)  (z€D).
We denote this subordination by
f(z) <g(z)  (z€U).
In particular, ifg(z) is univalent inU, then it is known that
f(z)=g(z)  (z€U) <= [f(0)=g(0) and f(U)C g(U).
For the functiorp(z) € P, we introduce the following function
1+ Az
which has been investigated by Janowski [3]. Thus, the fungtiehgiven by [1.8) is said to
be the Janowski function. And, as a generalization of the Janowski function, Kuroki, Owa and
Srivastaval[2] have discussed the function
(2) = 14 Az
Ple)= 14+ Bz
for some complex parametessand B which satisfy one of following conditions

{ (i)JA|£1,|B| <1, A# B, and Re(1 — AB) > |A— B

(-1 B< A=<

(4) |A| £ 1, |B|=1, A#B,and 1 — AB > 0.
Here, for some complex numbers and B which satisfy condition (i), the functiop(z) is
analytic and univalent if andp(z) maps the open unit disK onto the open disk given by
_1-AB| |A-B
1—|B]?| ~1—[B]*

(1.4) ‘p(Z)

Thus, it is clear that

Re(l - AB) - |[A—-B
(1.5) Re(p(z)) > ( T TB|2| | 20

Also, for some complex number$ and B which satisfy condition (ii), the functiop(z) is
analytic and univalent ify and the domaip(U) is the right half-plane satisfying

1 — |42

Hence, we see that the generalized Janowski function maps the open uriit digk some
domain which is on the right half-plane.

(z € U).

=0

Remark 1. For the function
1+ Az

r(2) =15,
defined with the condition (i), the inequalitigs ([1.4) and]|(1.5) give us that

p(z) #0 namely 14+ Az #0 (z € U).
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Since, after a simple calculation, we see the conditiéh < 1, we can omit the condition
|A| < 1in (i).
Hence, the condition (i) is newly defined by the following conditions

(1.7) Bl <1, A# B, and Re(l—AB) = |A- B|.

A function f(z) € Ais said to be starlike of orderin U if it satisfies

zf’<2))
1.8 Re >« 2eU
1.8) (1E (- eU)
for somea (0 = a < 1). We denote bys*(«) the subclass aft consisting of all functiong(z)
which are starlike of ordes in U.
Similarly, if f(z) € A satisfies the following inequality

2f"(2)
f’(z))>a (z € U)
for somea (0 £ a < 1), thenf(z) is said to be convex of order in U. We denote byC(«)
the subclass a#l consisting of all functiong’(z) which are convex of order in U.
As usual, in the present investigation, we write

§*(0)=8" and K(0)=K.
The classes*(«) and/C(«) were introduced by Robertsdn [7].

We define the following differential operator due tal&eanl[8].
For a functionf(z) andj = 1,2,3, ...,

(1.9) Re (1 +

(1.10) Df(z) = f(z) =2+ > an2",
n=2
(1.11) D'f(2) = Df(2) = zf'(2) = 2 + f: na,z",
n=2
(1.12) Dif(z)=D(D’"'f(z)) =z + i n?a,2".
n=2
Also, we consider the following differential operator
(1.13) D7 'f(z) = /z & d¢ =z + i n ta,z",
0 C n=2
(1.14) D7 f(z)=D (DU Vf(z)) =2+ f: na, "
n=2

for any negative integers.
Then, forf(z) € A given by [1.1), we know that

(1.15) Dif(z) =2+ nayz" (j=0, £1, £2, ...).
n=2

We consider the subclasg («) as follows:

st = {1 e asre (B2

>a (z€elU;0=a<1),.
) |
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In particular, putting: = j + 1, we also defings’*' () by

ij“(a):{f(z)eA:Re(%) > o (zGU;O§a<1)}.
Remark 2. Noting
D'f(z) _zf'(z) D*f(2) _z(2f'(2) _ |4 2R
Df(z)  f(z) © D'f(z)  2f(2) f'(z)

we see that
Si(a) =8S*(a), Si(a)=K(a) 0=a<l).
Furthermore, by applying subordination, we consider the following subclass
DFf(z 1+ Az
PH(A, B) = {f(z) €A Dj;((zi L
In particular, puttingc = j + 1, we also define
Ditlf(z) 1+ Az
Dif(z) 1+ Bz

(:€U; A+ B, |B|§1)}.

ijﬂ(A,B):{f(z>eA: (2 €U; A# B, IBlél)}.

Remark 3. Noting
D*f(z) 14+ (1-2a)z D*f(2)
g = r(57)
we see that
Po(1—2a,-1)=8*(a), Pi(l-2a,-1)=K(a) (0Za<]l).

In our investigation here, we need the following lemma concerning the differential subordi-
nation given by Miller and Mocanu [5] (see also [6, p. 132]).

>« (zeU; 02 a<l),

Lemma 1.1. Let the function(z) be analytic and univalent if. Also let¢(w) and(w) be
analytic in a domairC containingg(U), with
P(w) £ 0 (w e q(U) CC).
Set
Q(z) = 2 (2)¥(a(2)) and  h(z) = ¢(a(2)) + Q(2),

and suppose that

() Q(2) is starlike and univalent in U;

and

N . zh(2)\ . ¢'(q(2)) 2Q'(2) B

0 R(@@)‘R<wmaf%mw>>° et

If p(2) is analytic inU, with
p(0) = q(0) and p(U) CC,
and
d(p(2)) + 20 (2)U(p(2)) < d(a(2)) + 2¢'(2)¥(a(2)) = h(z) (2 €1,
then
p(z) <q(z) (2 €0)
andg(z) is the best dominant of this subordination.
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By making use of Lemmfa 1.1, Kuroki, Owa and Srivastava [2] have investigated some sub-
ordination criteria for the generalized Janowski functions and deduced the following lemma.

Lemma 1.2. Let the functionf(z) € .A be chosen so tha@ #0 (z€0).
Also, leta (v # 0), B (=1 < 3 =< 1), and some complex parametetsand B satisfy one of
following conditions:

(i) |B| <1, A # B, and Re(1 — AB) > |A — B| be such that
ﬁ(l—a)+(1+5){Re(1—A§)—|A—B|} 1-8 1+7

—1>0,
« 1—|B|? 1+1]4] 1+ |B|
(ii) |B| =1,]A| £1,A# B,and 1 — AB > 0 be such that
A1 —a) N 1+8)A-]AP)  A-=B)(1—]A]) o 0
o 2(1 - AB) 21+14)  —
If
zf'(z))"( Zf”(z>>
(1.16) ( ) 1+« 702 < h(z) (z € U),
where
1+ Az o=t 1+Az  a(l+A2)*+a(A— B)z
h(z>_<1+Bz) {(1_Q)I+Bz+ (1+ Bz)? }
then M) 144
2f'(z + Az
8 =155, (z € U).

2. SUBORDINATIONS FOR THE CLASS DEFINED BY THE SALAGEAN OPERATOR

First of all, by applying the 8lagean operator fof(z) € A, we consider the following
subordination criterion in the clag®/ (A, B) for some complex parametersand B.

Theorem 2.1. Let the functionf(z) € A be chosen so thaw #0 (z€l).
Also, leta (v # 0), B (=1 < 3 = 1), and some complex parametetsand B satisfy one of
following conditions:

(i) |B| <1, A# B,and Re(1 — AB) > |A — B| be so that

ﬁ(l—a)+(1+5){Re(1—A§)—|A—B|} 1-7 N 1+6
a 1 —|B? 1+]A]  1+|B|
(ii) |B| =1,]A| £1,A# B,and 1 — AB > 0 be so that
Bll-a) , L+H)A—]AP) , (1-p)(1-|A)
a 2(1 — AB) 2(1+14))

120,

1\

0.

2.1) (Dkf<z>>ﬁ { (1-a)+a (D’“f(Z) L DM D) )} < Ao,

Dif(z) Dif(z)  D*f(z) Dif(z)
where
(14 Az -1 1+Az  a(l+A2)2+a(A - B)z
h<z>—<1+Bz) {(1_05)1—1-32jL (1+ Bz)? }’

J. Inequal. Pure and Appl. Mathl0(2) (2009), Art. 36, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 KAzuo KUROKI AND SHIGEYOSHI OWA

then
Dkf(z) 1+ Az

(z) T+ B- (z € U).
Proof. If we define the functiom(z) by
_ D*f(2)
p(z) = DIz (2 €U),

thenp(z) is analytic inU with p(0) = 1. Further, since

(o= (D (D)D),

the condition|(Z.[l) can be written as follows:
{p(z } {(1—a)+ap(z)} + azp/( ){p(z)}ﬁ71—<h(z) (z € V).
We also set

q(z) = iigi, p(z) =2(1 —a+az), and ®(z)=az’"!

for z € U. Then, itis clear that the functiayiz) is analytic and univalent ity and has a positive
real part inU for the conditiong) and (7).
Therefore» andvy are analytic in a domai@ containingg(U), with

(w) #0 (we q(U) cC).
Also, for the function®)(z) given by

(A — B)z(1 + Az)P~1
(1+ Bz)s+! ’

Q(2) = ¢ (2)¥(a(2)) =

we obtain

2Q(z) _1-0 140

(2.2) Q(z2) 1+Az 1+Bz

-1

Furthermore, we have
hz) = ¢(q(2)) + Q(2)
(1+Az>5( 1+Az> a(A— B)z(1 + Az)?~!
= l—a+a«o

1+ Bz 1+ Bz (1 + Bz)h+!
and
() Bl-a) 2Q'(2)
(2.3) 00 + (14 0B)q(z) + 00
Hence,

(1) For the complex number$ and B such that
|B| <1, A# B, and Re(l - AB)2>|A- B,
it follows from (2.2) and[(2.]3) that

2Q'(2) 1-p 1+ 05
m(@w)>1+w+1ﬂm‘lza
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and
zh'(2) B(1—a) (1+pB){Re(l—AB)—|A- B[}
Re(o) = = [BP
TSl A b R (z € U).

1+[A "1+ B
(17) For the complex numberd and B such that
B =1,]|A|£1, A#B, and 1—AB>0,
from (2.2) and[(2.3), we get

Q) 1-8 1 (=g 4]
Re<@<z> ) “ T e T s Ty =0
and
WG\ Bl—a) (1B (1—AP)  (1—B)(1—A]
Re(@(z))> - + 2(1— AB) + 20+ TA]) >0 (z € V).

Since all the conditions of Lemnha 1.1 are satisfied, we conclude that
DFf(z) 1+ Az
Dif(z) 1+ Bz
which completes the proof of Theor¢m|2.1. O

Remark 4. We know that a functiory(z) satisfying the conditions in Theorgm P.1 belongs to
the classP} (A, B).

(z €U),

Letting k = j + 1 in Theorenj 2.]L, we obtain the following theorem.

Theorem 2.2. Let the functionf(z) € A be chosen so thaw #0 (z€l).
Also, leta (v # 0), B (=1 < 3 =< 1), and some complex parametetsand B satisfy one of
following conditions

(i) |B| <1, A # B,and Re(1 — AB) = |A — B| be so that
B(l—a)+(1+ﬁ){Re(1—AF)—|A—B|} 1-8 148

o =B T T el
(ii) |B| =1,]A| £1,A# B,and 1 — AB > 0 be so that
fl=a) (A+HA-]AP) (-5 -]4) > 0.
a 2(1 — AB) 2(1+14])
If
DI (=) DI2f(2)
where
1+ Az ot 1+ Az  ol+A2)*+a(A- B)z

h<z)_(1+Bz) {(1_&)1—1—szL (1+ Bz)? }’

then

DIt f(z) 1+ Az

0ije) “ivme €D
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Remark 5. A function f(z) satisfying the conditions in Theorem .2 belongs to the class
Pj“(A, B). Se_ttingj =0in Theore, we obtain Lemn@.z proven by Kuroki, Owa
and Srivastava [2].
Also, if we assume that
1—pu .
a=1,8=A=0, and B=-—e® (0<pu<1,0<6<2n),
1+u
Theorenj 2.R becomes the following corollary.

Corollary 2.3. If f(z) € A (%(z) #0in U) satisfies
DI*2f(z)  1+p—(1—pe’z
Dittf(z)  1+p+(1—pez
for someu (0 < p < 1), then
D) 1+ 4
Dif(z)  1+p+(1—p)e?z
From the above corollary, we have
DIt f(2) D f(2)\ _ 1+p
= J\=) 0 <
Re(Dj+1f(z))>’u = Re(Djf(z))> 5 (zeU;0=p<l).
In particular, making = 0, we get

Re <1+ Zﬁz)) >u = Re (i{;?) > 1;“ (zeU;0= nu< ),

(z€U;0=60 < 2m)

(z € D).

namely

IT+u

f) e K) — f<z>es*(7) ((eli0<pu<1).

And, takingu = 0, we find that every convex function is starlike of ord?r This fact is
well-known as the Marx-Strohhacker theorem in Univalent Function Theory (cfl [4, 9]).

3. SUBORDINATION CRITERIA FOR OTHER ANALYTIC FUNCTIONS

In this section, by making use of Leminall.1, we consider some subordination criteria con-
cerning the analytic functioRZ2 for f(2) € A.

Theorem 3.1.Leta (a # 0), 5 (=1 = § < 1), and some complex parametetsaand B which
satisfy one of following conditions

(i) |B| <1, A# B,and Re(1 — AB) > |A — B| be so that

g 1-p 14+
-+ + —1=0,
a 1+]A 1+ |B| =

(ii) |B| =1,|A| £1,A# B,and 1 — AB > 0 be so that
g (A=p)1—]A])
ot oAy 2%
If f(2) € A satisfies
Dif(z)\" DI f(2)
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where
M) = 1+ 42\ a(A - B)z(1+ Az)s!
=1+ B2 1+ Bz)F
then 12)
Dif(z 1+ Az
<1 B (z € U).
Proof. If we define the functiom(z) by
Dif(z
po =21 e

thenp(z) is analytic inU with p(0) = 1 and the conditior{ (3]1) can be written as follows:

{p(z)}ﬁ + azp'(z){p(z)}ﬂf1 =< h(2) (z € U).
We also set LA
_1r4az _ s — Pl
q(z) = T B2 o(z)=2", and ¢(z) =az
for z € U. Then, the functiorg(z) is analytic and univalent iy and satisfies

Re(q(z)) >0 (z € U)

for the condition(z) and ().
Thus, the functions andq satisfy the conditions required by Lemina]1.1.
Further, for the function§)(z) andh(z) given by

Q(z) = 2¢'(2)¥(a(2)) and h(z) = ¢(q(2)) + Q(2),
WERE gt _1-8 145 WE) B Qe
2Q'(z)  1-— + zh (2 Bz "(z
0 14 tirm A on Taton
Then, similarly to the proof of Theorem 2.1, we see that

Re (iig) >0 and Re (zg((;))) >0 (z € U)

for the conditiong:) and (7).
Thus, by applying Lemma 1.1, we conclude thét) < ¢(z) (z € U).
The proof of the theorem is completed. O

Letting j = 0 in Theorenj 31, we obtain the following theorem.

Theorem 3.2.Leta (o #0), 8 (—1 £ 5 £ 1), and some complex parametetsand B satisfy
one of following conditions:
(i) |Bl <1,A+# B,and Re(1 — AB) = |A — B| be so that
g, 1-6 140
— + + -120,
a 1+]A 1+ |B| =
(i) |B]=1,]A] £1,A# B,and 1 — AB > 0 be so that

g, 1=m0-14) .

o 2(1+|A])

If f(2) € A satisfies
02 (1) 00D uapi) < (1) cA AT

2 z 1+ Bz (1+ Bz)s+t
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then
f(z) 14 Az
. < T Bs (z € U).
Also, taking
1—v

a=1 =A=0, and B=

v

. 1
et <§§V<LO§9<%0

in Theoren 3.2, we have
Corollary 3.3. If f(z) € A satisfies

z2f'(2) v
f(2) =y + (1 —wv)e?z

for somev (3 < v < 1), then

(z€U; 060 < 2m)

Further, making

1—v

a=p=1, A=0, and B=

. 1
et <—§V<LO§9<%0
v 2

in Theoren 3.2, we get
Corollary 3.4. If f(z) € A satisfies

2
v
/ -0 <
f(Z)<(y—|—(1—1/)ewz) (2€U;0=0<2m)
for somev (3 < v < 1), then
f(2) 4
z v+ (1 —v)eifz (zel)

The above corollaries give:

(3.3) Re(ZJ{;S))>V = Re(@)>y (zEU;%§U<1>,

and
(3.4) Re+/fl(z) >v = Re(@)>u (ZEU;%§V<1>.

Here, takingy = % we find some results that are known as the Marx-Strohhacker theorem in
Univalent Function Theory (cf[.[4].]9]).
Settingj = 1 in Theorenj 3.1, we obtain the following theorem.

Theorem 3.5.Leta (o #0), 8 (—1 £ 5 £ 1), and some complex parametetsand B satisfy
one of following conditions

(i) |B| <1, A +# B,and Re(1 — AB) = |A — B| be so that

ﬁ+ 1—ﬁ+1+5

- —-120,
a 1+]A 1+ |B| =
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(i) |B] =1,]A| £1,A+# B,and 1 — AB > 0 be so that
ﬁ+(1—5)(1—|A|) > .

o 2(1+ |A])

If f(z) € A satisfies
2f"(z z B o — z Zﬂ_l
(35) (f’<z>)ﬁ(1+a f“%(”z“) L o= Bl 4 Az

f(2) 1+ Bz (14 Bz)s+t
then 1A
/ z
f(z)<1+BZ (z € ).
Here, making
1—-v , 1
a=1, =A=0, and B= e’ §§I/<1,0§9<27T
14
in Theoren 3.5, we have:
Corollary 3.6. If f(z) € A satisfies
"
1+zf(z)< Y (z€U;0=60 < 2m)

1(2) v+ (1 —v)e?z
for somev (3 < v < 1), then

f'(z) <

v
v+ (1 —v)eifz

(z € D).

Also, from Corollary 3.p we have:

ZJ{,C,/;(;)>>1/ —  Re(f'(2)) > v (zEU;%§V<1)-

(3.6)  Re (1 +
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