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ClasswF(p,r, q) operators, Fuglede-Putnam’s theorem, Propéft)., Sub-
scalar, Subdecomposable.

Let T' be a bounded linear operator on a complex Hilbert sgcdn this pa-
per, we show that if” belongs to clas F'(p, r, ¢) operators, then we have (i)
T*X = XN* whenevefl' X = X N for someX € B(H), whereN is normal
and X is injective with dense range. (i) satisfies the property3)., i.e., T is
subscalar, moreover, is subdecomposable. (iii) Quasisimilar clas8'(p, r, q)
operators have the same spectra and essential spectra.

The authors are grateful to the referee for comments which improved the paper.
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1. Introduction

Let X denote a Banach spacg,c B(X) is said to be generalized scalaB]if

there exists a continuous algebra homomorphism (called a spectral distribution of
T)® :¢(C) — B(X) with (1) = I and®(z) = T', wheres(C) denotes the algebra

of all infinitely differentiable functions on the complex plaGewith the topology

defined by uniform convergence of such functions and their derivatiZ§s (An Class wF (p, r, q) Operators
operator similar to the restriction of a generalized scalar (decomposable) operator and Quasisimilarity

to one of its closed invariant subspaces is said to be subscalar (subdecomposable). Changsen Yang and Yuliang Zhao
Subscalar operators are subdecomposable opera8)ys (et H, K be complex vl B 2 £, BN S0, 20007

Hilbert spaces an®(H), B(K) be the algebra of all bounded linear operators in
H and K respectively,B(H, K') denotes the algebra of all bounded linear operators
from H to K. A capital letter (such a&) means an element &f( /). An operatofl’

is said to be positive (denoted By> 0) if (Tx,z) > 0 for anyx € H. An operator Contents
T is said to bep—hyponormal if(T*T)? > (TT*)?, 0 < p < 1.

Title Page

< »
Definition 1.1 ([10]). Forp > 0, > 0, andgq > 1, an operator]’ belongs to class p >
wF(p,r,q) if
(p7)
(‘T*‘T|T‘2p’T*’T‘)% > |T*|2% Page 3 of 15
and 1 1 Go Back
|T|2(p+r)(1_6) > (|T‘p|T*|2T‘T’p)1_E' Full Screen
LetT = U|T| be the polar decomposition @f. We define Close
Tpr = |TIPUIT (p+ 1= 1). journal of inequalities
~ _ _ in pure and applied
The operatofl,, , is known as the generalized Aluthge transformiZof We define mathematics

(T“pm)(l) _ Tvp,r’ (Tvp,r)(n) _ [(j"/p’r)(nfl)]pﬂ‘, wheren > 2. issn: 1443-5756

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

The following Fuglede-Putnam’s theorem is famous. We extend this theorem for
classwF(p,r, q) operators.

Theorem 1.2 (Fuglede-Putnam’s Theorem{]). Let A and B be normal operators
and X be an operator on a Hilbert space. Then the following hold and follow from
each other:

() (Fuglede) IfAX = X A, thenA*X = X A*,

(ii) (Putnam) IfAX = X B, thenA*X = X B*.
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2. Preliminaries

Lemma 2.1 (@]). If N is a normal operator orf{, then we have

(& = VK = {0}.

AecC

Lemma 2.2 (B]). LetT = U|T| be the polar decomposition of @hyponormal
operator forp > 0. Then the following assertions hold:

+min(s, t

(1) Ts,t = |T|*U|T|" is I’T hyponormal for any > 0 andt¢ > 0 such that
max{s,t} > p.

(i) T,, = |T|*U|T|"is hyponormal for any > 0 and¢ > 0 such thatnax{s, ¢} <
p-

Lemma 2.3 (B]). LetT € B(H), D € B(H)with0 < D < M(T — X\)(T — \)*
for all X in C, where)M is a positive real number. Then for everyc Dz H there
exists a bounded functioh: C — H such tha{T — \) f(\) = «.

Lemma 2.4 (0). If T € wF(p,r,q), then|T,,

2m ~
> (TP > [(T)r| 1P,

wherem = min {—1,max{ 1= —}}, e, T,, = |T|PU|T|" is m-hyponormal
q p+r 7
operator.

Lemma 2.5 ([L1]). LetA, B > 0 ao,ﬁo >0and—0F, <6 < ag, —fF < 0 < o, if
0 <6< apand (B 3 A B )”WO > BAo+d then

B+6

(BiasBE)"™ = B,
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and
AAO‘_(S 2 (A%BﬁAi) a+p
hold for eacha > «y, 3 > 5, and0 < § < a.

Lemma 2.6 (B]). LetA > 0, B > 0, if B2ABz > B>and A2BAz > A? then
A= B.

Lemma2.7.LetA, B >0, s,t > 0, if BSA?B* = B*»12 AIB?s At = A?5t2t then
A= B.

Proof. We choosé: > max{s,t. Since B°A? B* = B*T2 AIB? At = A%+ jt
follows from Lemma?2.5that:

2k+2t

(BkAQkBk) T Z B2k+2t,

2k—2t

A2k:—2t 2 (AszkAk) el

and .
(AkBQkAk)$ > AZH2s
B2k=2s > (BkAQkBk)%.
So
AkBQk:Ak — A4k: BkAQk:Bk — B4k:
by Lemma2.6

A=B.
U

Lemma 2.8 ([11]). LetT be a classwF(p,r,q) operatot, if T,, = |T[PU|T|" is
normal, thenl is normal.
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The following theorem have been shown by T. Huruya3h here we give a
simple proof.

Theorem 2.9 (Furuta inequality [4]). If A > B > 0, then for each > 0,

() (B5APB3) > (B:B*BE)" and

T T l T r l
(ll) (AiApA§> > (A§ BPAE) a Class wF(p, T, q) Operators
and Quasisimilarity

hold forp > 0andg > 1with (1 +7)g >p+ .

Changsen Yang and Yuliang Zhao

Theorem 2.10.Let T' be ap—hyponormal operator orff and letT = U|T| be vol. 8, iss. 3, art. 90, 2007
the polar decomposition df, if 7, = |T|*U|T|" (s + t = 1) is normal, thenl" is
normal. Title Page
Proof. First, consider the caseax{s,t} > p. Let A = |[T|* andB = |T*|*, Contents
p-hyponormality ofl” ensuresA > B > 0. Applying Theoren?.9to A > B > 0,
since <4« »
t t t t
+-)sz+- and — >, « ,
p/ p+min(s,;t) ~p p p + min(s, ?)
we have Page 7 of 15
(Te L) ™55 = (U [Ty =5 Go Back
= (U*U|T|"U*|T|*U|T|'U*U )pﬂﬂt(s’t) Full Screen
= (U T |77 ) = Close
+m1n(s t)
= U*(|T* |17 *|T*)) " U journal of inequalities
B L 42 ot ptminG) in pure and applied
= U*(BwAvB¥)" = U mathematics
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Similarly, we also have

p+min(s,t)

(Ts,tf:t) st < |T|Hprmin(st)

Therefore, we have

(T;ﬂ:tfg’t)iﬂffés’t) > |T’2(p+min(8,t)) > (Ts’tfs*’t)ﬁn;i(w)
Too = |TIPUIT)E (s+t=1)

is normal, then

p+min(s,t) p+min(s,t)

(fs*,tfsﬂf) S+t — |T’2(p+min(s,t)) _ (j\:’S,ti}it) ot
which implies
TTT = [T and [TFT T = [T,

then|T*| = |T| by Lemma2.7. Next, consider the caseax{s,t} < p. Firstly,
p—hyponormality of" ensuresT’|?* > |T*|** and|T'|?* > |T*|* for max{s,t} <p
by the Lowner-Heinz theorem. Then we have

Tr T, = |TI'U*|T*U|T| > |T|'U*|T*|*U|T)|"
— ’T|2(s+t)

T..1;, = |TFUIT*U*|T)
< ‘T’2(s+t).
If fs,t = |T|*U|T|* (s +t = 1) is normal, then

Tvsitfs,t = |T’2((s+t) = Tvs,tf;ta
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which implies
(T[T T = T2 and [T T[T = [T+,
then|7*| = |T'| by Lemma2.7. O
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3. Main Theorem

Theorem 3.1.Assume thdf' is a classw F'(p, r, ¢) operator withKer(7") C Ker(7¥),
and N is a normal operator orf/ and K respectively. IfX € B(K, H) is injective
with dense range which satisfigs\ = X N, thenT*X = X N*.

Proof. Ker(7') C Ker(7™) implies Ker(7) reducesI’. Also Ker(N) reducesN
sinceN is normal. Using the orthogonal decompositidfis= Ran(|T|) €@ Ker(T)

andH = Ran(N) @ Ker(N), we can represefit and NV as follows.
(T 0
(V)
(N 0O
(V)

whereT] is an injective class F(p, r, ¢) operator orRan(|7'|) andV; is injective
normal onRan(N). The assumptiof’X = X N asserts thaK' mapsRan(N) to

Ran(T) C Ran(|T|) andKer(N) to Ker(7"), henceX is of the form:

(X 0
X = ( 0 X, ) ’
whereX; € B(Ran(N),Ran(|7|)), X2 € B(Ker(N),Ker(T)). SinceT X = XN,

we have thatl; X; = X;N;. SinceX is injective with dense range¥; is also
injective with dense range. Put; = |71|7 X, thenW¥; is also injective with dense

range and satisfie(TTT)p’Twl = W,N. PutW,, = ’(ﬁ)ﬁ)‘p Wn—1), thenW,, is also

injective with dense range and satisf{g$)1,, = W, N. From Lemma2.2 and

Lemmaz2.4, if there is an integet, such tha(ﬁ)é?;?) is a hyponormal operator, then
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(ﬁ)l(,’}) is a hyponormal operator for > «. It follows from Lemma?2.3that there
exists a bounded functiofi: C — H such that

(<<ﬁ>;n:>* - )‘) f(\) = =, forevery
e ()7 @) @) () ) m

o= (((5)") ) v

— (N} = NWZf(\) € Ran(N; — \) foralleC

Hence

By Lemma?2.1, we havelV:z = 0, and hence = 0 becauséV is injective. This
implies that(fl)g? is normal. By Lemm&.8 and Theoren?.10, 77 is nomal and
therefore’ = T, @0 is also normal. The assertion is immediate from Fuglede-
Putnam’s theorem. O

Let X be aBanach spacel/ be an open subset 6f ¢(U, X') denotes th&réchet
space of allX —valuedC*—functions, i.e., infinitely differentiable functions dn
([3]). T € B(X) is said to satisfy propertys3). if for each open subséf of C, the
map

T.:e(U,X)—eUX), f—(T-2f
is a topological monomorphism, i.&., f,, — 0 (n — c0) in (U, X) implies f,, —
0(n— o0)ine(U, X) ([3]).

Lemma 3.2 ([1]). LetT € B(X). T is subscalar if and only if" satisfies property
(8)e-
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Lemma 3.3. LetT € B(X). T satisfies property(3). if and only iffpm satisfies
property (J)e.

Proof. First, we suppose thaft satisfies property5)., U is an open subset df,
fn€e(U,X)and

(3.1) (Tpr —2)fn— 0 (n — 00),
ine(U, X), then
(T - 2)U|T|Tfn = U|T|r(fp,r - Z)fn — 0 (n - OO)

SinceT satisfies propertys3)., we havelU|T|" f, — 0 (n — oo). and therefore

(3.2) Tprfn— 0 (n— ).
(3.D) and @.2) imply that
(3.3) 2o =Typrfo = Lpr =2 fa =0 (n— o0)

in (U, X). Notice thatl" = 0 is a subscalar operator and hence satisfies property

(3). by Lemma3.2. Now we have

(3.1) and @.4) imply that fp,r satisfies property3).. Next we suppose thdﬁﬁw
satisfies propertys)., U is an open subset df, f,, € (U, X) and

(3.5) (T'=2)fu =0 (n— o0),
ine(U, X). Then
(Tpw = 2T fu = |T(T = 2)fu = 0 (n— c0).
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Sincefp,r satisfies propertys)., we haveT'|? f,, — 0 (n — o0), and therefore
(3.6) Tf,—0
(3.5 and (3.6) imply
2fn=Tf0— (T —2)fn — 0
Sof, — 0 (n — o). HenceT satisfies propertys).. O

Lemma 3.4 ([1]). Suppose thdf is ap—hyponormal operator, thel is subscalar.

Theorem 3.5.LetT € wF(p,r,q) andp + r = 1, thenT is subdecomposable.

Proof. If T € wF(p,r,q), then fw is am-hyponormal operator by Lemma4,

and it follows from LemméB.4 that7), . is subscalar. So we ha{eis subscalar by
Lemma3.2and Lemma3.3. It is well known that subscalar operators are subdecom-
posable operators3]). HenceT is subdecomposable. O

Recall that an operatoX € B(H) is called a quasiaffinity ifX is injective and
has dense range. Foi, 7, € B(H), if there exist quasiaffinitieX € B(H,, H;)
andY € B(H,, H,) such thatl} X = X7, andY'T} = T,Y then we say thdl; and
T, are quasisimilar.

Lemma 3.6 ([2]). Let S € B(H) be subdecomposabl€, € B(H). If X €
B(K, H) is injective with dense range which satisfi§§” = SX, theno(S) C
o(T);if T'and S are quasisimilar, thew.(S) C o.(T).

Theorem 3.7.LetTy,T, € wF(p,r,q). If Ty andT; are quasisimilar thew (7) =
o(Ty) ando.(T1) = o.(15).

Proof. Obvious from Theorem3.5and Lemmas.6. ]
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