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1. PRELIMINARIES

In this section, we recall some results which we will use in this article.
In the following, letX andY be compact real intervals. A functionf : X ×Y → R is called

aB-continuous (Bögel-continuous) function in(x0, y0) ∈ X × Y if

lim
(x,y)→(x0,y0)

∆f ((x, y), (x0, y0)) = 0.

Here
∆f ((x, y), (x0, y0)) = f(x, y)− f(x0, y)− f(x, y0) + f(x0, y0)

denotes a so-called mixed difference off .
A function f : X × Y → R is called aB-differentiable (Bögel-differentiable) function in

(x0, y0) ∈ X × Y if it exists and if the limit is finite:

lim
(x,y)→(x0,y0)

∆f ((x, y), (x0, y0))

(x− x0)(y − y0)
.

The limit is named theB-differential off in the point(x0, y0) and is denoted byDBf(x0, y0).
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The definitions ofB-continuity andB-differentiability were introduced by K. Bögel in the
papers [5] and [6].

The functionf : X × Y → R is B-bounded onX × Y if there existsK > 0 such that

|∆f ((x, y), (s, t))| ≤ K

for any(x, y), (s, t) ∈ X × Y .
We shall use the function setsB(X × Y ) =

{
f : X × Y → R|f bounded onX × Y

}
with

the usual sup-norm‖ · ‖∞, Bb(X × Y ) =
{
f : X × Y → R|f B-bounded onX × Y

}
and we

set‖f‖B = sup
(x,y),(s,t)∈X×Y

|∆f ((x, y), (s, t)) |, where

f ∈ Bb(X × Y ), Cb(X × Y ) =
{
f : X × Y → R|f B − continuous onX × Y

}
,

and Db(X × Y ) =
{
f : X × Y → R|f B − differentiable onX × Y

}
.

Let f ∈ Bb(X × Y ). The functionωmixed(f ; · , ·) : [0,∞)× [0,∞) → R, defined by

(1.1) ωmixed(f ; δ1, δ2) = sup {|∆f((x, y), (s, t))| : |x− s| ≤ δ1, |y − t| ≤ δ2}

for any(δ1, δ2) ∈ [0,∞)× [0,∞) is called the mixed modulus of smoothness.
For related topics, see [1], [2], [3] and [10].
Let L : Cb(X × Y ) → B(X × Y ) be a linear positive operator. The operatorUL : Cb(X ×

Y ) → B(X × Y ) defined for any functionf ∈ Cb(X × Y ) and any(x, y) ∈ X × Y by

(1.2) (ULf)(x, y) = (L(f(·, y) + f(x, ∗)− f(·, ∗))) (x, y)

is called the GBS operator ("Generalized Boolean Sum" operator) associated to the operatorL,
where "·" and "∗" stand for the first and second variable.

Let the functionseij : X × Y → R, (eij)(x, y) = xiyj for any (x, y) ∈ X × Y , where
i, j ∈ N. The following theorem is proved in [1].

Theorem 1.1. Let L : Cb(X × Y ) → B(X × Y ) be a linear positive operator andUL :
Cb(X × Y ) → B(X × Y ) the associated GBS operator. Then for anyf ∈ Cb(X × Y ), any
(x, y) ∈ (X × Y ) and anyδ1, δ2 > 0, we have

(1.3) |f(x, y)− (ULf)(x, y)| ≤ |f(x, y)| |1− (Le00)(x, y)|

+

[
(Le00)(x, y) + δ−1

1

√
(L(· − x)2) (x, y) + δ−1

2

√
(L(∗ − y)2) (x, y)

+ δ−1
1 δ−1

2

√
(L(· − x)2(∗ − y)2) (x, y)

]
ωmixed(f ; δ1, δ2).

In the following, we need the following theorem for estimating the rate of the convergence
of theB-differentiable functions (see [11]).

Theorem 1.2. Let L : Cb(X × Y ) → B(X × Y ) be a linear positive operator andUL :
Cb(X × Y ) → B(X × Y ) the associated GBS operator. Then for anyf ∈ Db(X × Y ) with

J. Inequal. Pure and Appl. Math., 7(3) Art. 92, 2006 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


B-CONTINUOUS AND B-DIFFERENTIABLE FUNCTIONS 3

DBf ∈ B(X × Y ), any(x, y) ∈ X × Y and anyδ1, δ2 > 0, we have

|f(x, y)− (ULf)(x, y)|(1.4)

≤ |f(x, y)||1−(Le00)(x, y)|+3‖DBf‖∞
√

(L(· − x)2(∗ − y)2) (x, y)

+

[√
(L(· − x)2(∗ − y)2)(x, y) + δ−1

1

√
(L(· − x)4(∗ − y)2)(x, y)

+ δ−1
2

√
(L(· − x)2(∗ − y)4)(x, y)

+ δ−1
1 δ−1

2

(
L(· − x)2(∗ − y)2

)
(x, y)

]
ωmixed(DBf ; δ1, δ2).

2. M AIN RESULTS

Let the sets∆2 = {(x, y) ∈ R× R|x, y ≥ 0, x + y ≤ 1} andF(∆2) = {f |f : ∆2 → R}.
For m a non zero natural number, let the operatorsBm : F(∆2) → F(∆2), defined for any
functionf ∈ F(∆2) by

(2.1) (Bmf)(x, y) =
∑
k,j=0

k+j≤m

pm,k,j(x, y)f

(
k

m
,

j

m

)

for any(x, y) ∈ ∆2, where

(2.2) pm,k,j(x, y) =
m!

k!j!(m− k − j)!
xkyj(1− x− y)m−k−j.

The operators are named Bernstein bivariate polynomials (see [8]).

Lemma 2.1. The operators(Bm)m≥1 are linear and positive onF(∆2).

Proof. The proof follows immediately. �

For m a non zero natural number, let the GBS operator of Bernstein bivariate polynomials
UBm (see [1]),UBm : Cb(∆2) → B(∆2) defined for any functionf ∈ Cb(∆2) and any
(x, y) ∈ ∆2 by

(UBmf)(x, y) = (Bm(f(x, ∗) + f(· , y)− f(· , ∗))) (x, y)(2.3)

=
∑
k,j=0

k+j≤m

pm,k,j(x, y)

[
f

(
x,

j

m

)
+ f

(
k

m
, y

)
− f

(
k

m
,

j

m

)]
.

Lemma 2.2. The operators(Bm)m≥1 verify for any(x, y) ∈ ∆2 the following:

(Bme00)(x, y) = 1;(2.4) (
Bm(· − x)2

)
(x, y) =

x(1− x)

m
;(2.5) (

Bm(∗ − y)2
)
(x, y) =

y(1− y)

m
;(2.6)

(2.7)
(
Bm(· − x)2(∗ − y)2

)
(x, y) =

3(m− 2)

m3
x2y2 − m− 2

m3
(x2y + xy2) +

m− 1

m3
xy;
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(2.8)
(
Bm(· − x)4(∗ − y)2

)
(x, y)

= −5(3m2 − 26m + 24)

m5
x4y2 +

6(3m2 − 26m + 24)

m5
x3y2 − 6(m2 − 7m + 6)

m5
x3y

− 3m2 − 41m + 42

m5
x2y2 +

3m2 − 26m + 24

m5
x4y +

3m2 − 17m + 14

m5
x2y

− m− 2

m5
xy2 +

m− 1

m5
xy

and

(2.9)
(
Bm(· − x)2(∗ − y)4

)
(x, y)

= −5(m2 − 26m + 24)

m5
x2y4 +

6(3m2 − 26m + 24)

m5
x2y3 − 6(m2 − 7m + 6)

m5
xy3

− 3m2 − 41m + 42

m5
x2y2 +

3m2 − 26m + 24

m5
xy4 +

3m2 − 17m + 14

m5
xy2

− m− 2

m5
x2y +

m− 1

m5
xy

for any non zero natural numberm.

Proof. Let (x, y) ∈ ∆2 andm be a non zero natural number. We have

(Bme00)(x, y) =
∑
k,j=0

k+j≤m

m!

k!j!(m− k − j)!
xkyj(1− x− y)m−k−j

= (x + y + 1− x− y)m = 1,

so (2.4) holds,

(Bme10)(x, y) =
∑
k,j=0

k+j≤m

m!

k!j!(m− k − j)!
xkyj(1− x− y)m−k−j k

m

= x
∑

k=1,j=0
k+j≤m

(m− 1)!

(k − 1)!j!(m− k − j)!
xk−1yj(1− x− y)m−k−j

= x,

it results that

(2.10) (Bme10)(x, y) = x

and similarly

(2.11) (Bme01)(x, y) = y.

In the same way, using the formulas

k2 = k(k − 1) + k,

k3 = k(k − 1)(k − 2) + 3k(k − 1) + k,

k4 = k(k − 1)(k − 2)(k − 3) + 6k(k − 1)(k − 2) + 7k(k − 1) + k,

we obtain

(Bme20)(x, y) =
m− 1

m
x2 +

1

m
x,(2.12)

(Bme30)(x, y) =
(m− 1)(m− 2)

m2
x3 +

3(m− 1)

m2
x2 +

1

m2
x,(2.13)

J. Inequal. Pure and Appl. Math., 7(3) Art. 92, 2006 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


B-CONTINUOUS AND B-DIFFERENTIABLE FUNCTIONS 5

(2.14) (Bme40)(x, y) =
(m− 1)(m− 2)(m− 3)

m3
x4

+
6(m− 1)(m− 2)

m3
x3 +

7(m− 1)

m3
x2 +

1

m3
x

and similarly the relations(Bme02)(x, y), (Bme03)(x, y), (Bme04)(x, y).
We have

(Bme11)(x, y) =
m− 1

m
y

∑
k=0,j=1
k+j≤m

(m− 1)!

k!(j − 1)!(m− k − j)!
xkyj−1(1− x− y)m−k−j k

m− 1

=
m− 1

m
y(Bm−1e10)(x, y),

(Bme21)(x, y)

=

(
m−1

m

)2

y
∑

k=0,j=1
k+j≤m

(m−1)!

k!(j−1)!(m−k−j)!
xkyj−1(1−x−y)m−k−j

(
k

m−1

)2

=

(
m− 1

m

)2

y(Bm−1e20)(x, y),

and in the same way, we write(Bme31)(x, y), (Bme41)(x, y), (Bme32)(x, y), (Bme42)(x, y).
Taking (2.12) - (2.14) into account, we obtain

(Bme11)(x, y) =
m− 1

m
xy,(2.15)

(Bme21)(x, y) =
(m− 1)(m− 2)

m2
x2y +

m− 1

m2
xy,(2.16)

(2.17) (Bme31)(x, y) =
(m− 1)(m− 2)(m− 3)

m3
x3y

+
3(m− 1)(m− 2)

m3
x2y +

m− 1

m3
xy,

(2.18) (Bme41)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)

m4
x4y

+
6(m− 1)(m− 2)(m− 3)

m4
x3y +

7(m− 1)(m− 2)

m4
x2y +

m− 1

m4
xy,

(2.19) (Bme22)(x, y) =
(m− 1)(m− 2)(m− 3)

m3
x2y2

+
(m− 1)(m− 2)

m3
(x2y + xy2) +

m− 1

m3
xy,

(2.20) (Bme32)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)

m4
x3y2

+
(m− 1)(m− 2)(m− 3)

m4
x3y +

3(m− 1)(m− 2)(m− 3)

m4
x2y2

+
3(m− 1)(m− 2)

m4
x2y +

(m− 1)(m− 2)

m4
xy2 +

m− 1

m4
xy,
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(Bme42)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)(m− 5)

m5
x4y2(2.21)

+
(m− 1)(m− 2)(m− 3)(m− 4)

m5
x4y

+
6(m− 1)(m− 2)(m− 3)(m− 4)

m5
x3y2

+
6(m− 1)(m− 2)(m− 3)

m5
x3y

+
7(m− 1)(m− 2)(m− 3)

m5
x2y2

+
7(m−1)(m−2)

m5
x2y+

(m−1)(m−2)

m5
xy2+

m−1

m5
xy

and similarly the relations(Bme12)(x, y), (Bme13)(x, y), (Bme14)(x, y), (Bme23)(x, y),
(Bme24)(x, y).

Now, we have

(Bm(· − x)2)(x, y) = (Bme20)(x, y)− 2x(Bme10)(x, y) + x2(Bme02)(x, y),

(Bm(· − x)2(∗ − y)2)(x, y) = (Bme22)(x, y)− 2y(Bme21)(x, y) + y2(Bme20)(x, y)

− 2x(Bme12)(x, y) + 4xy(Bme11)(x, y)− 2xy2(Bme10)(x, y)

+ x2(Bme02)(x, y)− 2x2y(Bme01)(x, y) + x2y2(Bme00)(x, y),

(Bm(· − x)4(∗ − y)2)(x, y)

= (Bme40)(x, y)− 2y(Bme41)(x, y) + y2(Bme40)(x, y)

− 4x(Bme32)(x, y) + 8xy(Bme31)(x, y)− 4xy2(Bme30)(x, y)

+ 6x2(Bme22)(x, y)− 12x2y(Bme21)(x, y) + 6x2y2(Bme20)(x, y)

− 4x3(Bme12)(x, y) + 8x3y(Bme11)(x, y)− 4x3y2(Bme10)(x, y)

+ x4(Bme02)(x, y)− 2x4y(Bme01)(x, y) + x4y2(Bme00)(x, y)

and taking (2.9) – (2.21) into account, we obtain (2.5), (2.7) and (2.8). Similarly we obtain
(2.9). �

Lemma 2.3. The operators(Bm)m≥1 verify for any(x, y) ∈ ∆2 the following inequalities:

(Bm(· − x)2)(x, y) ≤ 1

4m
,(2.22)

(Bm(∗ − y)2)(x, y) ≤ 1

4m
,(2.23)

for any non zero natural numberm,

(2.24)
(
Bm(· − x)2(∗ − y)2

)
(x, y) ≤ 9

4m2
,

for any natural numberm, m ≥ 2,(
Bm(· − x)4(∗ − y)2

)
(x, y) ≤ 9

m3
,(2.25) (

Bm(· − x)2(∗ − y)4
)
(x, y) ≤ 9

m3
,(2.26)

for any natural numberm, m ≥ 8.
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Proof. Becausex(1− x) ≤ 1
4

for anyx ∈ [0, 1], (2.22) and (2.23) results.
From (2.7), we have(

Bm(· − x)2(∗ − y)2
)
(x, y) =

2(m− 2)

m3
x2y2 +

m− 2

m3
x(1− x)y(1− y) +

1

m3
xy

≤ 2(m− 2)

m3
+

m− 2

16m3
+

1

m3

=
33m− 50

16m3
,

from where (2.24) results.
From (2.8), we have(
Bm(· − x)4(∗ − y)2

)
(x, y)

=
6(3m2 − 26m + 24)

m5
x3y2(1− x) +

3m2 − 26m + 24

m5
x4y(y + 1)

− 6(m2 − 7m + 6)

m5
x3y +

3m2 − 17m + 14

m5
x2y(1− y)

+
24m− 28

m5
x2y2 +

m− 2

m5
xy(1− y) + xy.

But

3m2 − 26m + 24

m5
x4y(y + 1) ≤ 2

3m2 − 26m + 24

m5
x2y

=
6m2 − 42m + 36

m5
x2y − 10m− 12

m5
x2y

≤ 6m2 − 42m + 36

m5
x2y − 10m− 12

m5
x3y2

and then, from the inequalities above, we obtain

(2.27)
(
Bm(· − x)4(∗ − y)2

)
(x, y)

≤ 6(3m2 − 26m + 24)

m5
x3y2(1− x) +

6m2 − 42m + 36

m5
x2y(1− y)

+
3m2 − 17m + 14

m5
x2y(1− y) +

10m− 12

m5
x2y2(1− y)

+
14m− 16

m5
x2y2 +

m− 2

m5
xy(1− y) + xy.

Becausex(1− x) ≤ 1
4
, y(1− y) ≤ 1

4
, xy ≤ 1 for anyx, y ∈ [0, 1], from (2.27) we have(

Bm(· − x)4(∗ − y)2
)
(x, y)

≤ 6(3m2 − 26m + 24)

4m5
+

6m2 − 42m + 36

4m5

+
3m2 − 17m + 14

4m5
+

10m− 12

4m5
+

14m− 16

m5
+

m− 2

4m5
+ 1

=
27m2 − 148m + 170

m5
,

from where (2.25) results. �
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Theorem 2.4.Let the functionf ∈ Cb(∆2). Then, for any(x, y) ∈ ∆2, any natural numberm,
m ≥ 2, we have

(2.28) |f(x, y)− (UBmf)(x, y)|

≤
(

1 + δ−1
1

1

2
√

m
+ δ−1

2

1

2
√

m
+ δ−1

1 δ−1
2

3

2m

)
ωmixed(f ; δ1, δ2)

for anyδ1, δ2 > 0 and

(2.29) |f(x, y)− (UBmf)(x, y)| ≤ 7

2
ωmixed

(
f ;

1√
m

,
1√
m

)
.

Proof. For the first inequality we apply Theorem 1.1 and Lemma 2.3. The inequality (2.29) is
obtained from (2.28) by choosingδ1 = δ2 = 1√

m
. �

Corollary 2.5. If f ∈ Cb(∆2), then

(2.30) lim
m→∞

(UBmf)(x, y) = f(x, y)

uniformly on∆2.

Proof. Becausef ∈ Cb(∆2), there results thatf is uniform B-continuous on∆2 and then

lim
m→∞

ωmixed

(
f ; 1√

m
, 1√

m

)
= 0 (see [2] or [3]). From (2.29), there results the conclusion.�

Theorem 2.6. Let the functionf ∈ Db(∆2) with DBf ∈ B(∆2). Then for any(x, y) ∈ ∆2,
any natural numberm, m ≥ 8, we have

(2.31) |f(x, y)− (UBmf)(x, y)| ≤ 9

2m
‖Dbf‖∞

+

(
3

2m
+δ−1

1

3

m
√

m
+δ−1

2

3

m
√

m
+δ−1

1 δ−1
2

9

4m2

)
ωmixed(DBf ; δ1, δ2)

for anyδ1, δ2 > 0 and

(2.32) |f(x, y)− (UBmf)(x, y)| ≤ 3

4m

(
6‖DBf‖∞ + 13ωmixed

(
DBf ;

1√
m

1√
m

))
.

Proof. It results from Theorem 1.2 and Lemma 2.3. �
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