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1. PRELIMINARIES

In this section, we recall some results which we will use in this article.

In the following, letX andY be compact real intervals. A functigh: X x Y — R is called
a B-continuous (Bdgel-continuous) function(imy, yo) € X x Y if

lim  Af((z,y), (z0,y0)) = 0.
(z,y)—(wo,y0)
Here
Af((z,y), (xo,90)) = f(2,y) — f(20,y) — f(z,90) + f (0, %0)

denotes a so-called mixed differencefof

A function f : X x Y — R is called aB-differentiable (Bdgel-differentiable) function in
(o, y0) € X x Y ifit exists and if the limit is finite:

lim Af((x,y), (:L‘OvyO))
(@y)—(owo) (T — 20)(y — Yo)
The limit is named thé3-differential of f in the point(xy, yo) and is denoted by f (xo, vo)-
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2 OviIDIU T. POP AND MIRCEA FARCAS

The definitions ofB-continuity andB-differentiability were introduced by K. Bbgel in the
papers/[5] and [6].
The functionf : X x Y — R is B-bounded onX x Y if there existsK’ > 0 such that

[AS ((2,9), (s, 1)) < K

forany(z,y), (s,t) € X x Y.

We shall use the function sef(X x Y) = {f : X x Y — R|f bounded onX x Y} with
the usual sup-normh - [|o, By(X x Y) = {f: X x Y — R|f B-bounded onX x Y} and we
setl|fllz =~ sup |Af((x y), (s>t))| where

(z,y),(s,t)eEX XY

fEB(X XY), C(XxY)={f:XxY — R|fB - continuous onX x Y},
and Dy(X xY)={f:X xY — R|f B — differentiable onX x Y'}.

Let f € By(X x Y). The functionumixeda(f; -, -) : [0,00) x [0,00) — R, defined by

(1.2) Wmixed(f;01,02) = sup {|Af((z,y), (s,0)] : |z — s| < 1, |y — t| < 62}

for any (dy,02) € [0, 00) x [0, 00) is called the mixed modulus of smoothness.

For related topics, seel[1],/[2].][3] and [10].

Let L : Cp(X x Y) — B(X x Y) be alinear positive operator. The operatar : Cy,(X x
Y) — B(X x Y') defined for any functiorf € C,(X x Y) and any(z,y) € X x Y by

(1.2) (ULf) (@, y) = (L(f(y) + f(z,%) = F( %)) (2, 9)

is called the GBS operator ("Generalized Boolean Sum" operator) associated to the dperator
where "*" and "«" stand for the first and second variable.

Let the functionse;; : X x Y — R, (e;;)(z,y) = 2’y for any (z,y) € X x Y, where
i,j € N. The following theorem is proved in|[1].

Theorem 1.1.LetL : Cy(X x Y) — B(X x Y) be a linear positive operator antf L :

Cy(X xY) — B(X xY) the associated GBS operator. Then for ghyg C,(X x Y), any
(z,y) € (X x Y) and anyd,, o, > 0, we have

(1.3) [f(z,y) = (ULf)(z,y)| <[f (@ 9)[[1 = (Leoo) (x,y)]

+ [ (Leoo) (@, y) + 07 'V (L(- = 2)?) (w,9) + 65V (L(x — 9)?) (z,y)

+ 6710V (L(- — 2)2(x — y)2) (2, y) | wixed f; 01, 02).

In the following, we need the following theorem for estimating the rate of the convergence
of the B-differentiable functions (see [11]).

Theorem 1.2.LetL : Cy(X x Y) — B(X x Y) be a linear positive operator antf L :
Cp(X xY) — B(X xY) the associated GBS operator. Then for ghy¥ D,(X x Y) with
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Dpf e B(X xY),any(z,y) € X x Y and anyd,, J, > 0, we have

(1.4)  |f(z,y) = (ULS)(x,y)|
< | f (@, 9)|11=(Leoo) (2, )| +3]| D flloo v/ (L(- = 2)2(x — 9)?) (z, y)

+ V(L = 2)2(x = y)2) (2, ) + 6, V(L( = 2)(x = y)?) (2, 9)
+ 0y ' (L(- = 2)2(x = y)*) (2, )

+ 51_152_l (L( - x)2<* - y)Q) (ma y) wmixeo<DBf§ 01, 52)-

2. MAIN RESULTS

Let the setsA\y, = {(z,y) e R x R|z,y > 0,2z +y < 1} andF(Ay) = {f|f : Ay — R}.
Form a non zero natural number, let the operatBrs : F(Ay) — F(A,), defined for any
function f € F(A,) by

k,j=0
k+j<m

forany(z,y) € Ay, where

m!

kljtim —k — j)!

The operators are named Bernstein bivariate polynomials[(see [8]).

m—k—j

(2.2) Py (2,y) = 2y (1 -z —y)

Lemma 2.1. The operators B,,),,>1 are linear and positive otF (A,).

Proof. The proof follows immediately. O

For m a non zero natural number, let the GBS operator of Bernstein bivariate polynomials
UB,, (see [1]),UB,, : Cy(A3) — B(A,) defined for any functionf € Cj,(A,) and any
(Z‘, y) € AQ by

23)  (UBnf)(x,y) = (Bu(f(z, %)+ f(-,y) = (-, %)) (z,9)

= 3 o) [f (x %) i (%y) .y (%%)] |

k+j<m

Lemma 2.2. The operators B,,, ),,>1 Vverify for any(x, y) € A, the following:

(2.4) (Bmew)(z,y) = 1;

25) (Bl =) (a9 = L2

(2.6) (Buls ) () = 20,

Q7)) (Bu(-—2)(x—)°) (z,y) = W z?y? — mﬂ; 2 @y + ay?) + mﬁ; L ow;
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(28) (Bm( - 17)4(* - y>2) (ZL‘, y)
5(3m2 —26m+24) , , 6(3m2—26m+24) 5, 6(m>—Tm-+6) ,

=— - Ty + . 7y — - 7y
3m?—4lm+42 , , 3m*—26m+24 , 3m? —1Tm+14
— o AT 5 Y+ 5 7y
m—-2 5, m-1
T Y T mp Y

and

(2.9) (Bu(—2)*(x—v)") (z.9)
5(m* —26m+24) , ,  6(3m*—26m+24) , 5 6(m*—Tm+6) ,

= — " Yy + 5 Yy — o ry
3m? —4lm+42 , , 3m*—26m+24 , 3m*—1Tm+14
- 5 7Y+ 5 Ty + 5 Ty
m m m
m—2 , m — 1
- Y+ ——— Yy
m m

for any non zero natural number.

Proof. Let (z,y) € A, andm be a non zero natural number. We have
m! - ke

= m—k—)
k+j<m

=@ty+l-ow—y" =1

so (2.4) holds,
m! , ki K
(Buew)(@y) = ) gy o v (- o)™
k,j=0
k+j<m
(m —1)! k-1, j m—k—j
=z , — "y (1l—x—y J
k;@ (k= 1)yl (m — k — j)! ( )
k+j<m
= x)
it results that
(2.10) (Bmeiw)(x,y) =x
and similarly
(2.11) (Bmeo1)(z,y) = v.

In the same way, using the formulas
k> =k(k—1) +k,
kP =k(k—1)(k—2)+3k(k—1) +k,
E* = k(k —1)(k —2)(k — 3) +6k(k — 1)(k — 2) + Tk(k — 1) + k,

we obtain

1 1
(2.12) (Bmeao)(w,y) = ———a* + m o

-1 -2 -1 1
(2.13) (Bueao) () = 2 T)n(;z Lo _3(77:”2 Lot m? "
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(m—1)(m—=2)(m—-3) ,

(214) (Bm€40)('r7y) = m3 Zz
-1 -2 -1 1
+6(m )gm )x3+7(m—3)x2+—3x
m m m
and similarly the relationgB,,,.eo2) (2, y), (Bmeos)(x,y), (Bmeos)(x, y).
We have
(Bmeu)(l’ y o Z 1) xkyj_l(l —r— y>m—k—jL
koilk' (m—k—j)! m—1
k4+j<m

m—1

= Ty(Bm—lelo)(%y),

(Bmea) (7, y)

( > 2 kA mml)k; 7)! 2Py (1 — g —y) ™ (%)2

k=0,j=1
k+jij<m

_ (ﬁi:l)Qy(Bm_ﬁhdﬂny%

m

and in the same way, we write3,,es1)(x,y), (Bmes)(x,y), (Bmes2)(x,y), (Bnesw)(z,y).
Taking [2.12) -[(2.1}4) into account, we obtain

(2.15) (Bpen)(z,y) = mT; L xy,
(2.16) (Buea)(z.y) = Wm0 oy L,
(2.17) (Bmesi)(x,y) = (m — 1)(mw; 2)(m = 3) 3y
N 3(m — :}igm —2) 22yt mﬂ; 1 .

(m = 1)(m =2)(m = 3)(m —4) ,
+6(m—1)(m—2)?7ﬂfn—3) 3  Tm—1)(m-2) , m—1

(2.18) (Bpen)(z,y) =

" 7y + " 7Yy + T TY,
(219) (Bm622)(x,y) _ (m - 1)(mﬂ;5 2)(m B 3) $2y2
(m = 1)(m—2) 1

(2.20) (Bpess)(z,y) = (m —1)(m — 2)(m — 3)(m — 4)
+(m—1)(m—2)(m—3) 3 3(m—1)(m—2)(m—3) , ,

7y +
3(m—1)(m—2)x2y+(m—l)(m—2) s m—1

+
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(m —1)(m —2)(m = 3)(m —4)(m—=5) , ,

(2.21) (Bmes)(x,y) = xty

(= 1)(m 3§<m B

S 2= 1)

S 23

T 23

+ 7<m_2§m_2) 22y + <m‘1gf?‘2> :By2+mm_51 zy

and similarly the relations(B,,e12)(x,y), (Bmeis)(x,y), (Bmeis)(z,y), (Bmeas)(z,y),

(Bmeaa) (7, y).
Now, we have

(B (- = 2)")(2,) = (Bmex)(,) = 22(Bmne10) (7,y) + 2*(Bmeo) (2, y),

(B (- — 2)*(+ — 9)*)(x,y) = (Bmea2)(,y) — 2y(Bmear)(z,y) + y*(Bmeao) (2, y)
— 22(Bpe1n)(z,y) + 4vy(Bpein) (2, y) — 20y*(Bmew)(z,y)
+ 2% (Bmeoz) (2, y) — 22y (Bmeo ) (2, y) + 2*y*(Bmeoo) (%, 9),

(Ba(- = 2)*(x = y)*) (2, 9)
= (Bmeao)(x,y) = 2y(Bpen)(2,y) + y*(Bmew) (z,y)
— 42(Bpess)(z,y) + 8vy(Bpesi ) (w,y) — 4xy*(Bmeso)(z, )
+ 62%(Bpeas) (2, y) — 120°y(Bmen ) (z,y) + 62°y* (Bmea) (7, y)
— 42°(Bmen)(x,y) + 82°y(Bmen ) (x,y) — 42°y*(Bpeio) (2, )
+ 24 (Bpmeo)(z,y) — 22 y(Bmeo) (2, y) + 2*y* (Bmeoo) (7, y)

and taking[(2.9) {(2.21) into account, we obtdin [2.5),](2.7) (2.8). Similarly we obtain
2.9). O

Lemma 2.3. The operators B, ),>1 Verify for any(z, y) € A, the following inequalities:

(2.22) (B (- — 2)?) (2, y) < ﬁ 7
2239 (Bl = 0))(e,) < 7

for any non zero natural numben,

(224) (Bul- = 26 = 1)) (5.9) < o5
for any natural numbem, m > 2,

(2.25) (Bin(- =) (x = 9)*) (z,y) < % :
(2.26) (Bl =205~ 0)") (2.9) < 5.

for any natural numbemn, m > 8.
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Proof. Becauser(1 — z) < } for anyz € [0, 1], (2.22) and|(2.23) results.
From [2.7), we have

(B (- = 2)*(x — )?) (z,y) = W 2y + mm3 2 51— 2)y(l —y) + % Ty
< 2(m—=2) m-2 1
- m3 16m3  m?3
 33m - 50
o 16m3

from where [(2.214) results.
From (2.8), we have

(Bu(- —2)'(x —9)?) (z,9)

6(3m?* — 26m +24) , , 3m? —26m +24

_ = 221 — x) + —3 hy(y +1)
6(m? —Tm +6 3m? — 17m + 14
_ ( m5 )x3y+ m5 :c2y(1 _y)
24m — 28 m— 2
T (L - y) .
But
3m? — 26 24 3m? — 26 24
m 5m + wlyly+1) <2 m 5m + z2y
m m
6m? — 42m + 36 10m —-12 ,
= m YT Y
6m? — 42m + 36 10m — 12
< - :L’2y - x3y2
m m
and then, from the inequalities above, we obtain
(2.27) (Bu(-—2)'(x —y)*) (2, y)
6(3m? — 26m + 24 6m? — 42m + 36
< U — ) 2P (1— ) + —3 z*y(1 —y)
3m? —1Tm + 14 10m — 12
5 w?y(1 —y) + R 2?y* (1 - y)

14m — 16 m— 2
PR 1 Ty y)

y(1—y) <4 2y < 1foranyz,y € [0,1], from (2.27) we have

Becauser(l —z) < 1,
) (x = y)*) (2, y)

(Bn(-— =
_ 6(3m? —26m +24) | 6m? —42m + 36
- 4mpd 4mb
3m? —1Tm + 14 10m—12+14m—16+m—2+1
4md 4md mb 4md
 2Tm? — 148m + 170
mP ’

from where[(2.2b) results.
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Theorem 2.4. Let the functionf € C,(As). Then, for anyx,y) € A,, any natural numbermn,
m > 2, we have

1

1 3
(1+6l T O e 0 m) mived [ 51, 62)

for anyodq, 6, > 0 and
(2.29) 0.0) = B o) < Jmoa £ = =)
2 vm'y/m
Proof. For the first inequality we apply Theor- 1 and Lenimé& 2.3. The inequality (2.29) is
obtained from-8) by choosing = §, = f O

Corollary 2.5. If f € Cy(A,), then
(2.30) Nim (UBy f)(2,y) = f(z,y)

uniformly onA,.

Proof. Becausef € (C,(A,), there results thaf is uniform B-continuous onA, and then
lim Wiixed (f; \/—% , \/Lm) = 0 (seel[2] or[3]). From|(2.29), there results the conclusion.[]

Theorem 2.6. Let the functionf € D,(Ay) with Dpf € B(A,y). Then for any(z,y) € A,,
any natural numberm, m > 8, we have

(231) [£(x.9) ~ (UB)(r.)| < 5 | Dol

3 3
+(—+5 IW-H; 1m\/_+5 1(5— )Wmler(DBf o1, 02)

foranyodq, 9, > 0 and

@32)  \ftey) = DS )| < o (61Dl + 18emen (D ) )

Proof. It results from Theorern 1.2 and Leminal2.3. O

REFERENCES

[1] C.BADEA AND C. COTTIN, Korovkin-type theorems for generalised boolean sum oper&toks,
loguia Mathematica Societatis Janos Bolya8, Approximation Theory, Kecskemét (Hunagary),
1990, 51-67.

[2] C.BADEA, Modul de continuitate ih sens Bdgel si unele aplicatii Tn aproximarea printr-un operator
BernsteinStudia Univ. "Babeg-Bolyai", Ser. Math.-Mech8(2) (1973), 69-78 (Romanian).

[3] C. BADEA, I. BADEA, C. COTTIN AND H.H. GONSKA, Notes on the degree of approximation
of B-continuous and3-differentiable functions]. Approx. Theory Appl4 (1988), 95-108.

[4] D. BARBOSU, Aproximarea functiilor de mai multe variabile prin sume booleene de operatori
liniari de tip interpolator, Ed. Risoprint, Cluj-Napoca, 2002 (Romanian).

[5] K. BOGEL, Mehrdimensionale Differentiation von Funtionen mehrerer Veranderlidh&eine
Angew. Math.170(1934), 197-217.

[6] K. BOGEL, Uber die mehrdimensionale differentiation, integration und beschrankte variation,
Reine Angew. Math173(1935), 5-29.

J. Inequal. Pure and Appl. Math?(3) Art. 92, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

B-CONTINUOUS AND B-DIFFERENTIABLE FUNCTIONS 9

[7] K. BOGEL, Uber die mehrdimensionale differentiatidier. DMV, 65 (1962), 45-71.
[8] G.G. LORENTZ,Bernstein PolynomialdJniversity of Toronto Press, Toronto, 1953.

[9] M. NICOLESCU, Contributii la o analia de tip hiperbolic a planulugt. Cerc. Mat.lll , 1-2, 1952,
7-51 (Romanian).

[10] M. NICOLESCU,Analiza Matematicall, E. D. P. Bucuresti, 1980 (Romanian).

[11] O.T. POP, Approximation oB-differentiable functions by GBS operators (to appeakiiral. Univ.
Orade3.

[12] D.D. STANCU, Gh. COMAN, O. AGRATINIAND R. TRIMBITAS, Analiza Numerica si Teoria
Aproximarii, I, Presa UniversitarClujeai, Cluj-Napoca, 2001 (Romanian).

J. Inequal. Pure and Appl. Math?(3) Art. 92, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Preliminaries
	2. Main Results
	References

