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Abstract

In this paper we give an approximation of B-continuous and B-differentiable
functions by GBS operators of Bernstein bivariate polynomials.
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In this section, we recall some results which we will use in this article.

In the following, letX andY be compact real intervals. A functiofi :
X xY — Ris called aB-continuous (Bbgel-continuous) function(iny, yo) €
X xYif

lim  Af((z,9), (z0, %)) = 0.

(2,y)—(x0,y0)
Here

Af ((ﬁ,y), (Jig,yo)) = f<x7y) - f(l’(],y) - f(xvyo) + f(x()ayo)

denotes a so-called mixed differencefof
Afunctionf : X xY — Ris called aB-differentiable (Bogel-differentiable)
function in(zo,y9) € X x Y ifit exists and if the limit is finite:

i Af(@y) (w0, 50))
(@)= (zom0) (T — 20)(y — Yo)

The limit is named the3-differential of f in the point(z, yo) and is denoted
by Dp f (0, yo)-
The definitions ofB-continuity andB-differentiability were introduced by
K. Bdgel in the papersy and [5].
The functionf : X x Y — R is B-bounded onX x Y if there existsk > 0
such that
Af (@.y), (s,1)] < K

forany(z,y), (s,t) € X x Y.
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We shall use the function sef$(X x Y) = {f : X x Y — R|f bounded
onX x Y} with the usual sup-normf- [|ec, Bo(X xY) = {f: X xY — R|f
B-bounded onX x Y'} and we sef| f||5 = sup IAf ((z,y), (s,1)) ],

Y

(z,y),(s,t)EX %

where
f € By(X xY),
Co(X xY)={f:X xY — R|f B — continuous onX x Y},
and Dy(X xY)={f:X xY — R|f B — differentiable onX x Y'}. A GE 2 TS
and B-Differentiable Functior}s
Let f € B,(X x Y). The functionwmied(f; - ,-) : [0,00) x [0,00) — R, e e
defined by i _
Ovidiu T. Pop and Mircea Farcas
(1.1) wmixed( 301, 02) = sup {|Af((2,y), (s,8))| : |2 — 5[ < b1, |y — ¢ < &2}
. . Title Page
for any (0y,02) € [0, 00) x [0, 00) is called the mixed modulus of smoothness.
For related topics, see]} [7], [3] and [L0]. Contents
LetL : Cy(X xY) — B(X xY) be alinear positive operator. The operator <« 9
UL: Cy(X xY) — B(X xY) defined for any functiorf € C,(X x Y) and > N
any(z,y) € X xY by
Go Back

is called the GBS operator ("Generalized Boolean Sum" operator) associated to Quit
the operator., where " and "«" stand for the first and second variable.

Let the functionse;; : X x Y — R, (e;;)(z,y) = z'y? for any (z,y) €
X x Y, wherei, j € N. The following theorem is proved in]J.
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Theorem 1.1.Let L : Cy(X x Y) — B(X x Y) be a linear positive operator
andUL : Cy(X xY) — B(X xY) the associated GBS operator. Then for any
feCy(X xY),any(x,y) € (X x Y) and anyd;, o, > 0, we have

(1.3) [f(z,y) = (ULS)(x,y)| < |f(2,y)| 11 = (Leo)(z, )|

+ | (Leo) (,y) + 67V (L(- = 2)?) () + 65V (L(x — 9)?) (x,y)

+ 51_152_1\/(L(' - 1’)2(* - y)2) (% y) Wmixeo(fQ 517 (52)- Approximation of B-Continuous

and B-Differentiable Functions

. . . . by GBS Operators of Bernstein
In the following, we need the following theorem for estimating the rate of Bivariate Polynomials

the convergence of thB-differentiable functions (se€.[]). R

Theorem 1.2.Let L : C,(X xY) — B(X x Y) be a linear positive operator
andUL : Cp(X xY) — B(X xY) the associated GBS operator. Then for

any f € Dy(X x Y) with Dpf € B(X x Y), any(z,y) € X x Y and any Title Page
01,09 > 0, we have Contents
(1.4) |f(x,y) — (ULf)(z,y)| « dd
< |f(z,y)|[1=(Leoo)(x,y) |+ 3| Dp flloo vV (L(- — 2)2(x — y)?) (2,y) < ’
+ V=02 — ) () + 67 VLG = 2)' (5 — 9)2) (1, 9) Go Back
Close
40, LE = 2P0 — ) out
+ 67105t (L( — ) (% — y)z) (x,y) | Wmixed DB f; 01, 02). Page 5 of 18
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Let the sets\, = {(z,y) e R x R|z,y > 0,z +y < 1} andF(Ay) = {f|f :
Ay — R}. Form a non zero natural number, let the operatBys: F(A) —
F(A,), defined for any functiorf € F(A,) by

- 5 i (£:2)

k,7=0
k+j<m

(2.1) (B f)(z,y)

forany(z,y) € Ay, where

m)!
Kljlim —k — j)!

The operators are named Bernstein bivariate polynomials {$ee [

(22) Pm k’](x y) ky](l — T — y)m—kz—j‘

Lemma 2.1. The operators B,,),,>1 are linear and positive otF (A,).

Proof. The proof follows immediately. ]

Form a non zero natural number, let the GBS operator of Bernstein bivariate
polynomialsU B,, (see []), UB,, : Cy(As) — B(A,) defined for any function

f € Cy(Ay) and any(z, y) € A, by

(2.3) (UBmf)(z,y)
= (Bn(f(x,%) + f(-,9) = f(-, %)) (z,y)

= 3wt |1 (m ) 41 (0) 7 (5 2) )

k+j<m
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Lemma 2.2. The operatorg B,,,).,>1 verify for any(z, y) € A, the following:

(2.4) (Bmeoo)(z,y) = 1,
25 (Bl = 2?) (2,9 = L2
(2.6) (Bm(x —9)?) (z,y) = w ;

2.7) (Bm(- —2)*(x —y)?) (,9)

3(m —2 m — 2
— ( - )x2y2— - (a:2y+xy2)+
m m

m—1 .
3 TY;

(28) (Bm( - I>4(* - y>2) (‘7:7 y)
5(3m? —26m+24) , ,  6(3m*—26m+24) , ,

= — s Ty + 5 Yy
6(m?> —Tm +6 3m? — 41m + 42
ST ) g, A 2
3m?2 — 26m + 24 4 3m? —1Tm + 14 9
+ 5 Ty + 5 7y
m m

m—2 5, m-1
B Ty + . Yy

and

(29) (Bm( - JZ)Q(* - y)4> (ZL‘, y)
5(m? —26m +24) . , n 6(3m* —26m +24) , 4

= - ry €y
md md
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6(m? — 7m + 6) o — 3m? — 41m + 42 2

md mb
3m?2 — 26m + 24 4 3m? —1Tm + 14 9
+ 5 Ty + - Ty
m — 2 m—1

for any non zero natural numben.

Proof. Let (z,y) € A, andm be a non zero natural number. We have Approximation of ~ B-Continuous
and B-Differentiable Functions
by GBS Operators of Bernstein

B, VY) = 1-— m—k=j Bivariate Polynomials
(Bmeoo)(,y) Z Kl (m — k—]) y( T —y)
k+]<m Ovidiu T. Pop and Mircea Farcas
=(rz+y+l—z—ym=1,
SO (2.4) holds, Title Page
Contents
. k
J o o m—k—j "™
(Bme)(x Z R (m — k; ) (1 —z—vy) - «“ b
k,j=
k+]<'m
< 4
1) k=1,9(1 m—k—j
=t Z _1|jm ]{;_j)m y(d—z-y) Go Back
k=1,5=0
Frasm Close
= x’ ]
Quit
it results that Page 8 of 18
(2.10) (Bmew)(z,y) =
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and similarly
(2.11) (Bmeor)(x,y) = v.
In the same way, using the formulas
E* =k(k—1)+k,
B =k(k—1)(k—2) +3k(k—1) +k,
E* = k(k —1)(k —2)(k —3) +6k(k —1)(k — 2) + Tk(k — 1) + k,
we obtain

(212)  (Buew)(w.y) = —Lat+ Lo,
(2.13) (Bmeso)(x,y) = (m = 177);2m —2) x5+ W 2 + % x,
214) (Bues)(r,y) = DD 23
N 6(m—1)§m—2) . 7(m;1) $2+i3$
m m m

and similarly the relationgB,,.eo2) (2, y), (Bmeos)(x,y), (Bmeos)(x, y).
We have

(Bmen)(x Y)

—1)! k,j—1 —k—j
1 — g —y)m ki
Zk'j—l (m — k_]):vy (1=2—y) m—1

k=0,j=1
k4+j<m

m—1

= Ty(Bm—1€10>($7y)7
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(Bnea)(z,y)

()

k=0,j=1
k+j<m

_ <mT—1)2y<Bm_lego><x,y>,

and in the same way, we write3,,e31)(x,y), (Bnea)(x

(Bme42) ($7
(2.15)

(2.16)

(2.17)

(2.18) (Bpen)(z,y) =

(Bmen)(z,y) = mﬂ; 1 2y,
(Bucao) = " aty T
(Bmes)(z,y) = (m —1)( 2)(m — 3) oy

S =2m =)
| Tm=Dm-2) ,

| ) .
I = A

(m —1)(m = 2)(m —3)(m—4) ,

,Y), (Bmes2)(2,y),
y). Taking .12 - (2.14) into account, we obtain

)
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(2.19) (Bpess)(z,y) = (m —1)(m —2)(m — 3) ]:Zy?

(220) (Bm€32)(l’,y) _ (m B 1)(m — 2)(m — 3)(7’17, — 4) 3y2

m* o
m—1)(m—2)(m—3 3(m—1 —2)(m—3
+ ( )( 1 )< ) x3y + ( >( 1 )( ) x2y2 Approximation of B-Continuous
m m and B-Differentiable Functions
3(m — 1)(m — 2) 5 (m — 1)(m — 2) , m—1 by GBS Operators of Bernstein
1 7y + 1 Ty + T LY, Bivariate Polynomials
m m m

Ovidiu T. Pop and Mircea Farcas

(2.21) (Bmea)(z,y)

_ (m =1 (m—=2)(m —3)(m —4)(m —5) A2 Title Page
( )( Tr)vz )( ) / Contents
—1)(m—2)(m—3)(m—14
+ - =y «“ S
N 6(m — 1)(m—727z§m—3)(m—4) 5 < >
6(m —1)(m —2)(m —3) , Go Back
* m> vy Close
7(m —1)(m —2)(m — 3) 2 out
mb
1 2 —1 -9 -1 Page 11 of 18
LT Dm=2) o =D m=2) e
m m m
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and similarly the relations(B,,e12)(x,y), (Bneis)(z,y), (Bmeis)(z,y),
(Bm€23)<5(7,y), (Bm624)($7y)'
Now, we have

(B (- = 2)*)(2,y) =

(B (-=2)*(x=y)?) (2, y) = (Bmea2) (2, y)—2y(Bmear)(x,y)+y* (Bmeao) (2,
— 22(Bpe1n)(z,y) + 4ovy(Bpen )z, y) — 22y*(Bmew)(z,y)
+ 22(Bmeoa) (2, y) — 20y (Bmeo ) (z,y) + 229* (Bmeo) (2, ),

(Bu(- = 2)'(x = y)*) (2, 9)
= (Bmew)(@,9) = 2y(Bpea)(x,y) + y*(Bmew) (z, y)
— 4x(Bmess) (2, y) + 8ry(Bmes) (2, y) — 4xy*(Bmeso) (2, y)
+ 62%(Bpea)(x,y) — 122%y(Bmen ) (z,y) + 62%9y*(Bnex) (7, y)
— 42*(Bpe1s)(x,y) + 82%y(Bmen ) (z,y) — 423y*(Beio)(x, y)
+ 24 (Bmeoa) (z,y) — 22 y(Bneo) (2, y) + 2*y*(Bmeoo) (7, y)

and taking 2.9) — (2.21]) into account, we obtair2(5), (2.7) and .9). Similarly
we obtain 2.9). ]

(Bmeo) (2, y) — 22(Bmero) (z,y) + 2*(Bmeoz) (2, 1),

Lemma 2.3. The operators B,,).,>1 verify for any(z,y) € A, the following
inequalities:

(2.22) (Bul- —2V)w0) < o
(2.23) (Bn(x = 9)*)(,9) < —,
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for any non zero natural numben,

(2.24)

for any natural numbem, m > 2,

(2.25)

(2.26)

for any natural numbefm, m > 8.

Proof. Becauser(1 — z) < ; foranyz € [0,1], (2.22 and .23 resullts.

From 2.7), we have

(Bu(- = 2) (= )*) (z,y) <

(Bun(- = 2)*(x = 9)*) (2,y) <

(Bl = ) = 5)?) (2.) < 1 5.

S|e3|e

(Bi(- = 2)*(x — 9)*) (z,9)
2(m—2) 4 5 m-—

zoy" +

m3 m?
- 2(m — 2) +m—2+
- m? 16m3
~ 33m — 50
o 16m3

from where £.24) results.

’ (1 —z)y(l —y) +
1

m3

m3

Y

Approximation of B-Continuous

and B-Differentiable Functions

by GBS Operators of Bernstein
Bivariate Polynomials

Ovidiu T. Pop and Mircea Farcas

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 13 of 18

J. Ineq. Pure and Appl. Math. 7(3) Art. 92, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:ovidiutiberiu@yahoo.com
mailto:
mailto:mirceafarcas2005@yahoo.com
http://jipam.vu.edu.au/

From @2.8), we have

(Bu(- — 2)*(x — 9)?) (z,y)

6(3m” — 26m +24) ; , 3m2 — 26m +24

= — y'(l—2)+ -~ ry(y +1)
6(m? —7Tm +6 3m? —17m + 14
— ( m5 )x?)y + m5 ny(]. _ y)
24m — 28 m—2
+ SR TSy (1 - y) + ay.
But
3m? — 26m + 24 3m? — 26m + 24
—3 wlyly +1) <2 —3 z?y
6m? —42m+36 10m —-12 ,
= 5 Y - Y
m m
2 _ —
< 6m 425m + 36 Py — 10m : 12 iy
m m
and then, from the inequalities above, we obtain
(2.27) (Bu(- = 2)'(x = y)*) (2,y)
6(3m? — 26m + 24 6m? — 42m + 36
< WO B A ) (s ) 4 TR )
3m?—1Tm+ 14 10m — 12
+ 5 2yl —y) + ———a"y* (1 —y)
m m
14m — 16 m — 2
ety Ty (1 - y) + ay.
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Becauser(1 —z) < 1,y(1 —y) < 1, zy < 1foranyz,y € [0,1], from (2.27)
we have

6(3m2 — 26m + 24) 6m? — 42m + 36
< +
- 4mbd 4mbd

3m? —17m + 14 10m_12+14m_16+m_2+1
4mp 4mp> m> 4m>
27m? — 148m + 170
p— m5 ,
from where 2.29 results. O

Theorem 2.4. Let the functionf € C,(A3). Then, for any(z,y) € A,, any
natural numbern, m > 2, we have

(2.28) [f(z,y) = (UBmf)(x,y)|

1 1
< (1+51_12W+5_1

i1 3
2 2@ + 51 152 1%) wmixeo(f; 51, 52)

for anyd,, 6 > 0 and
229)  [f(ey) ~ (UB. ) 9)] < Lomes(J: =
. x,y m T,Y)| > 2Wm|xed ) \/m7 \/m .
Proof. For the first inequality we apply Theoreinl and Lemma2.3. The in-

equality .29 is obtained fromZ.28 by choosing); = 9, = \/Lﬁ : O
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Corollary 2.5. If f € C,(A,), then

(2.30) lim (UB,,.f)(z,y) =

m—00

fz,y)

uniformly onA,.

Proof. Becausef € C,(A,), there results thaf is uniform B-continuous on
Ay and thenlim wmixed | f; \/1% \ﬁ> = 0 (see P] or [2]). From (2.29), there
results the conclusion. O

Theorem 2.6. Let the functionf € D,(A,) with D f € B(As). Then for any
(x,y) € Ag, any natural numbem, m > 8, we have

(231) |f(r,9) ~ (VB /) 0)| < 5 | Difll

(e ? +6;!
om ' mym m\/_

for anyd,, ., > 0 and

9
15 ! 2) wmixed(DBf; 01, 52)

(2.32) [f(z,y) = (UBwf)(x,y)]

3 L
<> (GHDBfHoo + 130mice (DB e ﬁ)) |

Proof. It results from Theorem.2 and Lemme&2.3. O]
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