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ABSTRACT. In this paper we give a simple proof of Schipp’s theorem by using a basic martin-
gale inequality.
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1. INTRODUCTION

The propertyA of operators was introduced by F. Schippiin [1] and he proved th&t, if: €
IP) are a series of operators with propertyand some boundedness, then the operates
Yoo T, is of type(p,p) (p > 2). We resume this result as Theor 1.1. F. Schipp applied
Theorenj 1]L to prove the significant result that the Fourier-Vilenkin expansions of the function
f € LP converge tof in LP-norms(1 < p < o0).

Throughout this papdP andN denote the set of positive integers and the set of nonnegative
integers, respectively. We always useC; andC’, to denote constants which may be different
in different contexts.

Let (2, F, ) be a complete probability space afd#,,n € N} an increasing sequence
of subv-algebras ofF with 7 = o(|J, F,). Denote byE andE, expectation operator and
conditional expectation operators relativeAp for n € N, respectively. We briefly writd.?
instead of the complex?(Q2, F, 1) while the norm (or quasinorm) of this space is defined by

11, = (E[[f\p])%. A martingalef = (f,,n € N) is an adapted, integrable sequence with

E,fn = f. foralln < m. For a martingalef = (f,),>0 we say thatf = (f,.)n>0 IS L,
(I < p < oo)-bounded if| f||, = sup, [[full, < 0. If 1 < p < ccandf € L? then

f = (E.f)u>0 is aLP-bounded martingale, arjf||, = HfH (seel[2]). We denote the maximal
p
function and the martingale differences of a martingate (f,,,n € N) by f* = sup, oy | fnl
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anddf, = f, — foo1 (n € P), dfy = fo, respectively. We recall that for A,-bounded
martingalef = (fu)n>o (p > 1):

(1.1) A1, < 170, < C AL

We will use the following martingale inequality (see Weisz [2]):

<Gllfl, 2<p<oo).
p

1.2) (I, < (Z En1 Udfn|2]> +Ch
n=0

p

sup |dfy|
neN

Now letAy =E, A, =E, — E,_1(n € P). Itis easy to see that
(2.3) E, o Epn = Emingn,m), A, oAy = 6pnAn(n,m e P),

whered,,,, is the Kronecker symbol angddenotes the composition of functions. L&t,, n €

P} T, : L — L7 (1 < p,q < ), be a sequence of operators. We say that the operators
{T,,,n € P} are uniformly of type(F,,_1, p, q) if there exists a constaidt > 0 such that for all
felrLr

(Ena [T fI"))7 < CEn[lfI7])?
A sequence of operatofd;,, n € P} is said to satisfy thé\-condition, if
(1.4) T,oA,=A,0T,=T, (neP).

From the equations ifi (1.3) it is easy to see thatthecondition is equivalent to the following
conditions:

(1.5) T,0E,=E,oT, =T,, T,oE, 1=E, 10T,=0(n¢cP).

Forf e LP,setl'f =>° T,fandT*f =sup|>."  T,f|. Itis obvious that the operator
series) T, f is convergent at each point &f = |J, L*(F,) if {T,,,n € P} satisfy the
A-condition, since foif € LP(Fy), Tnf = T, 0 A, o Exf = 0. We resume Schipp’s theorem
as follows:

Theorem 1.1([1])). Let (7,,,n € P) be a sequence of operators with the propektyand let
p > 2. Ifforr = 2,pandn € P, the operatorg7,,, n € P) are uniformly of typdF,,_,r,r),
then the operatof is of type(r, r), i.e., there exists a consta@t > 0 such that for allf € L":

ITfIl, < A, -

2. PROOF OF THEOREM

Proof. Let f € L" (r > 2). Then by [1.b), it is easy to see that the stochastic sequence
(> p_i Twf, Fn) is a martingale. By (1]1) we only need to prove that

1711, < I,
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Since the operator$,, are uniformly of type(F,_1,2,2) and(F,,_1,7,7), it follows from

(1.2) and|[(1.4) that
I f), < ¢ (ZEM TP ) e
=C (ZEn 1 |T OAnfl})
f

r
1

T

2

sup |1, f|
neN

T

+C [[sup |T, 0 A f|

neN

T

T

sup |A,, f|

neN

T

O

Remark 2.1. The theorem is proved for = 2 andr > 2 in a unified way, which differs from

the original proof.
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