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Abstract: A new inequality is presented, which is used to obtain a complement of recently

obtained inequality concerning the difference of two integral means. Some ap-
plications for pdfs are also given.
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1. Introduction

In 1938, Ostrowski proved the following inequality] [

Theorem 1.1.Let f : [a,b] — R be continuous oifz, b and differentiable ora, b)
with | /" (z)| < M for all x € (a,b), then,

(1.1) ‘ / Ft dt‘

forall z € [a,b]. The constant is the best possible.

L =)
b o ](b—a)M,

In[3] N.S. Barnett, P. Cerone, S.S. Dragomir and A.M. Fink obtained the follow-
ing inequality for the difference of two integral means:

Theorem 1.2. Let f : [a,b] — R be an absolutely continuous mapping with the
property thatf’ € L, [a,b], then fora < ¢ < d <,

b
@y [ [rwa- it o <jore-a- s,

the constant being the best possible.

Forc = d = x this can be seen as a generalizatioflof) .

In recent papersi], [2], [4], [6] some generalizations of inequality.2) are
given. Note that estimations of the difference of two integral means are obtained
also in the case where < ¢ < b < d (see [L], [2]), while in the case where
(a,b) N (c,d) = @, there is no corresponding result.

In this paper we present a new inequality which is used to obtain some estimations
for the difference of two integral means in the case wiieré)N(c, d) = @, whichin
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limiting cases reduces to a complement of Ostrowski's inequglity). Inequalities

for pdfs (Probability density functions) related to some result3yp| 245-246] are
also given.
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2. Some Inequalities

The key result of the present paper is the following inequality:

Theorem 2.1. Let f, g be two continuously differentiable functions pnb] and
twice differentiable oria, b) with the properties that,

(2.1) g’ >0

on (a, b), and that the functiori% is bounded or{a,b). Fora < ¢ < d < bthe
following estimation holds,

" fO)—f(d) _ flo)—f(a) "
(2.2) inf f” (z) < (bl;:d(d) (C)C:a(a) < sup f” (x)
z€(a,b) g (l’) g b—g -9 c—g ze(ab) 9 (1’)

Proof. Let s be any number such that< s < ¢ < d < b. Consider the mappings
fi, g1 : [d,b] — R defined as:
(2.3) filz) = f(x) = f(s) = (x—s)f(s),
gr(z)=g(x)—g(s)—(x—5)g'(s).
Clearly fi, g, are continuous ofi, b] and differentiable orid, b) . Further, for any
x € [d, b], by applying the mean value Theorem,
g (2) =g (x) =g (s) = (x = s)¢" (o)

for someo € (s,x), which, combined with(2.1), givesg; (z) # 0, for all x €
(d,b) . Hence, we can apply Cauchy’s mean value theoreify t@; on the interval
[d, b] to obtain,
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for somer € (d, b) which can further be written as,
2.0 fO)=fd)=(b=d) f(s) _fT)=fs)
g) —g(d)—(b—d)g'(s) g(1)—g(s)

Applying Cauchy’s mean value theoremfto ¢’ on the intervals, 7], we have that
for some¢ € (s,7) C (a,b),

[ =1 )
(2:9) PGErIeRrank
Combining(2.4) and(2.5) we have,
f(b)=f(d)—(b—d) [ (s)
(2:0) mE O =@ C—dg ) =

forall s € (a,c), wherem = inf,¢ (@b) 5 f”(x) andM = sup,¢(qp) f,/((;g

By further application of the mean value Theorem and using the assuniption
we readily get,

(2.7) g () —g(d)—(b—d)g'(s) > 0.
Multiplying (2.6) by (2.7),

28) m(g()—g(d)—(b—d)g(s) <f(b)—[f(d)—(b—d) [ (s)
<M(g(b)—g(d)—(b—-d)g

(5)) -

Integrating the inequalitie§2.7) and(2.8) with respect tos from « to ¢ we obtain
respectively,

(2.9) (c=a)(g(b) —g(d) = (b—d)(g(c) —g(a)) >0
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and

(210)  m((c—a)(g(b) —g(d)) = (b—d)(g(c) = g(a)))
<(c—a)(f(0) = f(d) = (b=d)(f(c) = [(a))
<

M ((c=a)(g(b) =g(d) = (b—=d)(g(c) = g(a))).

Finally, dividing (2.10) by (2.9),
(c—a)(f(b) — 1 (d) — (b—d) (f () - [ (a))
M a0 —g@) - 0-d g —g@) =

as requireds

Remarkl. It is obvious that Theoreri.1 holds also in the case whegé < 0 on
(a,b).

Corollary 2.2. Leta < ¢ < d < band F, G be two continuous functions da, b|
that are differentiable orja,b). If G’ > 0 on (a,b) or G’ < 0 on (a,b) and % is
bounded«, b), then,

F o= [JF () dt — = [CF (t)d F
(2.11) inf ,(x) < bzd f‘i f < sup ,(x)
weed) G (2) = A (PG (1) dt — 2 [TG(t)dt T aetap) G (7)
and
(2.12) S(b+d—a—c) inf F'(2) < —— bF()dt— ! /CF(t)dt
' 2 2€(a,b) ~b—dJ, c—a,

1
<§(b+d—a—c) sup F'(z).

z€(a,b)

The constani in (2.12) is the best possible.
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Proof. If we apply Theoren?.1for the functions,

f(:l:)::/zF(t)dt, g(:z:)::/xG(t)dt, x € la,b],

then we immediately obtaifv.11). ChoosingG (z) = z in (2.11) we get(2.12).
Remark2. Substitutingd = bin (1.2) of Theoreml.2we get,

b b
(2.13) ﬁ/ F(x)dx—bic/ F(z)dx

Settingd = cin (2.12) of Corollary2.2we get,

1
< (e-a)|Fl.

(2.14) b= it P (2) < — /bF()d ! /CF()d
. m Xz xr)axr — xX)ax
2 ze(ap) “b—c), c—aj,

< —— sup F'(x)
z€(a,b)
Now,
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:Cia(Z:Z/CbF(x)dx—/abF(x)dx>
:i:z<bic/ch(x)dx—bia/abF(:c)dm>.

Using this in(2.14) we derive the inequality,

z€(a,b) —C

— 1 b 1 b —
02a inf F’(x)gb /CF(x)dx—b_a/a F(x)deCQGIEI(lapb)F’(x).

From this we clearly get again inequality.13) . Consequently, inequality?.12)
can be seen as a complement oP).

Corollary 2.3. Let F,G be two continuous functions on an inter\@lc R and
d|fferent|able on the mtenof of I with the propertlei}’ > 0 onI orG’ <0on

I and & £ bounded on[ Leta, b be any numbers m] such thata < b, then for all
rxel— (a, b), thatis,z € I but:c ¢ (a,b), we have the estimation:

(2.15) e FO 7 [V F(t)dt — F (x) < o EO
rellabad) G (t) - bL f G dt -G (33) te({a,b,x}) G’ (t)7

where({a, b, z}) := (min {a, x, } , max {z, b}) .

Proof. Let u, w, y, z be any numbers i such thatu < w < y < z. According to
Corollary2.2 we then have the inequality,

' (t) t)dt — = ["F(t)d F(t)
2.16 mt 20
(2.16) tel(ri,z) 0) Dt~ L TGO d ey G (1)
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We distinguish two cases:
If v < a, then by choosing =a, z =5 andu =w = xin (2.12) and assuming

that— [ F (t)dt = F () and - ! L [" G (t)dt = G (x) as limiting cases(2.16)
reduces to,
1 b
/ —— |"F(t)dt — F !
inf F/ (t) S b—a fai) ( ) (._'E) < sup F/ (t)
we@d) G (1) © L (PGt dt — G (x) T te@y G (1)

Hence(2.15) holds for allz < a.
If z > b, then by choosing = a, w = bandy = z = z, in (2.16) , similarly to
the above, we can prove that for alt> b the inequality(2.15) holds. s

Corollary 2.4. Let F' be a continuous function on an intervalC R. If F’ € Loj,
then for alla,b € I withb > e and allz € I — (a,b) we have:

1 b b+ a — 2z
(217) ‘F (I) - h— a/a F (t> dt‘ < T ||‘Fﬂ||oo7 (min{a,z},max{b,x}) *

The inequality(2.17) is sharp.

Proof. Applying (2.15) for G (z) = x we readily get(2.17) . ChoosingF (z) =
in (2.17) we see that the equality holds, so the cons%eistthe best possibla

(2.17) is now used to obtain an extension of Ostrowski’s inequality).

Proposition 2.5. Let F' be as in Corollary?.3, then for alla,b € I withb > a and
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forall x € I,

(2.18) ‘F(x)— bia/bF(t)dt

§[1+(1’—_%”)2

b—a)llF . )
4 (b _ CL>2 ] ( ) H ||oo,(m1n{a,x},max{b,x})

Proof. Clearly, the restriction of inequality2. 18) on [a, b] is Ostrowski’s inequality
(1.1) . Moreover, a simple calculation yields

b+ a — 2x| 1 (x—aTH’)Q
Tﬁlﬁwl (b-a)

forall x € R.
Combining this latter inequality witli2.17) we conclude that2.18) holds also
forz € I — (a,b) and so(2.18) is valid forallz € 1. 1
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3. Applications for PDFs

We now use inequality2.2) in Theorem?.1to obtain improvements of some results
in[3, p. 245-246].

Assume thatf : [a,b] — R, is a probability density function (pdf) of a certain
random variableX, that isf: f (z)dz =1, and

Pr(Xﬁx):/xf(t)dt, x € [a,b]

is its cumulative distribution function. Working similarly t8,[p. 245-246] we can
state the following:

Proposition 3.1. With the previous assumptions ffyrwe have that for alt: € [a, b]

1 _
B Gb-o)(r—a) inf f(x)< JZ_Z ~Pr(X <)
<= (b—a)(x—a) sup f'(x),
2 z€(a,b)

provided thatf € C'[a, b] and f is differentiable and bounded dn, b) .
Proof. Apply Theorem2.1for f (z) =Pr(X < z),g9(z) =2*,c=d=1z.1

Proposition 3.2. Let f be as above, then,

1 2 . /
(3.2) E(m—a) (3b—a—2x)x6121f’b)f (x)
(@ — 0’
< 20— a) —zPr(X <z)+ E, (X)
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gi(:p—a)Q(?)b—a—Qx) sup f'(z),

12 x€(a,b)
for all z € [a, b] , where

E,. (X) ::/xtPr(XSt)dt, x € [a,b].

a

Proof. Integrating(3.1) from a to x and using, in the resulting estimation, the fol-

lowing identity,
(3.3) /zPr(ng)dx:xPr(Xgx)—/xx(Pr(ng))/dx
' :a:Pr(XSx)—fi(X)

we easily get the desired result.
Remark3. Settingz = bin (3.2) we get,

1 3 . a/"_b 1 3
— (b— f f < E(X)-— < —(b— ! )
12(6 a) xé&b)ﬂr)_ (X) 5 _12(b a)” sup f'(x)

z€(a,b)

Proposition 3.3. Let f, Pr(X < x) be as above. If € L [a,b], then we have,

%(b—x)(m—a)xier[zf:b]f(w) < T2 B(X) —aPr(X <) + Ee(X)
<5 0-2)@—a) s (@

z€[a,b]
forall z € [a,b] .

Proof. Apply Theorem2.1for f (z) := ["Pr(X <t)dt, g(z) := 2? x € [a,b],
and identity(3.3). n

Complements of Ostrowski's
Inequality

A.l. Kechriniotis and N.D. Assimakis

vol. 8, iss. 1, art. 10, 2007

Title Page
Contents
44 44
< >
Page 13 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:kechrin@teilam.gr
mailto:
mailto:assimakis@teilam.gr
http://jipam.vu.edu.au

References

[1] A. AGLIC ALJINOVIC, J. PEEARIC AND |. PERIC, Estimates of the difference
between two weighted integral means via weighted Montgomery ideltih.
Inequal. Appl, 7(3) (2004), 315-336.

[2] A. AGLIC ALJINOVIC, J. PEARIC AND A. VUKELIC, The extension of
Montgomery identity via Fink identity with applications), Inequal. Appl.,
20031)’ 67_79 A.l. Kechriniotis and N.D. Assimakis

[3] N.S. BARNETT, P. CERONE, S.S. DRAGOMIRND A. M. FINK, Comparing vol. 8, Iss. 1, art. 10, 2007
two integral means for absolutely continuous mappings whose derivatives are in
L [a,b] and applicationsgComput. Math. Appl44(1-2) (2002), 241-251. Title Page

[4] P. CERONEAND S.S. DRAGOMIR, Differences between means with bounds e
from a Riemann-Stieltjes integralomp. and Math. Appl46 (2003), 445-453.

Complements of Ostrowski's
Inequality

[5] A. OSTROWSKI, Uber die Absolutabweichung einer differenzierbaren funktion ) <
von ihren integralmittelwertComment. Math. Helv10 (1938), 226227 (Ger- < >
man). Page 14 of 14

[6] J. PECARIC, I. PERC AND A. VUKELI C, Estimations of the difference be- Go Back
tween two integral means via Euler-type identitis&th. Inequal. Appl.,7(3)

(2004), 365-378. Full Screen
Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:kechrin@teilam.gr
mailto:
mailto:assimakis@teilam.gr
http://jipam.vu.edu.au

	Introduction
	Some Inequalities
	Applications for PDFs

