Journal of Lie Theory Volume 10 (2000) 435–441 © 2000 Heldermann Verlag

Lie Algebras of Least Cohomology

Grant Cairns and Gunky Kim

Communicated by K.-H. Neeb

Abstract. We classify those finite dimensional Lie algebras, over a field

k of characteristic zero, whose cohomology with trivial coefficients has

dimension 2. We show that the only such algebras are the 3-dimensional simple algebras and the semi-direct products n⋊ϕ k , where n is a nilpotent Lie algebra and ϕ: n → n is a derivation which induces a non-singular map in each cohomology space Hi(n) , for i > 0 .

1. Introduction

Let g be a Lie algebra of finite dimension ≥ 2 over a field k of characteristic zero. We consider the cohomology with trivial coefficients H(g) = H(g, k), and the total cohomology σ(g) = dim H(g) =

∑_{dim g} i=0 dim H^i(g). Since H^0(g) = k, one has σ(g) > 0, and it is well known that Lie algebras have trivial Euler characteristic [9], and so σ(g) is even. Thus σ(g) ≥ 2. If g is a 3-dimensional simple Lie algebra, then g = ⟨x, y, z | [x, y] = z, [y, z] = αx, [z, x] = βy⟩, with α, β ≠ 0 (see [13]); thus H^0(g) = H^3(g) = k and H^1(g) = H^2(g) = 0, and so σ(g) = 2. For other examples of algebras g with σ(g) = 2, consider a nilpotent Lie algebra n, let ϕ : n → n be a derivation and consider the semi-direct product g = n ⋊_ϕ k. Recall that ϕ induces a derivation ϕ̄: H(n) → H(n) in the cohomology algebra. Let ϕ_i denote the restriction of ϕ̄ to H^i(n). According to [6], there is a vector space isomorphism: H^i(g) ∼= ker ϕ_i ⊕ ker ϕ_{i−1} , for all i ≥ 1. Hence σ(g) = 2 if and only if ϕ_i is non-singular for all i > 0. In this case, we say that ϕ is non-singular in cohomology. The main aim of this present note is to prove the following:

Theorem. If σ(g) = 2, then either g is simple of dimension 3, or g ∼= n ⋊_ϕ k for some nilpotent Lie algebra n and derivation ϕ : n → n which is non-singular in cohomology.

The above theorem may be regarded as a classification of the simplest case of Lie algebras g for which σ(g) is not a multiple of 4 (see [4]).

ISSN 0949–5932 / $2.50^© Heldermann Verlag

436 Cairns and Kim

Recall that the cohomological dimension of g is the largest integer cd(g) such that H^{cd(g)}(g, k) ≠ 0. It is well known that cd(g) ≤ dim g and cd(g) = dim g if and only if g is unimodular. Algebras with cd(g) = dim g − 1 are classified in [1]. We have:

Corollary. cd(g) = 1 if and only if g ∼= n ⋊_ϕ k for some nilpotent Lie algebra n and derivation ϕ : n → n which is non-singular in cohomology.

This note is organized as follows. In the next section we prove the Theorem and its Corollary. The main question left open by these results is: which nilpotent Lie algebras admit a derivation which is non-singular in cohomology? In Section 3, we give some remarks concerning this problem.

2. Proof of the Theorem and its Corollary

Proof of the Theorem. Assume that σ(g) = 2. Let r denote the radial of g and consider the natural projection π : g → g/r. Since g has a Levi-subalgebra, π is a split extension. Let m denote the dimension of g/r. Note that either m = 0, or m ≥ 3. As g/r is unimodular, H^m(g/r) ∼= k. Consider the pull-back map π^∗ : ∧ (g/r) → ∧(g) and the map induced in cohomology π^# : H(g/r) → H(g). Since π is a split extension, π^# is injective, and so H^m(g) is non zero.

If g is unimodular, then by Poincaré duality, H^{dim g}(g) = k, and hence H^i(g) = 0 for all 0 < i < dim g. Thus either m = 0 or m = dim g; that is, g is either solvable or semi-simple. If g is semi-simple, then H^3(g) is non-trivial [14]. In this case, g has dimension 3, and g is simple. If g is solvable, then g has a codimension one ideal.

If g is not unimodular, then {z ∈ g | tr(ad(z)) = 0} is a codimension one ideal.

From the above, it remains to consider the case where g possesses a codimension 1 ideal, h say. Choose z ∈ g\h. The adjoint map ad(z) : h → h induces a derivation of the cohomology algebra H(h); for each i ≥ 0, let ϕ_i : H^i(h) → H^i(h) be the resulting linear map. By [6], σ(g) = 2 ∑ i≥0 dim ker ϕ_i . Hence, as ker ϕ_0 = H^0(g) = k and σ(g) = 2, one has ker ϕ_i = 0 for all i ≥ 1; that is, ϕ is non-singular in cohomology. It remains to show that h is nilpotent. We have:

Lemma. If a Lie algebra h admits a derivation ϕ which is non-singular in cohomology, then h is nilpotent.

Proof. Suppose that h admits such a derivation ϕ. Let r denote the radial of h and consider the natural projection π : h → h/r. Since r is a characteristic ideal, ϕ induces a derivation ϕ̂ on h/r. Since h/r is semi-simple, ϕ̂ is an inner derivation. In particular, ϕ̂ has zero trace. Let k = dim(h/r). As ϕ̂ has zero trace, the map ϕ̂_k induced by ϕ̂ in H^k(h/r) is trivial. We have the commutative

Cairns and Kim 437

diagram: H^k(h)^{ϕk}−−−−→ H^k(h) π^# π^# H^k(h/r)^{ϕ̂k ≡0}−−−−→ H^k(h/r) Since π^# : H(h/r) → H(h) is injective, it follows that ϕ_k has non-trivial kernel. Hence k = 0; that is h is solvable.

Consider the natural projection τ : h → h/[h, h]. Recall that there is an isomorphism f : H^1(h) → h/[h, h], such that fϕ_1 = ϕ^′f , where ϕ^′ is the map induced by ϕ on h/[h, h]. Since ϕ_1 is non-singular, ϕ^′ is non-singular. Let n denote the nil radical of h; that is, n is the largest nilpotent ideal of h. It is well known that n contains the derived algebra [h, h] of h [3]. Consider the natural projection ρ : h/[h, h] → h/n. h^ϕ−−−−→ h τ τ h/[h, h]^{ϕ′}−−−−→ h/[h, h] ρ ρ h/n^{ϕ′′ ≡0} −−−−→ h/n It is well known that every derivation of h maps h into n [3]. Hence the map ϕ^{′′} induced by ϕ^′ on h/n is identically zero. Since ϕ^′ is surjective, it follows that n = h. Hence h is nilpotent.

Proof of the Corollary. If cd(g) = 1, then dim H^i(g) = 0 for all i > 1, while dim H^0(g) = 1 and dim H^1(g) = σ(g) − 1. Thus, since the Euler characteristic of g is zero, we have σ(g) = 2. The Corollary then follows from the fact that for a simple 3-dimensional Lie algebra g, cd(g) = 3.

3. Remarks and Questions

Remark 1. Recall that if f : g → g is Lie algebra homomorphism, then f induces an algebra homomorphism f^∗ : H(g) → H(g). Let f_i denote the restriction of f^∗ to H^i(g). It is well known and easy to prove that if f^∗ is an isomorphism, then f is non-singular [11]. In fact, this result only relies on f_1 and f_2 . The following result is also elementary, but it requires that ϕ_i is non-singular for all i > 0. To our knowledge, it doesn’t seem to have previously appeared in the literature.

Proposition. If g is a complex Lie algebra, and ϕ : g → g is a derivation which is non-singular in cohomology, then ϕ is itself non-singular.

438 Cairns and Kim

Proof. Suppose that ϕ : g → g is non-singular in cohomology, and that ϕ is singular. By replacing ϕ, if necessary, by λϕ for some nonzero λ ∈ C , we may assume that for all i > 0, none of the eigenvalues of ϕ_i is an integer multiple of 2πi. Let f = exp ϕ and consider the zeta function

ζ_f (T ) = ∏ i det(1 − T f_i)^{(−1)i+1} .

It is easy to verify that for all i > 0, f_i = exp ϕ_i and so f_i does not have 1 as an eigenvalue. Hence ζ_f (T ) has a simple pole at T = 1, resulting from the i = 0 term. According to Deninger and Singhof [5, Lemma 2.1], one has

ζ_f (T ) = exp ∞∑ μ=1 det(1 − f^μ) T^μ μ . As ϕ is singular, f has 1 as an eigenvalue, and hence so too does f^μ for all μ. Hence exp ∑_∞ μ=1 det(1 − f^μ)^{T μ}_μ ≡ 1, which is a contradiction.

By the Borel-Serre-Jacobson theorem [12], if a Lie algebra g admits a non-singular derivation, then g is nilpotent (see [2] for a recent generalization). For complex Lie algebras, we could have used this, together with the Proposition, instead of the Lemma in the proof of the Theorem. However, we do not know if the Proposition holds over arbitrary fields of characteristic zero.

Remark 2. Abelian Lie algebras possess derivations which are non-singular in cohomology. Indeed, let n = k^m . In this case H^i(n) = ∧^i(n). Let ϕ : n → n be a linear map none of whose characteristic numbers is zero. Obviously the induced map ϕ_i : H^i(n) → H^i(n) is non-singular for all i > 0.

Positively graded Lie algebras possess derivations which are non-singular in cohomology. Let n be a graded Lie algebra; n = ⊕^k_{i=1}n_i , where [n_i, n_j ] ⊆ n_{i+j} , for all i, j ≥ 1, and n_i = 0 for all i > k . Consider the derivation ϕ of n such that for all i, the restriction of ϕ to n_i is the dilation: ϕ(x) = ix for all x ∈ n_i . Notice that the grading on n induces a grading on H^i(n) and the induced map ϕ_i : H^i(n) → H^i(n) is also a direct product of non-trivial dilations. In particular, ϕ_i is non-singular for all i > 0.

In particular, notice that 2-step nilpotent Lie algebras are positively graded and hence they possess derivations which are non-singular in cohomology.

Remark 3. A non-singular derivation in a Lie algebra may induce a singular derivation in cohomology. For example, consider the 3-dimensional Heisenberg algebra h_1 = ⟨x, y, z | [x, y] = z⟩. The derivation ϕ : h_1 → h_1 defined by setting ϕ(x) = 2x, ϕ(y) = −y, ϕ(z) = z is non-singular, but the induced map ϕ_2 is singular.

Remark 4. A derivation and the derivation induced in cohomology may both be non-singular, while the derivation induced in the exterior algebra is singular. For example, consider the 4-dimensional algebra g = h_1 ⊕ k = ⟨x, y, z, w | [x, y] = z⟩. Consider the non-singular derivation ϕ : g → g defined by setting ϕ(x) = 2x, ϕ(y) = 3y, ϕ(z) = 5z, ϕ(w) = −5w . It is easy to see that ϕ induces a non-singular derivation in cohomology, but the induced map in ∧^2g^∗ is singular.

Cairns and Kim 439

Remark 5. Recall that Jacobson [12] originally asked whether every nilpotent Lie algebra admits a non-singular derivation and that a counter-example was provided by Dixmier and Lister [7]; their 8-dimensional algebra is characteristically nilpotent (that is, all its derivations are nilpotent and thus singular). A 7-dimensional characteristically nilpotent algebra was given by Favre [8]. It is now known that characteristically nilpotent Lie algebras are quite common (see [10,15]). By the above Proposition, characteristically nilpotent Lie algebras do not possess derivations which are non-singular in cohomology. Alternatively, one can just observe that if ϕ : g → g is a nilpotent derivation, then for all i ≥ 0 the induced map ϕ_i : H^i(g) → H^i(g) is nilpotent and thus singular. It is also easy to exhibit a Lie algebra which is not characteristically nilpotent, but whose derivations are all singular in cohomology. Let f be Favre’s algebra:

f = ⟨x_1, . . . , x_7 |[x_1, x_i] = x_{i+1}, for all 1 ≤ i ≤ 6, [x_2, x_3] = x_6, [x_2, x_4] = [x_2, x_5] = −[x_3, x_4] = x_7⟩

Consider the 8-dimensional Lie algebra g = f ⊕ k, and let ϕ : g → g be an arbitrary derivation. Using calculations similar to those of [8], it is easy to see that the induced map ϕ_1 : H^1(g) → H^1(g) is singular.

Remark 6. Every derivation ϕ : g → g induces a derivation ϕ̃ : g/Z(g) → g/Z(g), where Z(g) is the centre of g. Not surprisingly, it is possible that ϕ and ϕ̃ are both non-singular, and ϕ̃ is non-singular in cohomology, but ϕ is singular in cohomology. For example, let g = h_1 and let ϕ be the derivation considered in Remark 3. Perhaps less obvious, there are examples where ϕ is non-singular in cohomology but ϕ̃ is singular in cohomology. Let g be the 6-dimensional Lie algebra determined by the following relations:

[x_1, x_2] = x_3, [x_1, x_3] = x_4, [x_1, x_4] = x_5, [x_2, x_5] = x_6, [x_3, x_4] = −x_6.

Let α_1, . . . , α_6 denote the basis of g^∗ dual to x, . . . , x_6 . One finds that the cohomology of g has basis

α_1, α_2 α_1α_5, α_2α_3 α_1α_4α_5, α_2α_3α_6 α_1α_4α_5α_6, α_2α_3α_4α_6 α_1α_3α_4α_5α_6, α_2α_3α_4α_5α_6 α_1α_2α_3α_4α_5α_6.

Consider the derivation ϕ defined by setting ϕ(x_1) = 4x_1, ϕ(x_2) = −7x_2 . One verifies easily that ϕ is non-singular in cohomology. Now consider g/Z(g). By abuse of language, we denote its basis and dual basis respectively by x_1, . . . , x_5 and α_1, . . . , α_5 . The relations are [x_1, x_2] = x_3, [x_1, x_3] = x_4, [x_1, x_4] = x_5 , and

440 Cairns and Kim

the cohomology of g/Z(g) has basis

α_1, α_2 α_1α_5, α_2α_3, α_3α_4 − α_2α_5 α_1α_4α_5, α_2α_3α_4, α_1α_2α_5 − α_1α_3α_4 α_1α_3α_4α_5, α_2α_3α_4α_5 α_1α_2α_3α_4α_5.

A simple calculation shows that ϕ̃(α_1α_2α_3α_4α_5) = 0.

We finish with the following question:

Question. If a nilpotent Lie algebra g possesses a non-singular derivation, then does g possess a derivation which is non-singular in cohomology?

References [1] Armstrong, G., G. Cairns, and G. Kim, Lie algebras of cohomological codimension one, Proc. Amer. Math. Soc. 127 (1999), 709–714.

[2] Bajo, I., Lie algebras admitting non-singular prederivations, Indag. Math.

8 (1997), 433–437.

[3] Bourbaki, N., “Groupes et Algèbres de Lie,” Hermann, Paris, 1960. [4] Cairns, G., and G. Kim, The mod 4 behaviour of total Lie algebra cohomology, to appear in Arch. Math.

[5] Deninger, Ch., and W. Singhof, On the cohomology of nilpotent Lie algebras, Bull. Soc. math. France 116 (1988), 3–14.

[6] Dixmier, J., Cohomologie des algèbres de Lie nilpotentes, Acta Sci. Math.

Szeged 16 (1955), 246–250.

[7] Dixmier, J., and W.D. Lister, Derivations of nilpotent Lie algebras, Proc.

Amer. Math. Soc. 8 (1957), 155–158.

[8] Favre, G., Une algèbre de Lie caractéristiquement nilpotente de dimension 7, C. R. Acad. Sci. Paris Sér. A-B 274 (1972), 1338–1339.

[9] Goldberg, S. I., On the Euler characteristic of a Lie algebra, Amer. Math.

Monthly 62 (1955), 239–240.

[10] Goze, M., and Y. Hakimjanov, Sur les algèbres de Lie nilpotentes admettant un tore de dérivations, Manuscripta Math. 84 (1994), 115–124.

[11] Hilton, P. J., and U. Stammbach, “A Course in Homological Algebra,” Springer-Verlag, 1971.

[12] Jacobson, N., A note on automorphisms and derivations of Lie algebras, Proc. Amer. Math. Soc. 6 (1955), 281–283.

[13] —, “Lie Algebras,” Dover Publ., New York, 1962.

[14] Koszul, J-J., Homologie et cohomologie des algèbres de Lie, Bull. Soc.

math. France 78 (1950), 65–127.

Cairns and Kim 441

[15] Luks, E. M., What is the typical nilpotent Lie algebra? , In “Computers in nonassociative rings and algebras,” pp. 189–207, Academic Press, New York, 1977.

School of Mathematics La Trobe University Melbourne, Australia 3083 G.Cairns@latrobe.edu.au G.Kim@latrobe.edu.au

Received August 12, 1999 and in final form September 3, 1999