Journal of Lie Theory Volume 11 (2001) 185–206 © 2001 Heldermann Verlag Berlin

On Penney’s Cayley transform of a homogeneous Siegel domain

Takaaki Nomura

Communicated by S. Gindikin

Abstract. In this paper we introduce a Cayley transform C of a homogeneous Siegel domain D as a slight modification of Penney’s one. We give an explicit formula to the inverse map of C , and thus clarify the biholomorphic nature of C in a direct and visible manner. When D is quasisymmetric, our Cayley transform C is shown to be naturally coincident with Dorfmeister’s one. A phenomenon which does not appear in the case of quasisymmetric domains is presented by an example in the last section.

Introduction

This paper deals with a Cayley transform C which maps a homogeneous Siegel domain D biholomorphically onto a bounded domain. Since Siegel domains are holomorphically equivalent to bounded domains, what actually concerns here is a canonical bounded model of C(D), by which we mean a realization that reduces, in an appropriate sense, to Harish-Chandra’s realization (cf. [18, Chapter II] for example) if C(D) is symmetric. In this regard, Penney [14] has given a realization, named the Harish-Chandra realization, which is identifiable with the image of an explicitly defined Cayley transform of D. While his description of Cayley transform is quite pretty, we feel a lack of satisfaction on the following two points. First an explicit formula for the inverse Cayley transform is not given. As a result, a direct proof is missing for the fact that the Cayley transform actually maps the Siegel domain biholomorphically onto the Harish-Chandra realization, even though this biholomorphy can be conceptually convinced. The second point is that when D is quasisymmetric, the identification with Dorfmeister’s Cayley transform [3] is not so obvious, although this is alluded in the Introduction of [14].

In this paper we modify a little the definition of Penney’s Cayley transform to get rid of the above two dissatisfactions. Our Cayley transform still looks like a fractional linear transform, which requires a sort of denominator. Penney’s denominator is given by the map x → x^∗ considered by Vinberg in [19, §4], whereas ours comes from a function η that is related to the Bergman kernel of D, see section 2.1 of this paper for details. Use of this function η is not new and already found in Dorfmeister’s study of Siegel domains [4]. To be precise,

ISSN 0949–5932 / $2.50 © Heldermann Verlag

186 Nomura

let Ω be a regular open convex cone in a real vector space V . Then our inverse I(x) of an element x ∈ Ω is −∇ log η(x), minus of the gradient of log η(x), and we shall call the map I : x → I(x) the pseudoinverse map. One knows by [4] that I is a rational map and gives a diffeomorphism of Ω onto the dual cone Ω^∗ in V^∗ . Since η is relatively invariant under the simple transitive solvable Lie group acting on Ω, we can introduce its dual counterpart η^∗ easily by dualizing the relative invariance. The function η^∗ induces another diffeomorphic rational pseudoinverse map I^∗ : Ω^∗ → Ω, and we have I^∗ = I^{−1} , so that I is birational. Then we continue I (resp. I^∗ ) analytically to W := V_C (resp. to W^∗ ) and show that I (resp. I^∗ ) is holomorphic on the tube domain Ω + iV (resp. Ω^∗ + iV^∗ ). What is more important to our purpose is to show that the image I(Ω + iV ) (resp. I^∗(Ω^∗ + iV^∗)) is contained in the holomorphic domain of I^∗ (resp. I ). This is done in Theorem 2.11. It should be noted that in general we do not have I(Ω + iV ) ⊂ Ω^∗ + iV^∗ unlike the case of symmetric tube domains. An example of this failure is given in section 5.

Now with a fixed specific element E ∈ Ω, our Cayley transform C of the tube domain Ω + iV is defined to be C(w) = I(E) − 2 I(w + E). We refer the reader to the formula (29) in this paper for the definition of our Cayley transform C for a general Siegel domain D. Penney’s proof [14] that the Cayley image of D is bounded still works for C(D) with a suitable minor modification. The explicit inverse maps B and B of C and C will be given in (33) and (34) respectively, and the biholomorphy of C : D → C(D) is visibly clarified.

In section 4, we compare our C with Dorfmeister’s Cayley transform when D is quasisymmetric. We will describe the relevant Jordan algebra structure of V in terms of the normal j -algebra structure with which we begin this paper. Some constancy of dimensions of root spaces equates Vinberg’s x^∗ with our I(x) up to a constant multiple. By using a known property of x^∗ in the case of selfdual cone, I(x) is naturally identified with the Jordan algebra inverse x^{−1} of x. Another technical point is to show that the linear map φ : w → φ(w) appearing in the definition (34) of B = C^{−1} is a Jordan algebra representation of W . To carry out this, we shall express φ(x) for x ∈ V in our language of normal j -algebra, and provide some details in order that the reader can trace a quotation from Dorfmeister’s works without difficulties. Our Theorem 4.10 shows that the Cayley transform C is coincident in a canonical way with Dorfmeister’s.

The Cayley transform C defined in this paper will play a fundamental role in the forthcoming paper [13] for a characterization of symmetric Siegel domains.

Nomura 187

1. Preliminaries

1.1. Normal j -algebras. As is known by the work of Pjatetskii-Shapiro [15] (see also [16], [17]), homogeneous Siegel domains are described by means of normal j -algebras. Thus we begin this paper with the definition of normal j -algebra. A normal j -algebra is a triple (g, J, ω) of a split solvable Lie algebra g, a linear operator^1 J on g such that J^2 = −I and a linear form ω on g satisfying [Jx, Jy] = [x, y] + J[Jx, y] + J[x, Jy] (for all x, y ∈ g), (1) ⟨ x | y ⟩_ω := ⟨[Jx, y], ω⟩ defines a J-invariant inner product on g. (2)

We summarize here some of the fundamental facts about normal j -algebras following [15] and [17] (see also [16]). Let (g, J, ω) be a normal j -algebra. Let n := [g, g] be the derived algebra of g, and a the orthogonal complement of n in g. We have g = a + n. Moreover, a is a commutative subalgebra of g such that ad(a) consists of semisimple operators on g. For every α ∈ a^∗ we set

n_α := {x ∈ n ; [h, x] = ⟨h, α⟩ x for all h ∈ a}.

Take all α ∈ a^∗ such that n_α ≠ {0} and Jn_α ⊂ a, and number them as α_1, . . . , α_r . We have dim a = r and dim n_{αk} = 1 for every k . The number r is called the rank of the normal j -algebra g. We can reorder α_1, . . . , α_r , if necessary, so that all the α such that n_α ≠ {0} (such an α is called a root of the normal j -algebra) are of the following form (not all possibilities need occur): 1 2 (α_m + α_k) (1 ≦ k < m ≦ r),^1_2 (α_m − α_k) (1 ≦ k < m ≦ r), 1 2 α_k (1 ≦ k ≦ r), α_k (1 ≦ k ≦ r). (3) We note that if α, β are distinct roots, then n_α is orthogonal to n_β . Put

g(0) := a ⊕ ∑ m>k n_{(αm −αk)/2}, g(1/2) := r∑ i=1 n_{αi/2},

g(1) := r∑ i=1 n_{αi} ⊕ ∑ m>k n_{(αm +αk )/2}.

Understanding g(i) = 0 for i > 1, we have [ g(i), g(j) ] ⊂ g(i + j). Moreover Jn_{(αm −αk)/2} = n_{(αm +αk)/2} (m > k), Jn_{αi/2} = n_{αi/2} (1 ≦ i ≦ r), (4) so that Jg(0) = g(1) and Jg(1/2) = g(1/2). Taking E_i ∈ n_{αi} (i = 1, . . . , r) such that α_k(JE_i) = δ_{ki} , we put H_i := JE_i ∈ a. Then H_1, . . . , H_r form a basis of a. Set H := H_1 + · · · + H_r, E := E_1 + · · · + E_r. (5)

1We prefer to write J rather than the common usage j to emphasize that it is an operator. However, we do not call the triple (g, J, ω) a normal J -algebra, because this might cause a serious confusion with a Jordan algebra.

188 Nomura

We remark here that the action of J on the elements of g(0) is described as

JT = −[T, E] (T ∈ g(0)). (6)

We write down here the constants used frequently in this paper:

n_{mk} := dim_R n_{(αm −αk )/2} = dim_R n_{(αm +αk)/2} (1 ≦ k < m ≦ r),

b_i := 1 2 dim_R n_{αi/2} (1 ≦ i ≦ r),

d_j := 1 + 1 2 (∑ k>j n_{kj} + ∑ i<j n_{ji} ) (1 ≦ j ≦ r), ω_k := ⟨E_k, ω⟩ = ‖E_k‖^2_ω > 0 (1 ≦ k ≦ r).

(7)

1.2. Homogeneous Siegel domains. Let (g, J, ω) be a normal j -algebra, and G = exp g the connected and simply connected Lie group corresponding to g. Since g(0) is a Lie subalgebra of g, we denote by G(0) the corresponding subgroup exp g(0) of G. By 1.1, we know that G(0) acts on V := g(1) by adjoint action. Recall E ∈ V in (5) and let Ω be the G(0)-orbit through E . By [17, Theorem 4.15] Ω is a regular open convex cone in V , and G(0) acts on Ω simply transitively. By (4) the subspace g(1/2) is invariant under J , so that it is considered as a complex vector space by means of −J . We shall write this complex vector space by U . We put W := V_C , the complexification of V . The conjugation of W relative to the real form V is written as w → w^∗ . The real bilinear map Q defined by Q(u, u^′) := 1 2 ( [Ju, u^′] − i[u, u^′] ) (u, u^′ ∈ g(1/2)) (8)

turns out to be a complex sesqui-linear (complex linear in the first variable and antilinear in the second) Hermitian map U × U → W which is Ω-positive. This means that Q(u^′, u) = Q(u, u^′)^∗ (u, u^′ ∈ U), Q(u, u) ∈ Ω \ {0} for all u ∈ U \ {0}. With these data we define the Siegel domain corresponding to the normal j -algebra (g, J, ω) to be D := {(u, w) ∈ U × W ; w + w^∗ − Q(u, u) ∈ Ω}. (9) Note that we take a generalized right half plane rather than a more familiar upper half plane.

Consider the Lie subalgebra n_D := g(1) + g(1/2). It is at most 2-step nilpotent by 1.1. Let N_D = exp n_D be the corresponding connected and simply connected nilpotent Lie group contained in G. Writing the elements of N_D by n(a, b) (a ∈ g(1), b ∈ g(1/2)), we see by the Campbell-Hausdorff formula that the group operation is described as (with Q as in (8))

n(a, b)n(a^′, b^′) = n(a + a^′ − Q_I (b, b^′), b + b^′), (10)

where Q_I denotes the real alternating bilinear form on g(1/2) × g(1/2) defined by Q_I (b, b^′) := Im Q(b, b^′). The group N_D acts on D by n(a, b) · (u, w) = ( u + b, w + ia +^1_2 Q(b, b) + Q(u, b) ) ((u, w) ∈ D). (11)

Nomura 189

Concerning the action of G(0) on D, we first note that by a simple observation using (1) the adjoint action of G(0) on g(1/2) commutes with J . This implies that G(0) acts on U complex-linearly. On the other hand the adjoint action of G(0) on V = g(1) extends complex-linearly to W . Thus G(0) acts on D complex-linearly, so that G = N_D ⋊G(0) acts on D simply transitively. Put e := (0, E) ∈ D. Given z = (u, w) ∈ D, we can find a unique h ∈ G(0) satisfying hE = Re w − Q(u, u)/2. Then taking n = n(Im w, u) ∈ N_D , we see by (11) that z = nh · e. This makes explicit the simple transitive action of G on D.

For every s = (s_1, . . . , s_r) ∈ C^r we put

χ_s ( exp ∑ k t_kH_k ) = exp (∑ k s_kt_k ) (t_1, . . . , t_r ∈ R). (12)

Then χ_s is a one-dimensional representation of A := exp a. On the other hand, it is clear that n_0 := ∑ m>k n_{(αm −αk)/2} is a nilpotent Lie subalgebra of g(0), and we have n = n_0 + n_D . Let N_0 := exp n_0 and N := exp n. It is also clear that G = N ⋊ A and G(0) = N_0 ⋊ A. We extend χ_s to a one-dimensional representation of G by defining χ_s(n) = 1 for n ∈ N . Let us define functions Δ_s (s ∈ C^r ) on Ω by

Δ_s(hE) = χ_s(h) (h ∈ G(0)). (13)

Evidently it holds that

Δ_s(hx) = χ_s(h)Δ_s(x) (h ∈ G(0), x ∈ Ω). (14)

In particular, putting h = exp tH ∈ A with t = log λ (λ > 0), we see that Δ_s(λx) = λ^{|s|}Δ_s(x), where |s| := s_1 + · · · + s_r for s = (s_1, . . . , s_r) ∈ C^r . Furthermore, we know that Δ_s extends to a holomorphic function on the tube domain Ω + iV (cf. for example [10, Corollary 2.5]).

For h ∈ G(0), let Ad_{g(k)}(h) := (Ad h)|_{g(k)} for k = 1/2, 1. Similarly we define ad_{g(k)}(T ) = (ad T )|_{g(k)} for T ∈ g(0).

Lemma 1.1. Let d := (d_1, . . . , d_r) with d_j as in (7). One has

det Ad_{g(1)}(h) = χ_d(h) (h ∈ G(0)).

Proof. Since N_0 acts on V unipotently and since G(0) = N_0 ⋊ A, it is enough to show the lemma for h = exp H_j for j = 1, . . . , r by the definition of χ_s . Now

det Ad_{g(1)}(exp H_j ) = det ( exp ad_{g(1)}(H_j) ) = exp ( tr ad_{g(1)}(H_j) ) . Since tr ad_{g(1)}(H_j) = d_j by virtue of (3) and (7), the proof is complete.

Let Ad_U (h) (h ∈ G(0)) stand for the complex linear operator on U defined by the adjoint action of G(0) on g(1/2), and det Ad_U (h) its determinant as a complex linear operator. Then, putting b := (b_1, . . . , b_r) with b_j as in (7), we have

190 Nomura

Lemma 1.2. | det Ad_U (h) |^2 = χ_b(h) for h ∈ G(0).

Proof. The lemma is clear from the fact that | det Ad_U (h) |^2 = det Ad_{g(1/2)}(h) and tr ad_{g(1/2)}(H_i) = 2b_i × (1/2) = b_i . The details are similar to the proof of Lemma 1.1.

2. Pseudoinverse map 2.1. Introduction of the pseudoinverse map. Let (g, J, ω) be a normal j - algebra and D the corresponding Siegel domain (see (9)). By [9, §5] or [18, §II.6], it is known that D has a Bergman kernel κ. The function κ has the following property: if Hol (D) denotes the Lie group of the holomorphic automorphisms of D, then

κ(z_1, z_2) = κ(g · z_1, g · z_2) det g^′(z_1) det g^′(z_2) (g ∈ Hol (D), z_1, z_2 ∈ D), (15)

where g^′(z) is the complex Jacobian map of g at z ∈ D. The discussion in 1.2 of the simple transitive action of G on D together with the property (15) and Lemmas 1.1, 1.2 shows that

κ(z_1, z_2) = C · Δ_{−2d−b} ( w_1 + w^∗_2 − Q(u_1, u_2) ) (z_j = (u_j, w_j) ∈ D) (16)

with C = κ(e, e)Δ_{2d+b}(2E) > 0.

We put η := Δ_{−2d−b} in what follows for simplicity. Let D_v be the directional derivative in the direction v ∈ V : D_vf(x) = d dt f(x + tv) | | |_{t=0}. For every x ∈ Ω we define I(x) ∈ V^∗ to be −∇ log η(x), that is, ⟨v, I(x)⟩ = −D_v log η(x) (v ∈ V ). (17) I is called the pseudoinverse map. By [4, §2], I gives a diffeomorphism of Ω onto the dual cone Ω^∗ in V^∗ , where

Ω^∗ := { ξ ∈ V^∗ ; ⟨x, ξ⟩ > 0 for all x ∈ Ω \ {0} } . Now the group G(0) acts on V^∗ by the coadjoint action: h · ξ = ξ ∘ h^{−1} , where h ∈ G(0) and ξ ∈ V^∗ . It is easy to show by using (14) that I is G(0)-equivariant: I(hx) = h · I(x) (h ∈ G(0), x ∈ Ω). (18) In particular, I(λx) = λ^{−1}I(x) for all λ > 0, and G(0) acts on Ω^∗ simply transitively.

In order to write down the image I(E) of E , we define E^∗_1 , . . . , E^∗_r ∈ V^∗ by ⟨^r∑ j=1 x_j E_j + ∑ m>k X_{mk}, E^∗_i ⟩ = x_i (x_j ∈ R, X_{mk} ∈ n_{(αm +αk)/2}). Elements of V^∗ are canonically considered as elements of W^∗ , the space of complex linear forms on W . On the other hand, we extend every α_j to a linear form on g(0) = a + n_0 by setting ⟨T, α_j ⟩ = 0 for T ∈ n_0 , and then to a complex linear form on g(0)_C naturally. Now for every s = (s_1, . . . , s_r) ∈ C^r we set

α_s := s_1α_1 + · · · + s_rα_r ∈ g(0)^∗_C , E^∗_s := s_1E^∗_1 + · · · + s_rE^∗_r ∈ W^∗.

Clearly χ_s(exp T ) = exp α_s(T ) (T ∈ g(0)) and ⟨Jv, α_s⟩ = ⟨v, E^∗_s ⟩ (v ∈ V ).

Nomura 191

Lemma 2.1. (1) Let s ∈ C^r . Then, D_vΔ_s(E) = ⟨v, E^∗_s ⟩ for every v ∈ V . (2) One has I(E) = E^∗_{2d+b} .

Proof. (1) Let v ∈ V = g(1) and consider T = Jv ∈ g(0). Then, by (6) we have

(Ad exp tT )E = E + t[T, E] + O(t^2) = E + tv + O(t^2) (t ∈ R). (19) Hence we get by (13)

D_vΔ_s(E) = d dt Δ_s ( (Ad (exp tT ))E )| |_{t=0} = d dt χ_s(exp tT ) | | |_{t=0} = ⟨T, α_s⟩ = ⟨v, E^∗_s ⟩. (2) By (1) we have for v ∈ V ⟨v, I(E)⟩ = − 1 Δ_{−2d−b}(E)

D_vΔ_{−2d−b}(E) = ⟨v, E^∗_{2d+b}⟩,

which completes the proof.

We note here that

⟨ v_1 | v_2 ⟩_η := D_{v1} D_{v2} log η(E) (v_1, v_2 ∈ V ) (20) defines an inner product on V (see [4, §2]). Let us write this inner product in a more concrete way.

Lemma 2.2. ⟨ v_1 | v_2 ⟩_η = ⟨[Jv_1, v_2], E^∗_{2d+b}⟩ for all v_1, v_2 ∈ V .

Proof. It is enough to show the equality for v_1 = v_2 = v by polarization. By definition we have

⟨ v | v ⟩_η = D^2_v log η(E) = − d dt ⟨v, I(E + tv)⟩ | | t=0 . By (18) and (19) it holds that d dt I(E + tv) | | |_{t=0} = d dt I ( (Ad exp tJv)E )| |_{t=0} = (ad^∗Jv) ( I(E) ) = −⟨[Jv, ·], I(E)⟩. Since I(E) = E^∗_{2d+b} by Lemma 2.1, the proof is complete.

For every f ∈ V^∗ , we denote by ~f the element in V determined by ⟨v, f⟩ = ⟨ v | ~f ⟩_η (for all v ∈ V ). (21) For a = (a_1, . . . , a_r) ∈ C^r and c = (c_1, . . . , c_r) ∈ C^r such that none of c_j is zero, we put a/c = (a_1/c_1, . . . , a_r/c_r). Then

Lemma 2.3. One has (E^∗_s )~ = E_{s/(2d+b)} for any s ∈ R^r .

192 Nomura

Proof. Note that by (3), (4) and Lemma 2.2, the root spaces n_{(αm +αk)/2} for m ≧ k are still orthogonal relative to the inner product ⟨ · | · ⟩_η . Thus (E^∗_s )~ is a linear combination of E_1, . . . , E_r , and it suffices to prove the proposition for the linear forms E^∗_j (j = 1, 2, . . . , r). But this is clear from ⟨ E_i | E_j ⟩_η = δ_{ij}(2d_j + b_j ), which is seen by Lemma 2.2.

2.2. Birationality of I . The fact that I is a birational map is stated in the paper Dorfmeister [4, Lemma 2.5]. However, for our later use, we would like to make the matters more explicit here by using the normal j -algebra structure. To see first that I is a rational map, we introduce a (non-associative) product ⋆ in V by

v_1 ⋆ v_2 := [Jv_1, v_2] = ( ad (Jv_1) ) v_2 (v_1, v_2 ∈ V ). (22)

Note that by (6), the map v → Jv is just an inverse map to the linear isomorphism g(0) ∋ T → [T, E] ∈ g(1), which is the differential of the orbit map G(0) ∋ h → hE ∈ Ω. We shall write R_J (v_2)v_1 = v_1 ⋆ v_2 . Then, R_J (E)v = [Jv, E] = v and R_J (E) = I . Therefore v → det R_J (v) is a non-zero polynomial function on V . Hence the subset O := {v ∈ V ; det R_J (v) ≠ 0} is a non-empty Zariski-open set. Although the following lemma is a simple translation of [5, Satz I.3.3] into the present context, we write down a proof for reader’s convenience.

Lemma 2.4. If v ∈ O, then I(v) = E^∗_{2d+b} ∘ R_J (v)^{−1} , so that I is a rational map.

Proof. By the definition (22) of ⋆, we have for v_1, v_2 ∈ V and t ∈ R ( Ad exp tJv_1 ) v_2 = v_2 + tv_1 ⋆ v_2 + O(t^2).

This together with (14) and (19) gives

D_{v1⋆v2} (log η)(v_2) = d dt (log η) ( (Ad exp tJv_1)v_2 )| |_{t=0} = d dt (log η) ( (Ad exp tJv_1)E )| |_{t=0} = Dv_1 (log η)(E).

This implies ⟨v_1 ⋆ v_2, I(v_2)⟩ = ⟨v_1, I(E)⟩ by the definition (17) of I . Now we get the lemma immediately from (2) of Lemma 2.1.

In order to find an inverse map of I , we need to dualize the matters concerning I . First for s = (s_1, . . . , s_r) ∈ C^r , we put s^∗ := (s_r, . . . , s_1) and set

χ^∗_s := χ_{−s}∗ , Δ^∗_s (h · E^∗_{2d+b}) := χ^∗_s (h) (h ∈ G(0)).

Δ^∗_s is a function on Ω^∗ such that Δ^∗_s (h·ξ) = χ^∗_s(h)Δ^∗_s (ξ) for h ∈ G(0) and ξ ∈ V^∗ . We define η^∗ := Δ^∗_{−2d}∗_{−b}∗ and ⟨I^∗(ξ), f⟩ := −D_f log η^∗(ξ) (ξ ∈ Ω^∗, f ∈ V^∗). Thus I^∗(ξ) ∈ V and I^∗ gives a diffeomorphism of Ω^∗ onto Ω. Moreover, I^∗ is G(0)-equivariant, that is, I^∗(h · ξ) = h(I^∗(ξ)) for any h ∈ G(0). Considering the inverse map of the linear isomorphism g(0) ∋ T → (ad^∗ T )f ∈ V^∗ , we see that I^∗ is a rational map on V^∗ . The following is the counterpart of Lemma 2.1.

Nomura 193

Lemma 2.5. (1) Let s ∈ C^r . Then for every f ∈ V^∗ one has

D_f Δ^∗_s (E^∗_{2d+b}) = ⟨E_s∗_{/(2d+b)}, f⟩.

(2) I^∗(E^∗_{2d+b}) = E .

Proof. Given f ∈ V^∗ , we consider the element T := J ~f ∈ g(0). We have

⟨v, Ad^∗(exp −tT )E^∗_{2d+b}⟩ = ⟨v, E^∗_{2d+b}⟩ + t ⟨[J ~f, v], E^∗_{2d+b}⟩ + O(t^2) (v ∈ V ).

Since the definition (21) of ~f and Lemma 2.2 give ⟨[J ~f, v], E^∗_{2d+b}⟩ = ⟨v, f⟩, we get D_f Δ^∗_s (E^∗_{2d+b}) = d dt Δ^∗_s ( Ad^∗(exp −tT )E^∗_{2d+b} )| |_{t=0} = ⟨T, αs∗ ⟩ = ⟨ ~f, E^∗_s∗ ⟩. Since ⟨ ~f, E^∗_s∗ ⟩ = ⟨E_s∗_{/(2d+b)}, f⟩ by (21) and Lemma 2.3, the assertion (1) follows. The proof of (2) is left to the reader.

Proposition 2.6. I^∗(I(x)) = x for any x ∈ Ω, and I(I^∗(ξ)) = ξ for any ξ ∈ Ω^∗ .

Proof. This is a direct consequence of the formulas I(E) = E^∗_{2d+b} in (2) of Lemma 2.1 and I^∗(E^∗_{2d+b}) = E in (2) of Lemma 2.5 together with the fact that both I and I^∗ are G(0)-equivariant.

By analytic continuation we have thus shown that I is a birational map W → W^∗ with I^{−1} = I^∗ .

2.3. Holomorphy of I on Ω + iV . We now consider the complexification G_C of G as in Penney [14]. Since G is split solvable and of trivial center, we can think of G as a triangular linear group sitting inside GL(g) by passing to Ad (G). Thus the complexification G_C of G is inside GL(g_C ). Furthermore we consider the complexification G(0)_C , (N_D)_C , so that G_C = (N_D)_C ⋊G(0)_C . Here N(D)_C is the complex nilpotent Lie group with group law described like (10), where a, a^′ ∈ g(1)_C and b, b^′ ∈ g(1/2)_C , and Q_I is extended by complex bilinearity. The complex group G(0)_C acts on W = V_C by adjoint action. On the other hand, the product ⋆ in V introduced by (22) extends to W by complex bilinearity, where J is continued to a complex linear operator on g_C . Let R_J (w) be the right multiplication by w ∈ W . We put O_C := {w ∈ W ; det R_J (w) ≠ 0}. By Lemma 2.4 we have I(w) = E^∗_{2d+b} ∘ R_J (w)^{−1} for w ∈ O_C . so that I is holomorphic on O_C .

Lemma 2.7. If h ∈ G(0)_C , then hE ∈ O_C . In particular, I is holomorphic at hE .

Proof. Let w ∈ W . By definition we have R_J (hE)w = w ⋆ hE = [Jw, hE] = h[h^{−1}Jw, E] = −hJh^{−1}Jw, where the last equality follows from (6). Hence we get R_J (hE) = −Ad_{g(1)C} (h) ∘ J ∘ Ad_{g(0)C} (h^{−1}) ∘ J , so that det R_J (hE) ≠ 0.

Let O^∗_C be the open subset in W^∗ defined similarly to O_C . Then I^∗ is holomorphic on O^∗_C . Moreover, if h ∈ G(0)_C , then we have h · E^∗_{2d+b} ∈ O^∗_C just in the same way as above. Hence I^∗ is holomorphic at h · E^∗_{2d+b} .

194 Nomura

Proposition 2.8. For every y ∈ V there exists h ∈ G(0)_C such that hE = E + iy . To prove the proposition, we need some more structural description of our normal j -algebra. Put

b := RH_r ⊕ RE_r ⊕ n_{αr /2} ⊕ r−1∑ k=1 n_{(αr −αk)/2} ⊕ r−1∑ k=1 n_{(αr +αk)/2},

g^′ := r−1∑ k=1 RH_k ⊕ r−1∑ k=1 RE_k ⊕ r−1∑ k=1 n_{αk /2} ⊕ ∑ k<m<r n_{(αm−αk )/2} ⊕ ∑ k<m<r n_{(αm +αk)/2}. Then b (resp. g^′ ) itself is a rank 1 (resp. rank r − 1) normal j -algebra, and we have a J -invariant decomposition g = b ⊕ g^′ . Moreover, it is easy to see that b is an ideal of g. We also note that

[g^′, H_r] = {0}, [g^′, E_r] = {0}, (23)

where the latter follows from (3). Let g^′(j) (j = 0, 1/2, 1) be the j -eigenspace of ad (H_1 + · · · + H_{r−1}) on g^′ , and put

m := r−1∑ k=1 n_{(αr +αk)/2}. Clearly we have g(0) = g^′(0) ⊕ RH_r ⊕ Jm and g(1) = g^′(1) ⊕ RE_r ⊕ m. Moreover, it is evident that both m and Jm are invariant under G^′(0) := exp g^′(0).

Now we are ready to begin the proof of Proposition 2.8.

Proof. The proof is done by induction on r. When r = 1, then g(0) = RH and g(1) = RE with [H, E] = E . Thus, given (1 + iy)E (y ∈ R), we have only to take h = exp(log(1 + iy))H ∈ G(0)_C .

Now suppose that the lemma is true for r − 1. Given y ∈ V , we write y = y^′ + y_rE_r + z with y^′ ∈ g^′(1), y_r ∈ R and z ∈ m. Setting h = h^′(exp T )(exp αH_r) with h^′ ∈ G^′(0)_C , T ∈ Jm_C and α ∈ C , we shall look for h^′ , T and α such that hE = E + iy . Let E^′ = E_1 + · · · + E_{r−1} . We have hE = h^′(exp T )(E^′ + e^αE_r). Since (exp T )E_r = E_r and

(exp T )E^′ = E^′ + [T, E^′] + 1 2 [T, [T, E^′]] = E^′ − JT − 1 2 [T, JT ], we get hE = h^′E^′ − h^′(JT ) + ( e^α + 1 2 ⟨[JT, T ], E^∗_r ⟩ ) E_r, where note [JT, T ] ∈ C E_r and (23). Therefore, solving hE = E + iy is equivalent to finding h^′, T, α such that

h^′E^′ = E^′ + iy^′, (24) −h^′(JT ) = iz, (25) e^α + 1 2 ⟨[JT, T ], E^∗_r ⟩ = 1 + iy_r. (26)

Nomura 195

Now by induction hypothesis, we find h^′ ∈ G^′(0)_C that satisfies (24). Then, (25) gives T = iJ(h^′)^{−1}z ∈ Jm_C . We note here that with ω_r as in (7)

⟨[Jz_1, z_2], E^∗_r ⟩ = ω^{−1}_r ⟨ z_1 | z_2 ⟩_ω (z_1, z_2 ∈ m).

This means that ⟨ z_1 | z_2 ⟩_m := ⟨[Jz_1, z_2], E^∗_r ⟩ defines an inner product on m, which we extend to a complex bilinear form on m_C , denoted by the same symbol ⟨ · | · ⟩_m . Let us put A(h^′) = (Ad h^′) | |_{mC} . Then solving α in (26) with the already fixed h′, T is equivalent to determining α ∈ C by

e^α = 1 + iy_r + 1 2 ⟨^tA(h^′)^{−1}A(h^′)^{−1}z | z ⟩_m, (27)

where^tS stands for the adjoint of an operator S on m_C relative to the nondegenerate bilinear form ⟨ · | · ⟩_m . Since z ∈ m, it is enough to show that the real part of the complex symmetric operator A(h^′)^tA(h^′) is positive definite, because then so is its inverse^tA(h^′)^{−1}A(h^′)^{−1} and the real part of the right hand side of (27) is non-zero.

Before proceeding further, we put u := m + Jm and h := u + RE_r . Then h is a Heisenberg algebra. In fact

[m, m] = [Jm, Jm] = {0}, [m, Jm] = RE_r .

Moreover the alternating bilinear form σ on u×u defined by [u_1, u_2] = σ(u_1, u_2)E_r is non-degenerate and we have

σ(Jx_1 + y_1, Jx_2 + y_2) = ⟨ x_1 | y_2 ⟩_m − ⟨ x_2 | y_1 ⟩_m (x_j , y_j ∈ m). (28)

We extend σ to u_C × u_C by complex bilinearity, so that (28) remains valid for x_j , y_j ∈ m_C . For every Z ∈ g^′(1)_C , we set

ψ(Z) := ad (JZ) | m_C + t( ad (JZ) | m_C ) . Thus ψ(Z) is a complex symmetric operator on m_C such that ψ(E^′) is the identity operator.

Lemma 2.9. (1) ψ(Z)x = −(ad Z)(Jx) for all x ∈ m_C . (2) If h_0 ∈ G^′(0)_C , then ψ(h_0Z) = A(h_0) ψ(Z)^tA(h_0).

Proof. Let x_1, x_2 ∈ m_C . (1) By definition we have

⟨^t(ad JZ)x_1 | x_2 ⟩_m = ⟨ x_1 | [JZ, x_2] ⟩_m = ⟨[Jx_1, [JZ, x_2]], E^∗_r ⟩ = ⟨[[Jx_1, JZ], x_2], E^∗_r ⟩ + ⟨[JZ, [Jx_1, x_2]], E^∗_r ⟩, where we have used the Jacobi identity in the last equality. Since [Jx_1, x_2] ∈ C E_r , we get [JZ, [Jx_1, x_2]] = 0 by (23). On the other hand, (1) together with [x_1, Z] = 0 gives [Jx_1, JZ] = J[Jx_1, Z] + J[x_1, JZ]. Hence it holds that

⟨^t(ad JZ)x_1 | x_2 ⟩_m = ⟨[J[Jx_1, Z], x_2], E^∗_r ⟩ + ⟨[J[x_1, JZ], x_2], E^∗_r ⟩ = ⟨ [Jx_1, Z] | x_2 ⟩_m + ⟨ [x_1, JZ] | x_2 ⟩_m.

196 Nomura

This implies^t(ad JZ) + ad JZ = −(ad Z) ∘ J on m_C .

(2) Since ad (h_0Z) = h_0(ad Z)h^{−1}_0 , it is sufficient to show that J^tA(h_0) = Ad h^{−1}_0 ∘ J on m_C by (1). We have

⟨[J^tA(h_0)x_1, x_2], E^∗_r ⟩ = ⟨^tA(h_0)x_1 | x_2 ⟩_m = ⟨[Jx_1, Ad (h_0)x_2], E^∗_r ⟩ = ⟨[Ad (h_0)^{−1}Jx_1, x_2], E^∗_r ⟩, where we have used Ad (h_0)E_r = E_r by (23). Therefore, by the definition of σ σ(J^tA(h_0)x_1, x_2) = σ(Ad (h_0)^{−1}Jx_1, x_2).

Since σ is non-degenerate on Jm_C × m_C , the proof is complete.

Now we return to the proof Proposition 2.8. Since h^′E^′ = E^′ + iy^′ by (24), we have by Lemma 2.9 A(h^′)^tA(h^′) = ψ(h^′E^′) = I − i (ad y^′) ∘ J | |_{mC} . Since y^′ ∈ g^′(1), it follows that Re A(h^′)^tA(h^′) = I , which is positive definite. This is what we had to show.

Theorem 2.10. I is holomorphic on Ω + iV , and I^∗ is holomorphic on Ω^∗ + iV^∗ .

Proof. Since Ω = G(0)E , Proposition 2.8 says that Ω + iV ⊂ G(0)(E + iV ) ⊂ G(0)_C E . Now Theorem 2.10 follows from Lemma 2.7. The proof for I^∗ is similar and omitted.

Theorem 2.11. One has I(Ω + iV ) ⊂ O^∗_C and I^∗(Ω^∗ + iV^∗) ⊂ O_C .

Proof. Owing to (18) and Lemma 2.1 we have I(hE) = h · E^∗_{2d+b} for any h ∈ G(0). By analytic continuation this equality holds for all h ∈ G(0)_C . Therefore we obtain I(Ω + iV ) ⊂ G(0)_C · E^∗_{2d+b} ⊂ O^∗_C .

Remark 2.12. In general we cannot have I(Ω + iV ) ⊂ Ω^∗ + iV^∗ if Ω is no longer selfdual. We present an example in section 5.

3. Cayley transform Let D be our Siegel domain (9). We put C(w) := E^∗_{2d+b} − 2 I(w + E) ∈ W^∗ (w ∈ W ).

It is evident that C is a rational mapping W → W^∗ which is holomorphic on Ω + iV by Theorem 2.10. Let U^† denote the space of all antilinear forms on U . We set

C(z) := ( 2 I(w + E) ∘ Q(u, ·), C(w) ) ∈ U^† × W^∗ (z = (u, w) ∈ U × W ). (29) Clearly C is a rational map U × W → U^† × W^∗ . It should be noted that if z = (u, w) ∈ D, then we have w ∈ Ω + iV , so that C(z) is holomorphic on D. We shall call C a Cayley transform. This is a slight modification of the Cayley transform defined by Penney [14]. First we state the following.

Nomura 197

Lemma 3.1. The image C(D) of D under C is bounded.

Proof. As the proof proceeds with a verbal translation of [14], we only give here its sketch. Let us denote by g^± the ±i-eigenspaces of the operator J on g_C . By the integrability condition (1) of J , it is clear that g^± are subalgebras of g_C . Let G^± := exp g^± be the analytic subgroups of G_C corresponding to g^± . Since ⟨[g^±, g^±], E^∗_{2d+b}⟩ = 0 as is easily seen, the formula

χ^±(exp z) := exp i ⟨z, E^∗_{2d+b}⟩ (z ∈ g^±)

defines one-dimensional representations χ^± of G^± . We have G ⊂ G^−G^+ as Penney proved in [14, Theorem 3], and we set g = g_−g_+ with g_± ∈ G^± for every g ∈ G. We now define a function Φ on G by

Φ(g) := χ^−(g_−)χ^+(g_+) (g ∈ G).

We remark that Penney’s Φ in [14, (18)] is defined out of E^∗_d in our notation, where one should note |d| = dim V by (7). Let n(a, b) ∈ N_D , h ∈ G(0), and put, with π_W the projection U × W → W ,

w_0 := hE + ia +^1_2 Q(b, b) = π_W ( n(a, b)h · e ) (cf. (11)).

Then the key formulas are

Φ(n(a, b)h)χ_{2d+b}(h) = 4^{−(2|d|+|b|)}η(E + w_0)^{−2}, X log Φ((n(a, b)h) = −2i ⟨X, I(E + w_0)⟩ (X ∈ g(1)), Y log Φ(n(a, b)h) = 2 ⟨Q(b, Y ), I(E + w_0)⟩ (Y ∈ g(1/2)), where Zf(g) = (d/dt)f((exp −tZ)g) | |_{t=0} for Z ∈ g. In this way the lemma is a consequence of the fact that Z log Φ is a bounded function on G for every fixed Z ∈ g, which is shown in [14, p. 310].

In order to give a formula for C^{−1} , we first recall the inner product ⟨ · | · ⟩_η on V defined by (20). Extending ⟨ · | · ⟩_η to W × W by complex bilinearity, we define (u_1 | u_2)_η := ⟨ Q(u_1, u_2) | E ⟩_η (u_1, u_2 ∈ U).

Lemma 3.2. The sesquilinear form (· | ·)_η defines a Hermitian inner product on U .

Proof. Let us write every u ∈ U as u = ∑ k u_k with u_k ∈ n_{αk/2} . Then we have [Ju, u] = ∑ [Ju_k, u_k] + X with X ∈ ∑ k<m n_{(αm +αk )/2} . Therefore (8) and Lemma 2.3 imply 2 (u | u)_η = 2 ⟨ Q(u, u) | E ⟩_η = ⟨[Ju, u], E^∗_{2d+b}⟩ = ∑ (2d_k + b_k)⟨[Ju_k, u_k], E^∗_k ⟩ = ∑ ω^{−1}_k (2d_k + b_k)‖u_k‖^2_ω,

where ω_k ’s are as in (7). The lemma is now clear.

198 Nomura

We define linear maps F → ~F from U^† to U and u → ^u from U to U^† by ( ~F | u^′)_η = ⟨u^′, F ⟩, ⟨u^′, ^u⟩ = (u | u^′)_η (u^′ ∈ U). (30) It is obvious that they are inverse to one another. Similarly we define ~f ∈ W and ^w ∈ W^∗ for f ∈ W^∗ and w ∈ W respectively by (cf. (21)) ⟨ w^′ | ~f ⟩_η = ⟨w^′, f⟩, ⟨w^′, ^w⟩ = ⟨ w^′ | w ⟩_η (w^′ ∈ W ). (31) Moreover, for every w ∈ W , let φ(w) be the complex linear operator on U defined through

(φ(w)u_1 | u_2)_η = ⟨ Q(u_1, u_2) | w ⟩_η (u_1, u_2 ∈ U). (32)

Clearly φ(E) is the identity operator, and it is easy to see that φ(w^∗) = φ(w)^∗ . Let us set

B(f) := 2 I^∗(E^∗_{2d+b} − f) − E ∈ W (f ∈ W^∗), (33) B(F, f) := ( φ(E − ~f)^{−1} ~F , B(f) ) ∈ U × W ((F, f) ∈ U^† × W^∗). (34) It is evident that both B and B are rational mappings.

Proposition 3.3. One has BC(z) = z for all z ∈ U × W , and CB(ϕ) = ϕ for all ϕ ∈ U^† × W^∗ .

Proof. First of all we have for w ∈ W and f ∈ W^∗

BC(w) = 2 I^∗(E^∗_{2d+b} − C(w)) − E = I^∗ ( I(w + E) ) − E = w, CB(f) = E^∗_{2d+b} − 2 I(B(f) + E) = E^∗_{2d+b} − I ( I^∗(E^∗_{2d+b} − f) ) = f. Before proceeding further we note that if u ∈ U , then f ∘ Q(u, ·) = ⟨Q(u, ·), f⟩ = ⟨ Q(u, ·) | ~f ⟩_η = (φ( ~f)u | ·)_η. Hence ( f ∘ Q(u, ·) ) ~ = φ( ~f)u, so that C is rewritten as C(u, w) = ( 2 [ φ(I(w + E)~)u ] ^, C(w) ) . (35)

From this we see immediately that BC(u, w) = (u, w). The proof for CB is similar and omitted here.

For each linear operator T on V , we denote by^tT its transpose relative to the inner product ⟨ · | · ⟩_η .

Lemma 3.4. φ (_t (Ad_{g(1)}h)x ) = (Ad_U h)^∗φ(x)(Ad_U h) for all h ∈ G(0) and x ∈ V .

Nomura 199

Proof. By definition we have ( φ(^t(Ad_{g(1)}h)x)u | | u^′)_η = ⟨ (Ad h)Q(u, u^′) | x ⟩_η (u, u^′ ∈ U). Since (Ad h)Q(u, u^′) = Q((Ad h)u, (Ad h)u^′), the lemma follows easily.

We need to extend Lemma 3.4 to x ∈ W and h ∈ G(0)_C . First we still denote by^tT the transpose of a complex linear operator T on W relative to the nondegenerate symmetric bilinear form ⟨ · | · ⟩_η . Next we put ⟨ u_1 | u_2 ⟩ := Re (u_1 | u_2)_η (u_1, u_2 ∈ g(1/2)). This is a real inner product on g(1/2), which we extend to a complex bilinear form on g(1/2)_C × g(1/2)_C written by the same symbol. Let L be a complex linear operator on g(1/2)_C . Its transpose with respect to ⟨ · | · ⟩ is expressed as^tL. Note that every complex linear operator S on U can be naturally extended to a complex linear operator S_C on g(1/2)_C commuting with J . It is clear that^tS_C u = S^∗u for u ∈ g(1/2). We set φ_C (w) = φ(w)_C (w ∈ W ). Consider Lemma 3.4 first as an identity of operators on the real vector space g(1/2) and thus on its complexification g(1/2)_C canonically. Then analytic continuation gives the following corollary with the obvious notation Ad_{g(k)C} h for h ∈ G(0)_C and k = 1/2, 1.

Corollary 3.5. If h ∈ G(0)_C and w ∈ W , then φ_C (_t (Ad_{g(1)C} h)w ) =^t(Ad_{g(1/2)C} h)φ_C (w)(Ad_{g(1/2)C} h).

We are now able to prove the main theorem.

Theorem 3.6. The Cayley transform C is a birational map which sends D biholomorphically onto C(D).

Proof. First of all we show that if (F, f) ∈ C(D), then the operator φ(E − ~f) is invertible. Since f = C(w) for some w ∈ Ω + iV , it is enough to prove the invertibility of the operator φ ( I(w + E) ~ ) . By the proof of Theorem 2.11, we know I(w + E) ∈ G(0)_C · E^∗_{2d+b} . Hence the invertibility of φ ( (h · E^∗_{2d+b})~ ) for h ∈ G(0)_C suffices. Now if w ∈ W , we have

⟨ w | (h · E^∗_{2d+b})~ ⟩_η = ⟨w, h · E^∗_{2d+b}⟩ = ⟨h^{−1}w, E^∗_{2d+b}⟩ = ⟨ h^{−1}w | E ⟩_η = ⟨ w |^t(Ad_{g(1)C} h^{−1})E ⟩_η.

Therefore we get φ ( (h · E^∗_{2d+b})~ ) = φ (_t (Ad_{g(1)C} h^{−1})E ) , and the right hand side is an invertible operator in view of Corollary 3.5.

The rest is a direct consequence of Theorems 2.10, 2.11 and Proposition 3.3 together with Lemma 2.7 and the remark thereafter.

Remark 3.7. Unless D is quasisymmetric, it is not true that φ ( I(w) ~ ) = φ(w)^{−1} in general. This can be verified for the unique 4-dimensional nonquasisymmetric Siegel domain due to Pjatetskii-Shapiro [15, p. 26] (see also [7]). Details are left to the reader.

200 Nomura

4. Comparison with Dorfmeister’s Cayley transform

Let D be a quasisymmetric Siegel domain. This means that the cone Ω in the defining data of D in (9) is selfdual with respect to the inner product (20) (see [3, Theorem 2.1]). Let us suppose further that D is irreducible, so that the cone Ω is also irreducible (see [11, Theorem 6.3]). Then Proposition 3 in [1] says that the constants n_{mk} (resp. b_i ) in (7) are independent of m, k (resp. i). Thus d_j is also independent of j . We set d := d_j and b := b_i for simplicity. Moreover, by the proof of that proposition in [1], the product ∘ defined by

⟨ v_1 ∘ v_2 | v_3 ⟩_η := − 1 2 D_{v1} D_{v2} D_{v3} log η(E) (v_1, v_2, v_3 ∈ V )

is a Jordan algebra product. It is clear by definition that the inner product ⟨ · | · ⟩_η is associative, that is, every Jordan multiplication L(x) : v → x ∘ v for x ∈ V is a symmetric operator on V with respect to this inner product. Thus V is a Euclidean Jordan algebra in the sense of [6].

In order to describe the Jordan algebra structure in terms of the normal j -algebra structure that we started with, we introduce positive definite symmetric operators H(x) (x ∈ Ω) by (cf. [4, §2])

⟨ H(x)v_1 | v_2 ⟩_η = D_{v1} D_{v2} log η(x) (v_1, v_2 ∈ V ).

It is clear that H(E) = I . Moreover it is easy to see that

H((Ad g)x) =^t ( Ad_{g(1)}(g^{−1}) ) H(x)Ad_{g(1)}(g^{−1}) (g ∈ G(0)). (36)

In particular we have H(λx) = λ^{−2}H(x) for all λ > 0.

Lemma 4.1. 2 x ∘ y = [Jx, y] +^t ( ad_{g(1)}Jx ) y for all x, y ∈ V .

Proof. By definition we have −2 ⟨ x ∘ y | z ⟩_η = (d/dt)D_yD_z log η(E + tx) | |_{t=0} for any z ∈ V . By (19) we know (Ad exp tJx)E = E + tx + O(t^2). Hence −2 ⟨ x ∘ y | z ⟩_η = d dt D_yD_z log η ( (Ad exp tJx)E )| |_{t=0} = d dt ⟨ H ( (Ad exp tJx)E ) y | | z ⟩_η | | |_{t=0}. Using (36), we obtain 2 ⟨ x ∘ y | z ⟩_η = ⟨ [Jx, y] | z ⟩_η + ⟨ y | [Jx, z] ⟩_η , from which the lemma follows immediately.

Corollary 4.2. (1) One has L(E_j ) = ad_{g(1)}H_j for j = 1, . . . , r, so that E is the unit element.

(2) {E_j }^r_{j=1} is a complete system of orthogonal primitive idempotents in V , and the corresponding Peirce spaces are n_{(αm +αk)/2} (1 ≦ k < m ≦ r).

In particular, the Jordan algebra rank of V is r. Let ⟨ · | · ⟩_0 denote the trace inner product of V : ⟨ v_1 | v_2 ⟩_0 = tr (v_1 ∘v_2), where tr v stands for the Jordan algebra trace of the element v ∈ V . Since V is simple owing to the irreducibility of Ω, ⟨ · | · ⟩_η is a constant multiple of the trace inner product [6, III.4.1].

Nomura 201

Lemma 4.3. (2d + b)⟨ v_1 | v_2 ⟩_0 = ⟨ v_1 | v_2 ⟩_η for all v_1, v_2 ∈ V .

Proof. It suffices to show ‖E_j‖^2_η = 2d + b. But this is immediate from Lemma 2.2.

Before proceeding, we note that every element w ∈ Ω + iV is invertible in the complexified Jordan algebra W .

Proposition 4.4. For each w ∈ Ω + iV , one has I(w) ~ = w^{−1} , where the right hand side is the Jordan algebra inverse of w.

Proof. By analytic continuation it is enough to prove the proposition for w = x ∈ Ω. Let ϕ_0 be the characteristic function of Ω:

ϕ_0(x) := ∫ Ω exp −⟨ x | y ⟩_0 dy (x ∈ Ω). (37)

Let g ∈ G(0). A change of variable yields ϕ_0(gE) = γ · χ_d(g)^{−1} by Lemma 1.1, where γ > 0 is a constant. Since d = (d, · · · , d) and b = (b, · · · , b), it holds that Δ_{−d}(x) = η(x)^{d/(2d+b)} for all x ∈ Ω, so that ϕ_0(x) = γ · η(x)^{d/(2d+b)} . Hence we get

D_v log ϕ_0(x) = d 2d + b D_v log η(x) = − d 2d + b ⟨v, I(x)⟩ (v ∈ V ). On the other hand, Proposition III.4.3 in [6] together with Lemma 4.3 shows

−D_v log ϕ_0(x) = dim V r ⟨ x^{−1} | v ⟩_0 = d 2d + b ⟨ x^{−1} | v ⟩_η, where note that dim V = |d| = rd in the present case. Thus ⟨v, I(x)⟩ = ⟨ x^{−1} | v ⟩_η for each x ∈ Ω, which implies I(x)~ = x^{−1} .

Thus it follows that for any w ∈ Ω + iV

C(w)~ = E − 2(w + E)^{−1} = (w − E) ∘ (w + E)^{−1}. (38)

Let us recall the complex linear operators φ(w) (w ∈ W ) on U defined by (32).

Proposition 4.5. The linear map w → φ(w) is a ∗-representation of the Jordan algebra W . In other words, one has φ(w^∗) = φ(w)^∗ and

φ(w_1 ∘ w_2) = 1 2 ( φ(w_1)φ(w_2) + φ(w_2)φ(w_1) ) (w_1, w_2 ∈ W ).

This proposition is due to Dorfmeister. However, instead of making a mere reference to [3, Theorem 2.1 (6)] which forces the reader into pursuing part of Dorfmeister’s work, we would like to indicate here the way to get to Proposition 4.5 in our language of normal j -algebra for the readability of this paper.

Lemma 4.6. One has φ(x) = ad_U Jx + (ad_U Jx)^∗ for all x ∈ V , where ad_U Jx denotes the complex linear operator on U defined by the adjoint action of Jx ∈ g(0) on g(1/2).

202 Nomura

Proof. The definition (8) of Q together with the fact that ad_{g(1/2)}Jx commutes with J implies (ad Jx)Q(u, u^′) = Q((ad Jx)u, u^′) + Q(u, (ad Jx)u^′) (u, u^′ ∈ U), so that we have

⟨ Q(u, u^′) |^t(ad_{g(1)}Jx)E ⟩_η = ((ad_U Jx)u | u^′)_η + ((ad_U Jx)^∗u | u^′)_η. (39)

Here Lemma 4.1 and (6) give t(ad_{g(1)}Jx)E = 2 x ∘ E − [Jx, E] = 2x − x = x. Hence the left hand side of (39) is equal to (φ(x)u | u^′)_η .

Lemma 4.7. It holds that tr φ(x) = b tr x for all x ∈ V . In particular, tr φ(x ∘ y) defines an associative inner product on the Jordan algebra V .

Proof. We note that by Lemma 4.6

tr φ(x) = 2 Re tr (ad_U Jx) = tr ad_{g(1/2)}Jx.

Thus tr φ(E_j ) = 2b × (1/2) = b = b tr E_j for all j , because E_j ’s are primitive idempotents. If x ∈ n_{(αm +αk)/2} (m > k), then Jx ∈ n_{(αm −αk)/2} and the operator ad_{g(1/2)}Jx is nilpotent. Hence we get tr φ(x) = 0 = ⟨ x | E ⟩_0 = tr x.

Lemma 4.8. One has det φ(x) = (det x)^b for any x ∈ V , where det x on the right hand side is the Jordan algebra determinant of x ∈ V .

Proof. Lemmas 1.2 and 3.4 give det φ(^t(Ad_{g(1)}h)E) = χ_b(h) for any h ∈ G(0). On the other hand, [6, III.4.3] and Lemma 1.1 imply det(^t(Ad_{g(1)}h)E) = χ_d(h)^{r/ dim V} = χ_1(h), where 1 = (1, . . . , 1). Since Ω is selfdual with respect to the inner product ⟨ · | · ⟩_η , there exists, for a given x ∈ Ω, an element h ∈ G(0) such that^t(Ad_{g(1)}h)E = x. Hence det φ(x) = (det x)^b for any x ∈ Ω, and thus for any x ∈ V , because both sides are polynomial functions on V .

Let G(Ω) denote the linear automorphism group of the cone Ω. It is a reductive Lie group, as Ω is selfdual. Let G(Ω)^∘ be the connected component of the identity of G(Ω). Since det(gx) = (det g)^{r/ dim V} det x for g ∈ G(Ω)^∘ and x ∈ V by [6, III.4.3], we get the following corollary, though we do not yet have the formula of the form φ(gx) = T φ(x)T^∗ with an operator T on U at this stage when g is a general element of G(Ω)^∘ .

Corollary 4.9. det φ(gx) = (det g)^{b/d} det φ(x) for all g ∈ G(Ω)^∘ and x ∈ V .

With Corollary 4.9 and Lemma 4.7 in hand, one can trace the proofs of Lemma 5.2 and Theorem 5.4 in [2] easily to give a proof to the displayed identity of Proposition 4.5. The other identity φ(w^∗) = φ(w)^∗ has been already mentioned just after (32).

Now we return to the Cayley transform in the quasisymmetric case. The formula turns out to be the same as the one given by Dorfmeister [3, (2.8)] except for a minor modification. For symmetric domains, the formula appeared in [12, 10.3] and [18, Exercise III.7.3].

Nomura 203

Theorem 4.10. For any (u, w) ∈ U × W one has C(u, w)~ = ( 2φ(w + E)^{−1}u, (w − E) ∘ (w + E)^{−1} ) , B(^u, ^w) = ( φ(E − w)^{−1}u, (E + w) ∘ (E − w)^{−1} ) . Proof. By (35), (38) and Proposition 4.4 we have C(u, w)~ = ( 2φ((w + E)^{−1})u, (w − E) ∘ (w + E)^{−1} ) . Since φ is a Jordan algebra representation, we have φ((w + E)^{−1}) = φ(w + E)^{−1} . On the other hand Proposition 2.6 implies I^∗( ^w) = w^{−1} . Thus we get B( ^w) = (E + w) ∘ (E − w)^{−1} , and the expression for B(^u, ^w) is obtained from (34).

5. Pseudoinverses related to the Vinberg cone

In this section we exhibit an example in which I(Ω + iV ) is not contained in Ω^∗ +iV^∗ . Let V be the 5-dimensional real vector space presented by the following form of symmetric matrices: V = v = v_1 v_2 v_4 v_2 v_3 0 v_4 0 v_5 ; v_1, . . . , v_5 ∈ R . The vector space V is equipped with the inner product ⟨ v | v^′ ⟩ = tr (vv^′). Whenever we identify the dual vector space V^∗ with V , we use this inner product throughout this section. Now the Vinberg cone Ω is defined to be

Ω := {v ∈ V ; v_1 > 0, Δ_{12}(v) := v_1v_3 − v^2 > 0, Δ_{13}(v) := v_1v_5 − v^2_4 > 0}.

Its dual cone Ω^∗ is described as

Ω^∗ = {v ∈ V ; v is positive definite}.

One knows that there is no linear isomorphism of V that maps Ω onto Ω^∗ . In particular, Ω is not selfdual (see [19, §8] or [6, Exercise I.10]). Set for every v ∈ V

v_{(1)} := ( v_1 v_2 v_2 v_3 ) , v_{(2)} := ( v_1 v_4 v_4 v_5 ) . If h_j := ( a 0 b_j c_j ) ∈ GL(2, R) (j = 1, 2), we define h = (h_1, h_2) ∈ GL(V ) by the

formula (hv)_{(j)} := h_j v_{(j)}^th_j , where^th_j denotes the transposed matrix of h_j . Let

H := {h = (h_1, h_2) ∈ GL(V ) ; a > 0, c_j > 0 (j = 1, 2)}.

Then H acts on Ω simply transitively.

Now we consider the tube domain D = Ω + iV . Let us describe the corresponding normal j -algebra g. Let h := Lie (H), the Lie algebra of H , and we form the semidirect product g = V ⋊h. Define a linear map J on g by the rule

J : h ∋ (( α 0 β_1 γ_1 ) , ( α 0 β_2 γ_2 )) → − 2α β_1 β_2 β_1 2γ_1 0 β_2 0 2γ_2 ∈ V,

J : V ∋ v → (( v_1/2 0 v_2 v_3/2 ) , ( v_1/2 0 v_4 v_5/2 )) ∈ h.

204 Nomura

It is clear that J^2 = −I . With ω = 0 ⊕ tr ∈ h^∗ ⊕ V^∗ = g^∗ , it is easy to see that the triple (g, J, ω) is a normal j -algebra. In order to present the root space decomposition of g, let e^k_{ij} (k = 2, 3) be the k × k matrix unit with the only non-zero (i, j)-entry equal to 1. Set

H_1 :=^1_2 (e^2_{11}, e^2_{11}), H_2 :=^1_2 (e^2_2, 0), H_3 :=^1_2 (0, e^2_2), T_{21} := (e^2_1, 0), T_{31} := (0, e^2_1), E_j := e^3_{jj} (j = 1, 2, 3), X_{21} := e^3_{12} + e^3_{21}, X_{31} = e^3_{13} + e^3_1.

These 10 elements form a linear basis of g such that E_j = −JH_j (j = 1, 2, 3) and X_{k1} = −JT_{k1} (k = 1, 2). Put a := RH_1 ⊕ RH_2 ⊕ RH_3 and let α_1, α_2, α_3 be the basis of a^∗ dual to H_1, H_2, H_3 : ⟨H_i, α_j⟩ = δ_{ij} . An elementary calculation shows n_{(αk −α1)/2} = RT_{k1} , n_{(αk +α1)/2} = RX_{k1} (k = 1, 2).

Since n_{αk} = RE_k (k = 1, 2, 3), we have

g = a ⊕ 3∑ k=1 n_{αk} ⊕ 2∑ k=1 n_{(αk −α1)/2} ⊕ 2∑ k=1 n_{(αk +α1)/2}.

Note that the roots (α_3 ± α_2)/2 are absent. The constants in (7) are

n_{21} = n_{31} = 1, n_{32} = 0, d_1 = 2, d_2 = d_3 = 3/2, b_i = 0. We have E^∗_{2d} = 4E^∗_1 + 3E^∗_2 + 3E^∗_3 and observe that E^∗_j = e^3_{jj} (j = 1, 2, 3).

Put E = E_1 + E_2 + E_3 ∈ Ω. For any y ∈ Ω, let h(y) ∈ H be the unique element such that h(y)E = y . Then we have I(y) = h(y) · E^∗_{2d} . A direct computation yields

h(y) = √ y_1 0

y_2 √ y_1 √ Δ_{12}(y) y_1 , √ y_1 0

y_4 √ y_1 √ Δ_{13}(y)

y_1 , so that we have

I(y) =

1 y_1 ( 4 + 3y^2 Δ_{12}(y) + 3y^2_4 Δ_{13}(y) ) − 3y_2 Δ_{12}(y) − 3y_4 Δ_{13}(y) − 3y_2 Δ_{12}(y)

3y_1 Δ_{12}(y) 0 − 3y_4 Δ_{13}(y) 0 3y_1 Δ_{13}(y)

.

Allowing every y_j being a complex number in the above formula gives an analytic continuation of I to W = V_C . In particular, if a real vector y ∈ V satisfies y_1 = y_3 = y_5 = 0, then

I(E + iy) = 4 − 3y^2 1 + y^2 − 3y^2_4 1 + y^2_4 − 3iy_2 1 + y^2 − 3iy_4 1 + y^2_4 − 3iy_2 1 + y^2 3 1 + y^2 0 − 3iy_4 1 + y^2_4 0 3 1 + y^2_4

.

Nomura 205

Hence if |y_2| and |y_4| are sufficiently large, the diagonal matrix Re I(E +iY ) is no longer positive definite, that is, no longer belongs to Ω^∗ . This verifies Remark 2.12.

We conclude this paper by writing down the formula for I^∗ :

I^∗(y) =

4y_3y_5 det y − 4y_2y_5 det y − 4y_3y_4 det y − 4y_2y_5 det y

4y^2y_5 y_3 det y + 3 y_3 0 − 4y_3y_4 det y 0 4y^2_4 y_3 y_5 det y + 3 y_5

.

Details are left to the reader.

References

[1] D’Atri, J. E., and I. D. Miatello, A characterization of bounded symmetric domains, Trans. Amer. Math. Soc., 276 (1983), 531–540.

[2] Dorfmeister, J., Algebraic description of homogeneous cones, Trans. Amer.

Math. Soc., 255 (1979), 61–89.

[3] —, Quasisymmetric Siegel domains and the automorphisms of homogeneous Siegel domains, Amer. J. Math., 102 (1980), 537–563.

[4] —, Homogeneous Siegel domains, Nagoya Math. J., 86 (1982), 39–83. [5] Dorfmeister. J., and M. Koecher, Relative Invarianten und nicht-assoziative Algebren, Math. Ann., 228 (1977), 147–186.

[6] Faraut, J., and A. Korányi, “Analysis on symmetric cones, ” Clarendon Press, Oxford, 1994.

[7] Geatti, L., Sugli automorfismi olomorfi di un dominio limitato omogeneo non simmetrico, Rend. Mat., 2 (1982), 475–497.

[8] —, Holomorphic automorphisms of the tube domain over the Vinberg cone, Rend. Accad. Naz. Lincei, 80 (1986), 283–291.

[9] Gindikin, S. G., Analysis in homogeneous domains, Russian Math. Surveys, 19-4 (1964), 1–89.

[10] Ishi, H., Representations of the affine transformation groups acting simply transitively on Siegel domains, J. Funct. Anal., 167 (1999), 425–462.

[11] Kaneyuki, S,, On the automorphism groups of homogeneous bounded domains, J. Fac. Sci. Univ. Tokyo, 14 (1967), 89–130.

[12] Loos, O., “Bounded symmetric domains and Jordan pairs,” Lecture Notes, Univ. California at Irvine, 1977.

[13] Nomura, T., A characterization of symmetric Siegel domains through a Cayley transform, Preprint.

[14] Penney, R., The Harish-Chandra realization for non-symmetric domains in C^n , in “Topics in geometry in memory of Joseph D’Atri”, Ed. by S. Gindikin, Birkhäuser, Boston, 1996, 295–313.

[15] Pyatetskii-Shapiro, I. I., “Automorphic functions and the geometry of classical domains,” Gordon and Breach, New York, 1969.

206 Nomura

[16] Rossi, H., “Lectures on representations of groups of holomorphic transformations of Siegel domains,” Lecture Notes, Brandeis Univ., 1972.

[17] Rossi, H., and M. Vergne, Representations of certain solvable Lie groups on Hilbert spaces of holomorphic functions and the application to the holomorphic discrete series of a semisimple Lie group, J. Funct. Anal. 13 (1973), 324–389.

[18] Satake, I., “Algebraic structures of symmetric domains,” Iwanami Shoten and Princeton Univ. Press, Tokyo-Princeton, 1980.

[19] Vinberg, E. B., The theory of convex homogeneous cones, Trans. Moscow Math. Soc. 12 (1963), 340–403.

Takaaki Nomura Department of Mathematics Faculty of Science Kyoto University Kyoto 606-8502 Japan nomura@kusm.kyoto-u.ac.jp

Received April 10, 2000 and in final form May 3, 2000