120 (1995) MATHEMATICA BOHEMICA No. 1, 91{00

WEAK AVERAGING OF STOCHASTIC EVOLUTION EQUATIONS

Ivo Vrkoč, Praha

(Received July 15, 1994)

Summary. A theorem on continuous dependence of solutions to stochastic evolution equations on coe‹cients is established, covering the classical averaging procedure for stochastic parabolic equations with rapidly oscillating both the drift and the di¸usion term.

Keywords: stochastic evolution equations, weak convergence, averaging methods MSC 1991 : 60H15

1. Introduction and Main Results

This paper is devoted to integral continuity type results on continuous dependence of solutions of stochastic evolution equations on coe‹cients, in which, roughly speaking, the convergence of coe‹cients is de˛ned via pointwise convergence of their inde˛nite integrals. Such theorems are known to be fairly general and, in particular, they provide justi˛cation for the averaging procedures for equations with rapidly oscillating coe‹cients. As a motivation let us consider a stochastic di¸erential equation

(1.1) dx_ε = a_ε(t, x_ε) dt + b_ε(t, x_ε) dw(t), x_ε(0) = x_0

in R^d, w(t) being a standard Wiener process in R^d de˛ned on a probability space

(Ω, F , P), and aε, bε being, roughly speaking, lipschitzian in the space variable

uniformly in ε > 0. It was proved in [12] and [4] that if

(1.2) lim_{ε→0+} ∫_t 0 a_ε(s, x) ds = ∫_t 0 a_0(s, x) ds, x ∈ R^d, t > 0,

This research has been partially supported by the AV »CR Grant No. 11965.

and (1.3) lim_{ε→0+} ∫_t 0 ‖b_ε(s, x) − b_0(s, x)‖^2 ds = 0, x ∈ R^d, t > 0,

then x_ε(t) −→ x_0(t) in L^2(Ω). Obviously, the assumption (1.3) excludes rapidly oscillating di¸usion coe‹cients, but, as shown in the quoted papers, is essentially indispensable for the L^2-convergence. On the other hand, as shown by R. Z. Khas’minski–“, under (1.2) and

(1.4) lim_{ε→0+} ∫_t 0 b_ε(s, x)b^∗_ε (s, x) ds = ∫_t 0 b_0(s, x)b^∗_0(s, x) ds, x ∈ R^d, t > 0,

the ˛nite-dimensional distributions of the process x_ε tend to those of x_0 in law (see [5], [6]; cf. [11] for additional information).

The results on L^2-convergence were extended to semilinear stochastic evolution equations in [10], [7], [8]. In the present paper we establish a result on the convergence in law under hypotheses similar to (1.2) and (1.4), thus covering, in particular, the case of stochastic parabolic equations with both the drift and the di¸usion coe‹cient rapidly oscillating.

To state our results let us introduce some notation. Let U, H be real separable Hilbert spaces with norms |·|_H , |·|_U , respectively, let ⟨·, ·⟩ denote the inner product in H. (If there is no danger of confusion we will omit the subscript H.) Let L(U, H) be the space of all bounded linear mappings from U to H, whose norm will be denoted by | · |_{L(U,H)}. If A ∈ L(H) then A^∗ denotes the adjoint operator. Further, |A|N stands for the nuclear norm of A ∈ L(H), provided A is a nuclear operator, that is

|A|N = sup^{{ ∑}_i |⟨Aei, fi⟩|; {ei}, {fi} orthonormal bases of H^}.

The space of all H-valued continuous functions on [0, T ] will be denoted by C([0, T ], H). As usual, if (μ_α)_{α∈Γ} is a net of Borel probabilities on a separable metric space M, Γ a right directed ordered set, we say that μ_α −→ μ weakly in M provided ∫ M f dμ_α −−→_{α∈Γ} ∫ M f dμ

for any bounded continuous function f : M −→ R. If ξ_n : (Ω_n, F_n, P_n) −→ M are Mvalued random variables, then ξ_n −→ ξ_0 weakly in M means that ξ_n(P_n) −→ ξ_0(P_0) weakly in M, where the probability measures ξ_n(P_n) are de˛ned by

ξ_n(P_n)(C) = P_n{ξ_n ∈ C} for any Borel set C ⊆ M.

We will consider stochastic evolution equations

(1.5) { dx_ε(t) = (Ax_ε(t) + a_ε(t, x_ε(t))) dt + b_ε(t, x_ε(t)) dw_ε(t), x_ε(0) = η_ε

for ε ∈ [0, ε_0), assuming (A1) A: Dom(A) −→ H is an in˛nitesimal generator of an analytic C_0-semigroup (e^{At}) on H.

(A2) The mappings a_ε : R_+ × H −→ H, b_ε : R_+ × H −→ L(U, H) are measurable and there exists a constant L such that

|a_ε(t, x)|_H + |b_ε(t, x)|_{L(U,H)} 6 L(1 + |x|_H )

for all t > 0, x ∈ H, and ε ∈ [0, ε_0).

(A3) The mappings a_ε, b_ε are Lipschitz continuous uniformly in ε, i.e.

|a_ε(t, x) − a_ε(t, y)|_H + |b_ε(t, x) − b_ε(t, y)|_{L(U,H)} 6 L|x − y|_H

for all t > 0, x, y ∈ H, and ε ∈ [0, ε_0).

(A4) w_ε(t) are U-valued Wiener processes with nuclear covariance operators W_ε such that sup ε∈[0,ε0) tr W_ε < ∞,

w_ε being de˛ned on a ˛ltered probability space (Ω^ε, F^ε, (F^ε_t )_t¿_0, P_ε) and

(F^ε_t )-adapted.

(A5) η_ε are H-valued F^ε_0 -measurable random variables, ε ∈ [0, ε_0). The solutions of (1.5) will be understood in the mild sense, i.e. as the solutions of the integral equations

x_ε(t) = e^{At}η_ε + ∫_t 0 e^{A(t−s)}a_ε(s, x_ε(s)) ds + ∫_t 0 e^{A(t−s)}b_ε(s, x_ε(s)) dw_ε(s).

By Theorem 7.4 in [2] or Theorem 1.4 of [9] there exists a unique mild solution x_ε ≡ x_ε(·, η_ε) of (1.5) and x_ε ∈ C([0, T ], H) almost surely.

Theorem 1.1. Let the assumptions (A1){(A5) be fulfilled. Let T > 0 be arbitrary but fixed and suppose that

(1.6) lim_{ε→0+} ∫_t 0 e^{A(t−s)}a_ε(s, x) ds = ∫_t 0 e^{A(t−s)}a_0(s, x) ds in H for any x ∈ H, t ∈ [0, T ]; and

(1.7) lim_{ε→0+} | | | | ∫_t 0 e^{A(t−s)}U_ε(s, x)e^{A�(t−s)} ds | | | |N^{= 0}

for all x ∈ H, t ∈ [0, T ], where

U_ε(t, x) = b_ε(t, x)W_εb^∗_ε (t, x) − b_0(t, x)W_0b^∗_0(t, x).

If η_ε −→ η_0 weakly in H as ε → 0+ then x_ε(·, η_ε) −→ x_0(·, η_0) weakly in C([0, T ], H) as ε → 0+.

Due to the analyticity of the semigroup (e^{At}) the rather complicated assumptions (1.6), (1.7) may be replaced by more restrictive but veri˛able hypotheses.

Proposition 1.2. Assume (A1) and (A2). If

(1.8) lim_{ε→0+} ∫_t 0 a_ε(s, x) ds = ∫_t 0 a_0(s, x) ds in H

for any t ∈ [0, T ], x ∈ H then (1.6) is satisfied. Analogously, if

(1.9) lim_{ε→0+} | | | | ∫_t 0 b_ε(s, x)W_εb^∗_ε (s, x) ds − ∫_t 0 b_0(s, x)W_0b^∗_0(s, x) ds | | | |N^{= 0}

for all t ∈ [0, T ], x ∈ H then (1.7) is fulfilled.

It will be shown in Example 2.9 that the assumptions (1.6), (1.7) are weaker than (1.8), (1.9).

As we have already mentioned, Theorem 1.1 contains the classical averaging procedure as a particular case, as can be shown in a standard way (see e.g. [10], Theorem 4). Because of its importance we state this corollary as a separate theorem. Let us consider equations

(1.10) { dx_ε(t) = ε ( Ax_ε(t) + a(t, x_ε(t)) ) dt + ε^{1/2}b(t, x_ε(t)) dw(t), x_ε(0) = η_ε

for ε ∈ (0, ε_0), where (B2) the mappings a: R_+ × H −→ H, b: R_+ × H −→ L(U, H) are measurable and there exists a constant L such that

|a(t, x)|_H + |b(t, x)|_{L(U,H)} 6 L(1 + |x|_H ),

|a(t, x) − a(t, y)|_H + |b(t, x) − b(t, y)|_{L(U,H)} 6 L|x − y|_H for all x, y ∈ H, t > 0;

(B3) w(t) is a U-valued (F_t)-adapted Wiener process with a nuclear covariance operator W , de˛ned on a ˛ltered probability space (Ω, F , (F_t)_t¿_0, P);

(B4) η_ε : Ω −→ H, ε ∈ [0, ε_0), are F_0-measurable random variables.

Theorem 1.3. Assume (A1), (B2), (B3) and (B4). Suppose further that there exist Lipschitz continuous functions ã: H −→ H and b̃: H −→ L(U, H) such that lim_{T →∞} 1 T ∫_T 0 a(s, x) ds = ã(x) in H

for any x ∈ H, and lim_{T →∞} | | | 1 T ∫_T 0 b(s, x)W b^∗(s, x) ds − b̃(x)Wb̃^∗(x) | | |N^{= 0}

for all x ∈ H. Set

x̃_ε(t, η_ε) = x_ε ( t ε , η_ε ) , t > 0, ε ∈ (0, ε0),

x_ε(·, η_ε) being the mild solutions to (1.10). Let x_0(·, η_0) be the mild solution of the problem

(1.11) { dx_0(t) = (Ax_0(t) + ã(x_0(t))) dt + b̃(x_0(t)) dw(t), x_0(0) = η_0.

If η_ε −→ η_0 weakly in H as ε → 0+ then x̃_ε(·, η_ε) −→ x_0(·, η_0) weakly in C([0, T ], H) as ε → 0+ for any fixed T > 0.

2. Proofs

To start with, let us recall a few well-known results.

Proposition 2.1. Let μ_n, n > 0, be centered Gaussian measures on a separable Hilbert space Y with covariance operators Γ_n. Then μ_n −→ μ_0 weakly in Y if and only if |Γ_n − Γ_0|N −→ 0, n → ∞.

For the proof, see e.g. [1]. We will need the following criterion for weak convergence of measures. Let (M, d) be a separable metric space, denote by BL(M) the space of all bounded Lipschitz functions on M, that is

BL(M) = { f : M −→ R ; ‖f‖_{BL} ≡ sup_{x∈M} |f(x)| + sup_{x,y∈M} x≠y |f(x) − f(y)| d(x, y) < ∞ } .

Let μ_n, μ be Borel probabilities on M, then μ_n −→ μ weakly in M if and only if lim_{n→∞} ∫ M f dμ_n = ∫ M f dμ

for any f ∈ BL(M), see e.g. [3], Theorem 11.3.3. Moreover, by the same theorem, the metrics β, de˛ned for probability measures on M by

β(μ, ν) = sup {| | ∫ M f d(μ − ν) | | |; ‖f‖BL 6 1 } , metrizes the weak convergence.

The next proposition looks almost obvious, nonetheless, it will be very useful in the sequel.

Let U, V , H be real separable Hilbert spaces, let w be a U-valued (G_t)-adapted Wiener process with a nuclear covariance operator W , de˛ned on a ˛ltered probability space (Ω, G , (G_t)_t¿_0, P), let 0 6 s < t.

Proposition 2.2. Let α: H −→ V be a Lipschitz continuous mapping, let σ : [s, t] × H −→ L(U, V ) be a measurable mapping such that

|σ(r, x)|_{L(U,V )} 6 M(1 + |x|_H ), |σ(r, x) − σ(r, y)|_{L(U,V )} 6 M|x − y|_H

for a constant M and any r ∈ [s, t], x, y ∈ H. Let g ∈ BL(V ), define

(y) = Eg ( α(y) + ∫_t s σ(r, y) dw(r) ) , y ∈ H.

Let u: Ω −→ H be a G_s-measurable random variable with E|u|^2_H < ∞. Then

(2.1) E [ g ( α(u) + ∫_t s σ(r, u) dw(r) )| | |Gs^] = (u) P-almost surely.

Proof. To simplify notation, we will treat the case α ≡ 0; it can be seen easily that this leads to no loss of generality.

Take an arbitrary γ > 0, let {z_i ; i ∈ N} be a dense subset of H and de˛ne a Borel partition {A(i), i ∈ N} of H by

A(1) = {ξ ∈ H ; |ξ − z_1| < γ}, A(i + 1) = {ξ ∈ H ; |ξ − z_{i+1}| < γ} \ ⋃ j6i^{A(j).}

We may assume that z_j ∈ A(j) for any j ∈ N. De˛ne

u_γ (ω) = ∞∑ i=1 χ_{A(i)} ( u(ω) ) z_i, ω ∈ Ω,

γ (ξ) = ∞∑ i=1 χ_{A(i)}(ξ)Eg (∫_t s σ(r, z_i) dw(r) ) , ξ ∈ H,

where χ_{A(j)} stands for the indicator function of the set A(j). Obviously,

E|u − uγ |^2_H < γ^2 and g (∫_t s σ(r, u_γ ) dw(r) ) = ∞∑ i=1 χ_{A(i)}(u)g (∫_t s σ(r, z_i) dw(r) ) P-a.s..

Therefore E [ g (∫_t s σ(r, u_γ ) dw(r) )| |Gs^] =^{∞∑}_{i=1} χA(i)(u)E^[g^{(∫ t}_s σ(r, zi) dw(r)^{)|}Gs^] = ∞∑ i=1 χ_{A(i)}(u)Eg (∫_t s σ(r, z_i) dw(r) )

= _γ (u).

Furthermore, E | | |g (∫_t s σ(r, u_γ ) dw(r) ) − g (∫_t s σ(r, u) dw(r) )| |^2

6 ‖g‖^2_{BL}E^|^{∫ t}_s^[σ(r, uγ ) − σ(r, u)^] dw(r)^|^2_V

6 ‖g‖^2_{BL} tr(W )^{∫ t}_s E^|σ(r, uγ ) − σ(r, u)^{|2}_{L(U,V )} dr

6 ‖g‖^2_{BL}M^2 tr(W )^{∫ t}_s E|u − uγ |^2_H dr
6 ‖g‖^2_{BL}M^2 tr(W )(t − s)γ^2,

hence E [ g (∫_t s σ(r, u_γ ) dw(r) )| | |Gs^{] γ→0+}−−−→ E^[g^{(∫ t}_s σ(r, u) dw(r)^{)|}Gs^] in L^2(Ω).

Analogously, take ξ ∈ H, then there exists j_0 ∈ N such that ξ ∈ A(j_0), so

| _γ (ξ) − (ξ)|^2 = | | |Eg (∫_t s σ(r, z_{j0} ) dw(r) ) − Eg (∫_t s σ(r, ξ) dw(r) )| | | 2

6 ‖g‖^2_{BL}M^2 tr(W )(t − s)γ^2.

This yields γ (ζ)^{γ→0+}

−−−→ (ζ) for all ζ ∈ H

and (2.1) follows. �

We are prepared to return to the equation (1.5). From now on, the hypotheses of Theorem 1.1 are assumed to be ful˛lled.

Lemma 2.3. For every T > 0 and p ∈ [2, ∞) there exists a constant K such that for any ε ∈ [0, ε_0) we have

E|xε(t)|^p_H 6 K(1 + |ηε|^p_H ), 0 6 t 6 T,

provided the right-hand side is finite.

Since the estimate in (A2) is uniform in ε, Lemma 2.3 follows virtually from [2], Theorem 7.4, or [9], Theorem 1.4, as tracing the proofs of these theorems one can observe easily that the constant K can be obtained independent of ε ∈ [0, ε_0).

Given N ∈ N, let us de˛ne

g^N (x) = x if |x| 6 N, Nx |x|_H otherwise,

and set η^N_ε = g^N (η_ε). By assumption, η_ε −→ η_0 weakly in H, so the continuity of g^N yields that η^N_ε −→ η^N_0 weakly in H for any N ∈ N.

Let us ˛x T > 0 and an arbitrary sequence ε_n ∈ (0, ε_0), ε_n ↘ 0. For brevity we set a_{εn} = a_n, b_{εn} = b_n, w_{εn} = w_n, P_{εn} = P_n

and so forth. Further, set

x_n = x_{εn} (·, η_{εn} ), x^N_n = x_{εn} (·, η^N_{εn} ), x^N_0 = x_0(·, η^N_0 ).

We denote the integral with respect to the measure P_ε simply by E with omitted subscript as it leads to no ambiguity.

Proposition 2.4. For any N ∈ N and γ > 0 there exists ϱ > 0 such that

sup_n ¿0 E max_06_{s,t}6_T |s−t|6ϱ | |x^N_n (t) − x^N_n (s) | |^2 6 γ.

Proof. Let us denote by K_i generic constants independent of n > 0. Choose

p > 2 and λ ∈ (0,^1_2 −^1_p ). By Remark following Theorem 1.1 in [9] we have

(2.2)

E sup_0 6s,t6T |t−s|<ζ

| | | ∫_t 0 e^{A(t−r)}b_n(r, x^N_n (r)) dw_n(r) − ∫_s 0 e^{A(s−r)}b_n(r, x^N_n (r)) dw_n(r) | | | 2

6 K1ζ^{2λ}

for any ζ > 0. Indeed,

E sup_0 6s,t6T |t−s|<ζ

| | | | ∫_t 0 e^{A(t−r)}b_n(r, x^N_n (r)) dw_n(r) − ∫_s 0 e^{A(s−r)}b_n(r, x^N_n (r)) dw_n(r)

ζ^λ | | | | 2

6

( E sup_0 6s,t6T |t−s|<ζ

| | | | | ζ^{−λ} {∫_t 0 e^{A(t−r)}b_n(r, x^N_n (r)) dw_n(r)

− ∫_s 0 e^{A(s−r)}b_n(r, x^N_n (r)) dw_n(r) }| | | | p )_{2/p}

6

( E sup_0 6s,t6T |t−s|<ζ

| | | | |t − s|^{−λ} {∫_t 0 e^{A(t−r)}b_n(r, x^N_n (r)) dw_n(r)

− ∫_s 0 e^{A(s−r)}b_n(r, x^N_n (r)) dw_n(r) }| | | p )_{2/p}

6^(C(λ)^{∫ T}_0 E^(tr^{bn(r, x^N_n (r))Wnb^∗_n(r, x^N_n (r))^{})p/2} dr^{)2/p}

             6 K2 tr(Wn)^{(∫ T}_0 E^(1 + |x^N_n (r)|^{p)} dr^{)2/p}

and (2.2) follows by (A4) and Lemma 2.3. By an analogous procedure we obtain

(2.3)

E sup_0 6s,t6T |t−s|<ζ

| | | | ∫_t 0 e^{A(t−r)}a_n(r, x^N_n (r)) dr − ∫_s 0 e^{A(s−r)}a_n(r, x^N_n (r)) dr | | | | 2

6 K3ζ^{2λ}.

First, we prove that there exists ϱ_1 > 0 such that

(2.4) sup_n ¿0 E sup_0 6t62ϱ1 | |x^N_n (t) − η^N_n | |^2 6 K_4γ

(with a constant K_4 independent of ϱ_1, of course). In fact, by the de˛nition of a

mild solution

x^N_n (t) − η^N_n = [ e^{At} − I ] η^N_n + ∫_t 0 e^{A(t−s)}a_n(s, x^N_n (s)) ds + ∫_t 0 e^{A(t−s)}b_n(s, x^N_n (s)) dw_n(s)

≡ J_1 + J_2 + J_3.

By (2.2) and (2.3) we have

(2.5) sup_n ¿0 E sup_0 6t6ζ { |J_2|^2 + |J_3|^2

} 6 K5ζ^{2λ}

for any ζ > 0. Since the random variables η^N_n weakly converge, they are tight by the

Prokhorov theorem, hence there exists a compact set C ⊆ H such that

sup_n ¿0 Pn{η^N_n /∈ C} 6 γ.

As is well known, e^{At}x −→ x as t ↘ 0 uniformly in x ∈ C, hence we can ˛nd

ϱ_1 ∈ (0, γ^{1/2λ}) such that sup 06t62ϱ1^{sup}x∈C | |e^{At}x − x | | < √γ .

Then

E sup_0 6t62ϱ1 | |e^{At}η^N_n − η^N_n | |^2 6 γ + Eχ_{{ηNn /∈C}} sup

06t62ϱ1 | |e^{At}η^N_n − η^N_n | |^2

6 γ + K6Eχ_{{η}N_{n /∈C}}|η^N_n |^2 6 γ + K6N^2Pn{η^N_n /∈ C} 6 K7γ.

This estimate together with (2.5) yields (2.4).

The semigroup (e^{At}) is analytic by (A1), hence the L(H)-valued function t → e^{At}

is uniformly continuous on [ϱ_1, T ] (cf. e.g. [2], Theorem A.7). So we can ˛nd ϱ_2 ∈

(0, γ^{1/2λ}) such that

(2.6) sup_{ϱ1} 6t,s6T |s−t|6ϱ2 | |e^{At} − e^{As} | |_{L(H)} 6 √γ .

Take s, t ∈ [ϱ_2, T ], t > s, then

x^N_n (t) − x^N_n (s) = ( e^{At} − e^{As} ) η^N_n + {∫_t 0 e^{A(t−r)}a_n(r, x^N_n (r)) dr − ∫_s 0 e^{A(s−r)}a_n(r, x^N_n (r)) dr }

+ {∫_t 0 e^{A(t−r)}b_n(r, x^N_n (r)) dw_n(r) − ∫_s 0 e^{A(s−r)}b_n(r, x^N_n (r)) dw_n(r) }

≡ Q_1 + Q_2 + Q_3.

Obviously,

sup_n ¿0 E sup_{|t−s|} 6ϱ2 { |Q_2|^2 + |Q_3|^2

} 6 K8ϱ^{2λ}_2 6 K8γ

by (2.2) and (2.3). Finally, E sup_{|t−s|} 6ϱ2 | |(e^{At} − e^{As})η^N_n | |^2 6 N^2γ

by (2.6), so we have obtained

(2.7) sup_n ¿0 E sup_{ϱ1} 6s,t6T |s−t|6ϱ2 | x^N_n (t) − x^N_n (s)

|_2 6 K_9γ.

Combining the estimates (2.7) and (2.4) we complete the proof of Proposition 2.4.

�

Corollary 2.5. For any N ∈ N and γ > 0 there exists a partition {0 = t_0 <

. . . < t_k = T } of the interval [0, T ] such that

(2.8) sup_n ¿0 E ( max i=0,...,k−1 max t_i6t6t_i+1 | x^N_n (t) − x^N_n (t_i) |_2) 6 γ.

To proceed further we need a suitable discretization in time of the process x^N_n .

Let Π = {0 = t_0 < . . . < t_k = T } be a partition of the interval [0, T ]. De˛ne

(2.9) x^Π_n (t) = e^{At}η^N_n + k−1∑ i=0 ∫_{ti+1∧t} t_i∧t e^{A(t−s)}a_n(s, x^Π_n (t_i)) ds

+ k−1∑ i=0 ∫_{ti+1∧t} t_i∧t e^{A(t−s)}b_n(s, x^Π_n (t_i)) dw_n(s) for any t ∈ [0, T ] and n > 0, where, as usual, a ∧ b = min(a, b). (Note that the process x^Π_n depends on N as well.) We have the following estimate:

Lemma 2.6. For every N ∈ N and γ > 0 there exists a partition Π = {0 = t_0 < . . . < t_k = T } of the interval [0, T ] such that

sup_n ¿0^{maxi=0,...,k} E^|x^N_n (t_i) − x^Π_n (t_i)^{|2} 6 γ.

Proof. Take γ > 0 and ˛nd a partition Π = {0 = t_0 < . . . < t_k = T } such that (2.8) holds. By (2.9) we obtain

E|x^Π_n (tj+1) − x^N_n (tj+1)|^2

6 2T^{∫ tj+1}_0^|e^{A(tj+1−s)|2}_{L(H)}

× E | | | j∑ i=0 χ_{[ti,ti+1)}(s){a_n(s, x^Π_n (t_i)) − a_n(s, x^N_n (s))} | | | 2 ds

+ 2 tr(W_n) ∫_{tj+1} 0 | |e^{A(t}j+1^{−s)} | |^2_{L(H)} × E | | | j∑ i=0 χ_{[ti,ti+1)}(s){b_n(s, x^Π_n (t_i)) − b_n(s, x^N_n (s))} | | | 2 ds

6 K10^{j∑}_{i=0}^{∫ ti+1}_{ti} E^|x^Π_n (ti) − x^N_n (s)^{|2} ds

6 2K10^{j∑}_{i=0}^{∫ ti+1}_{ti} E^|x^Π_n (ti) − x^N_n (ti)^{|2} ds

+ 2K_{10} j∑ i=0 ∫_{ti+1} t_i E^|x^N_n (ti) − x^N_n (s)^{|2} ds

6 2K10T γ + 2K10^{j∑}_{i=0}^{∫ ti+1}_{ti} E^|x^Π_n (ti) − x^N_n (ti)^{|2} ds.

De˛ne

f_n(t) = E | |x^Π_n (t_i) − x^N_n (t_i) | |^2, t_i 6 t < t_{i+1}, i = 0, . . . , k − 1.

The above estimate implies

f_n(t) 6 2K_{10}T γ + 2K_{10} ∫_t 0 f_n(s) ds,

and K_{10} is independent of n, so Lemma 2.6 follows by the Gronwall inequality. �

The crucial step in the proof of Theorem 1.1 is to establish that the ˛nite dimensional distributions of the process x^Π_n converge weakly as n → ∞.

Proposition 2.7. Let N ∈ N and a partition Π = {0 = t_0 < . . . < t_k = T } be given. Let ν_n, n > 0, be Borel probabilities on H^{k+1} defined by

ν_n = ( x^Π_n (t_0), . . . , x^Π_n (t_k) ) (Pn),

that is ν_n(Q) = P_n{ω; ( x^Π_n (t_0), . . . , x^Π_n (t_k) ) ∈ Q}

for any Borel set Q in H^{k+1}. Then ν_n −→ ν_0 weakly in H^{k+1} as n → ∞.

Proof. The proof proceeds by induction. By assumptions of Theorem 1.1 we have x^Π_n (t_0) −→ x^Π_0 (t_0) weakly in H. Assume that for some l, 0 6 l 6 k − 1, the convergence

(2.10) μ_n ≡ u_n(P_n) −→ μ_0 ≡ u_0(P_0) weakly in H^{l+1}

has beeen established, where we set

u_n = ( x^Π_n (t_0), . . . , x^Π_n (t_l) ) . Let us de˛ne

α_n : H^{l+1} −→ H^{l+2},

(ξ_0, . . . , ξ_l) −→ ( ξ_0, . . . , ξ_l, e^{A(tl+1−tl)}ξ_l + ∫_{tl+1} t_l e^{A(tl+1−s)}a_n(s, ξ_l) ds ) , and B_n : H^{l+1} −→ L^1(Ω^n, H^{l+2}),

(ξ_0, . . . , ξ_l) −→ ( 0, . . . , 0, ∫_{tl+1} t_l e^{A(tl+1−s)}b_n(s, ξ_l) dw_n(s) ) . Obviously,

x^Π_n (t_{l+1}) = e^{A(tl+1−tl )}x^Π_n (t_l) + ∫_{tl+1} t_l e^{A(tl+1−s)}a_n(s, x^Π_n (t_l)) ds + ∫_{tl+1} t_l e^{A(tl+1−s)}b_n(s, x^Π_n (t_l)) dw_n(s), thus ( x^Π_n (t_0), . . . , x^Π_n (t_{l+1}) ) = α_n(u_n) + B_n(u_n).

Take g ∈ BL(H^{l+2}) arbitrary and set h_n(y) = Eg(α_n(y) + B_n(y)), y ∈ H^{l+1}.

Proposition 2.2 yields

Eg(x^Π_n (t_0), . . . , x^Π_n (t_{l+1})) = Eh_n(u_n) = ∫ H^l+1

h_n(ξ) dμ_n(ξ). It follows | |Eg(x^Π_n (t_0), . . . , x^Π_n (t_{l+1})) − Eg(x^Π_0 (t_0), . . . , x^Π_0 (t_{l+1}))^|

6^∫_{Hl+1}^|hn(ξ) − h0(ξ)^| dμn(ξ) +^|^∫_{H l+1} h0(ξ) dμn(ξ) −^∫_{H l+1} h0(ξ) dμ0(ξ)^|

≡ M_1(n) + M_2(n).

To proceed further, we check that h_n ∈ BL(H^{l+1}) and (2.11) sup_n

¿0^{‖hn‖BL < ∞.}

Indeed,

|h_n(ξ) − h_n(ζ)| 6 ‖g‖_{BL}E|α_n(ξ) − α_n(ζ) + B_n(ξ) − B_n(ζ)|_Hl+2

6 K11‖g‖BL|ξ − ζ|_H l+1

for any ξ, ζ ∈ H^{l+1} by (A3). Therefore, M_2(n) −→ 0 as n → ∞ due to (2.10). Now, note that (2.12) lim_{n→∞} h_n(ξ) = h_0(ξ) for any ξ ∈ H^{l+1}. First,

α_n(ξ) − α_0(ξ) = ( 0, . . . , 0, ∫_{tl+1} t_l e^{A(tl+1−s)} [ a_n(s, ξ_l) − a_0(s, ξ_l) ] ds )

n→∞ −−−→ 0 in H^{l+1} by (1.8). Further, ∫_{tl+1} t_l e^{A(tl+1−s)}b_n(s, ξ_l) dw_n(s) is a centered Gaussian random variable in H with a covariance operator ∫_{tl+1} t_l e^{A(tl+1−s)}b_n(s, ξ_l)W_nb^∗_n(s, ξ_l)e^{A�(tl+1−s)} ds,

so B_n(ξ) −→ B_0(ξ) weakly in H^{l+2} by (1.9) and Proposition 2.1. Hence α_n(ξ) + B_n(ξ) −→ α_0(ξ)+B_0(ξ) weakly in H^{l+2} for any ξ ∈ H^{l+1} and recalling the de˛nition of h_n and of the weak convergence we see that (2.12) holds.

Take δ > 0 arbitrary, there exists a compact set K ⊆ H^{l+1} such that

(2.13) inf_n¿_0 μ_n(K) > 1 − δ

since the measures {μ_n} are weakly convergent. Due to the compactness of K, (2.12) and (2.11) the functions h_n converge to h_0 uniformly on K, hence lim_{n→∞} ∫ K |h_n(ξ) − h_0(ξ)| dμ_n(ξ) = 0.

Finally, ∫ H^l+1\K |h_n(ξ) − h_0(ξ)| dμ_n(ξ) 6 2 sup_n

¿0^{sup}H l+1 | |h_n | |δ by (2.13), so M_1(n) −→ 0 as well and Proposition 2.7 follows. �

Corollary 2.8. Let N ∈ N and a partition Λ = {0 = s_0 < . . . < s_q = T } of the interval [0, T ] be given. Then ( x^N_n (s_0), . . . , x^N_n (s_q ) ) (P_n)^{n→∞}−−−→^(x^N_0 (s_0), . . . , x^N_0 (s_q )^)(P_0) weakly in H^{q+1}.

In other words, x^N_n ’s converge in law to x^N_0 in the sense of ˛nite dimensional distributions.

Proof. Take γ > 0 arbitrary. According to Lemma 2.6, there exists a partition Π = {0 = t_0 < . . . < t_k = T } re˛ning the partition Λ and such that

sup_n ¿0^{maxi=0,...,k} E^|x^N_n (ti) − x^Π_n (ti)^{|2} 6^{γ2}_{q + 1}.

In particular,

(2.14) sup_n ¿0 E^{|(}x^N_n (s0), . . . , x^N_n (sq )^) −^(x^Π_n (s0), . . . , x^Π_n (sq )^{)|2}_{H q+1}

= sup_n ¿0 E q∑ i=0 | x^N_n (s_i) − x^Π_n (s_i)

|_2 6 γ^2.

Let g ∈ BL(H^{q+1}) be a bounded Lipschitz function, then | |Eg(x^N_n (s0), . . . , x^N_n (sq )) − Eg(x^N_0 (s0), . . . , x^N_0 (sq))^|

6 E^|g(x^N_n (s0), . . . , x^N_n (sq)) − g(x^Π_n (s0), . . . , x^Π_n (sq))^|

+ | |Eg(x^Π_n (s_0), . . . , x^Π_n (s_q)) − Eg(x^Π_0 (s_0), . . . , x^Π_0 (s_q ))^| + E^|g(x^Π_0 (s0), . . . , x^Π_0 (sq)) − g(x^N_0 (s0), . . . , x^N_0 (sq))^|

≡ I_1(n) + I_2(n) + I_1(0).

We have

I_1(n) 6 ‖g‖_{BL} ( E^{|(}x^N_n (s0), . . . , x^N_n (sq )^) −^(x^Π_n (s0), . . . , x^Π_n (sq )^{)|2}_{Hq+1}^{)1/2}

6 ‖g‖_{BL}γ

for any n > 0 by (2.14). Moreover, Proposition 2.7 yields ( x^Π_n (t_0), . . . , x^Π_n (t_k) ) (Pn)^{n→∞}−−−→^(x^Π_0 (t0), . . . , x^Π_0 (tk)^)(P0) weakly in H^{k+1},

so also lim_{n→∞} I_2(n) = 0

as Π is a re˛nement of the partition Λ. Therefore, for any γ > 0 and g ∈ BL(H^{q+1}) we have | |Eg(x^N_n (s0), . . . , x^N_n (sq )) − Eg(x^N_0 (s0), . . . , x^N_0 (sq))^| 6 (2‖g‖BL + 1)γ

for all n su‹ciently large, which proves the corollary. � Proof of Theorem 1.1. Take an arbitrary γ > 0. Note that there exists

N ∈ N such that

(2.15) sup_n ¿0 Pn^{ω ; sup_0

6t6T^{|xn(t) − x} N n (t)| > 0 }

6 γ.

Indeed, we use again the Prokhorov theorem and the weak convergence of η_n’s to ˛nd a ball K(0, N) = {z ∈ H ; |z| 6 N} such that

sup_n ¿0 Pn{ηn /∈ K(0, N)} < γ.

Then a standard local uniqueness argument (see e.g. [9], Lemma 4.2) and the continuity of sample paths yield

P_n^{({}η_n ∈ K(0, N)} ∩^{ sup_0 6t6T^{|xn(t) − x} N n (t)| > 0 }) = 0, hence (2.15) holds true. Using Corollary 2.5 we ˛nd a partition {0 = t_0 < . . . < t_k = T } of the interval [0, T ] such that

(2.16) sup_n ¿0 E^( max i=0,...,k−1 sup t_i 6t<t_i+1 | x^N_n (t) − x^N_n (t_i)

|)2 6 γ^2.

Let f ∈ BL(C([0, T ], H)) be a bounded Lipschitz function. Denote by P the space of all functions : [0, T ] −→ H which are right continuous with left limits on [0, T ] and continuous on (0, T ) \ {t_1, . . . , t_{k−1}}; endow P with the sup-norm. There exists a Lipschitz function f^♮ ∈ BL(P) such that f^♮ = f on C([0, T ], H) and ‖f^♮‖_{BL} = ‖f‖_{BL} (see e.g. [3], Theorem 6.1.1 and Proposition 11.2.2). De˛ne

f^♭ : H^{k+1} −→ R, y = (y_0, . . . , y_k) −→ f^♮(ỹ),

where ỹ ∈ P is de˛ned by ỹ(t) = y_i, t_i 6 t < t_{i+1}. Then f^♭ ∈ BL(H^{k+1}) and ‖f^♭‖_{BL} 6 ‖f‖_{BL}. Further, set x̃_n(t) = x^N_n (t_i), t_i 6 t < t_{i+1}, i = 0, . . . , k − 1; obviously, x̃_n is a stochastic process with paths in P.

Consequently, | |Ef(x_n) − Ef(x_0)^| 6 E^|f(x_n) − f(x^N_n )^| + E^|f(x^N_n ) − f^♮(x̃_n)^| + | |Ef^♮(x̃n) − Ef^♮(x̃0)^| + E^|f^♮(x̃0) − f(x^N_0 )^| + E^|f(x^N_0 ) − f(x0)^|

≡ Z_1(n) + Z_2(n) + Z_3(n) + Z_2(0) + Z_1(0).

Setting V (n) = { sup_0

6t6T^{|xn(t) − xNn (t)| > 0}}

we get

Z_1(n) = Eχ_{V (n)} | f(x_n) − f(x^N_n )

| 6 2‖f‖BLPn(V (n)) 6 2‖f‖_{BL}γ

for any n > 0 by (2.15). Furthermore,

Z_2(n) = E | |f^♮(x^N_n ) − f^♮(x̃_n) | | 6 ‖f^♮‖BLE sup_06_t6_T^|x^N_n (t) − x̃n(t)^|

6 ‖f‖_{BL}γ

for all n > 0 by (2.16). Finally,

Z_3(n) = | |Ef^♭(x^N_n (t_0), . . . , x^N_n (t_k)) − Ef^♭(x^N_0 (t_0), . . . , x^N_0 (t_k))^{| n→∞}−−−→ 0

by Corollary 2.8, so we have established that, given arbitrary γ > 0 and f ∈ BL(C([0, T ], H)), one has | Ef(x_n) − Ef(x_0)^| 6 (6‖f‖_{BL} + 1)γ

for all n su‹ciently large. This means that (2.17) x_{εn} (·, η_{εn} ) −→ x_0(·, η_0) weakly in C([0, T ], H) for any sequence ε_n ↘ 0. Due to the metrizability of the weak convergence, (2.17) is equivalent to the assertion of Theorem 1.1. The proof is complete. � Proof of Proposition 1.2. Fix x ∈ H and set k_ε(s) = a_ε(s, x) − a_0(s, x), K_ε(s) = ∫_s 0 k_ε(u) du.

Note that by (A2) we have

L ≡ sup_{ε∈[0,ε0)} sup_{s∈[0,T ]} |k_ε(s)| < ∞, sup_{ε∈[0,ε0)} sup_{s∈[0,T ]} |K_ε(s)| 6 LT. Take δ > 0, then ∫_t 0 e^{A(t−s)}k_ε(s) ds = ∫_{t−δ} 0 e^{A(t−s)}k_ε(s) ds + ∫_t t−δ e^{A(t−s)}k_ε(s) ds ≡ I_1 + I_2.

First, integrating by parts we obtain I_1 = e^{Aδ} K_ε(t − δ) + ∫_{t−δ} 0 Ae^{A(t−s)}K_ε(s) ds.

The semigroup (e^{At}) is analytic, so the operators Ae^{At} are continuous and (1.8) yields lim_{ε→0+} e^{Aδ}K_ε(t − δ) = 0 and lim_{ε→0+} Ae^{A(t−s)}K_ε(s) = 0, s ∈ [0, t − δ].

Therefore, for any δ > 0 ˛xed we get I_1 −→ 0 as ε → 0+ by the dominated convergence theorem. Moreover, |I_2| 6 sup_0 6t6T | |e^{At} | |_{L(H)}Lδ, so I_2 can be made arbitrarily small (uniformly in ε) by choosing δ su‹ciently small, and the ˛rst statement of Proposition 1.2 follows. The second assertion can be proved in a similar way. �

The following example shows that the assumptions on the convergence of coe‹-

cients adopted in Theorem 1.1 are strictly weaker than those used in Proposition 1.2.

Example 2.9. Let A: Dom(A) −→ H be a selfadjoint operator such that

there exists an orthonormal basis {f_n}^∞_{n=1} consisting of eigenvectors of the operator

A, Af_i = λ_if_i, where 0 > λ_i −→ −∞. As is well known, A is an in˛nitesimal

generator of an analytic selfadjoint C_0-semigroup (e^{At}) given by

e^{At} = ∞∑ n=1 e^{λnt}f_n ⊗ f_n, t > 0.

Let us de˛ne a_n : [0, T ] × H −→ H by

a_n(s, x) = f_n, s ∈ [0, T ], x ∈ H, n > 1.

Then | | | | ∫_t 0 e^{A(t−s)}a_n(s, x) ds | | | |_H = | | | | ∞∑ k=1 ∫_t 0 e^{λk (t−s)} ⟨ f_k, a_n(s, x) ⟩ f_k ds | | | | = | | | ∫_t 0 e^{λn(t−s)}f_n ds | | | = | | | 1 λ_n ( e^{λnt} − 1 ) f_n | | |

6^1_{|λn|}^{n→∞}−−−→ 0.

On the other hand, | | | ∫_t 0 a_n(s, x) ds | | |_H = t

for every n > 1.

Further, let us consider a Wiener process w in H of the form w(t) = β(t)f_1, where

β is a standard one-dimensional Brownian motion. The covariance operator of the

process w is W = f_1 ⊗ f_1 (i.e., W h = ⟨h, f_1⟩f_1 for h ∈ H). Obviously, W = W^{1/2}

and W f_k = δ_{1k}f_1 for k > 1. De˛ne operators b_n(s, x) ∈ L(H) by

b_n(s, x)h ≡ b_nh = ∞∑ k=1 ⟨h, f_k⟩f_{k+n−1}, s ∈ [0, T ], x, h ∈ H, n > 1.

Noticing that b_nf_1 = f_n for n > 1 and using the positivity of the operator

e^{A(t−s)}b_nW b^∗_ne^{A(t−s)} we obtain | | | ∫_t 0 e^{A(t−s)}b_nW b^∗_ne^{A(t−s)} ds | | | N^{= tr} (∫_t 0 e^{A(t−s)}b_nW b^∗_ne^{A(t−s)} ds )

= ∞∑ k=1 ⟨(∫_t 0 e^{A(t−s)}b_nW b^∗_ne^{A(t−s)} ds ) f_k, f_k ⟩

= ∫_t 0 ∞∑ k=1 ⟨ e^{A(t−s)}b_nW b^∗_ne^{A(t−s)}f_k, f_k ⟩ ds

= ∫_t 0 ∞∑ k=1 | |W^{1/2}b^∗_ne^{A(t−s)}f_k | |^2 ds

= ∫_t 0 ∞∑ k=1 | W b^∗_ne^{A(t−s)}f_k |_2 ds

= ∫_t 0 ∞∑ k=1 | |e^{A(t−s)}b_nW f_k | |^2 ds

= ∫_t 0 | e^{A(t−s)}b_nf_1 |_2 ds = ∫_t 0 | e^{A(t−s)}f_n |_2 ds = ∫_t 0 | e^{λn(t−s)}f_n |_2 ds 6^1_{2|λn|}^{n→∞}−−−→ 0.

At the same time, | | | ∫_t 0 b_nW b^∗_n ds | | |N^{= t |bnW b∗n|}N^{= t tr(bnW b∗n)} = t ∞∑ j=1 |b_nW f_j |^2 = t|f_n|^2 = t 9 0

as n → ∞.

Acknowledgement. The author thanks Prof. D. Gİatarek and J. Seidler for their

valuable comments.

References

[1] S. Chevet: Compacité dans l’espace des probabilités de Radon gaussiennes sur un Ba-

nach. C. R. Acad. Sci. Paris Sér. I Math. 296 (1983), 275{278.

[2] G. Da Prato, J. Zabczyk: Stochastic equations in in˛nite dimensions. Cambridge Uni-

versity Press, Cambridge, 1992.

[3] R. M. Dudley: Real analysis and probability. Wadsworth & Brook/Cole, Paci˛c Grove,

1989.

[4] I. I. Gihman: Differencial~nye uravneniØ so sluqa$inymi funkciØmi. ZimnØØ xkola po teorii veroØtnoste$i i matematiqesko$i statistike (Ußgorod, 1964). Inst. Mat. Ukrain. SSR, Kiev, 1964, str. 41–85.

[5] R. Z. Has~minski$i: O principe usredneniØ dlØ paraboliqeskih i fflliptiqeskih differencial~nyh uravneni$i i markovskih processov s malo$i diffuzie$i. Teor. VeroØtnost. i Primenen. 8 (1963), 3{25.

[6] R. Z. Has~minski$i: O principe usredneniØ dlØ stohastiqeskih differencial~- nyh uravneni$i Ito. Kybernetika 4 (1968), 260{279.

[7] B. Maslowski, J. Seidler, I. Vrkoč: An averaging principle for stochastic evolution equations II. Math. Bohem. 116 (1991), 191{224.

[8] B. Maslowski, J. Seidler, I. Vrkoč: Integral continuity and stability for stochastic hyperbolic equations. Di¸erential Integral Equations 6 (1993), 355{382.

[9] J. Seidler: Da Prato{Zabczyk’s maximal inequality revisited I. Math. Bohem. 118 (1993), 67{106.

[10] J. Seidler, I. Vrkoč: An averaging principle for stochastic evolution equations. Čas. Pěst.

Mat. 115 (1990), 240{263.

[11] A. V. Skorohod: Asimptotiqeskie metody teorii stohastiqeskih differencial~nyh uravneni$i. Naukova Dumka, Kiev, 1987.

[12] I. Vrkoč: Extension of the averaging method to stochastic equations. Czechosloval Math.

J. 16(91) (1966), 518{544.

Author’s address: Ivo Vrkoč, Mathematical Institute, Academy of Sciences, »Zitn«a 25, 115 67 Praha 1, Czech Republic.