121 (1996) MATHEMATICA BOHEMICA No. 1, 73{76

ASYMPTOTIC BEHAVIOR OF T -PERIODIC SOLUTIONS OF SINGULARLY PERTURBED SECOND-ORDER DIFFERENTIAL EQUATION

Róbert Vrábeľ, Trnava

(Received July 7, 1994)

Abstract. We examine the asymptotic behavior of T -periodic solutions of the singularly perturbed di¸erential equation μy^{′′} = f(t, y) as a small parameter μ tends to zero.

Keywords: singularly perturbed equation, T -periodic solution

MSC 1991 : 35E10, 34C25

1. Introduction

The problem of existence of a T -periodic solution for di¸erential equations was examined by Mawhin [2, 3], Fučík [1, 2] and others applying various methods. We establish su‹cient conditions for existence of T -periodic solutions for the singularly perturbed semilinear di¸erential equation μy^{′′} = f(t, y) which converge to a solution of the reduced problem (RP, for short) f(t, u) = 0 as the small parameter μ tends to zero, using the method of upper and lower solutions. We will consider the secondorder di¸erential equation

(1) μy^{′′} = f(t, y)

where f ∈ C^1(R^2) is a T -periodic function in the variable t and μ is a small positive parameter. This is a singular perturbation problem because the order of the di¸erential equation drops when μ becomes zero. We can think of this equation as the mathematical model of nonlinear dynamical systems with a high-speed back coupling.

Without loss of generality we can consider the interval [0, T ]. Denote

(2) D_ffi(u) = {(t, y): 0 6 t 6 T, |y − u(t)| < d(t)},

where d(t) is the positive continuous function on [0, T ] such that

d(t) = |u(0) − u(T )| + δ for 0 6 t 6 δ/2 and T − δ/2 6 t 6 T and d(t) = δ for δ 6 t 6 T − δ,

δ is a small positive constant and u ∈ C^2 is a solution of RP.

2. Main result

The following theorem is the main result of this paper.

Theorem. Let f ∈ C^1(R^2) be T -periodic. Let u ∈ C^2(R) be a T -periodic function such that f ( t, u(t) ) = 0 on R. Let δ > 0 be such that

(3) ∂f(t, y)

∂y > m > 0 for every (t, y) ∈ Dffi(u).

Then there exists μ_0 such that for each μ ∈ (0, μ_0] the problem (1) has a unique T -periodic solution defined on R which converges uniformly to the solution of RP f(t, u) = 0 as μ tends to zero.

Example. Consider the problem μy^{′′} = y + arctan y + sin 2pt. The function f(t, y) = y + arctan y + sin 2pt is a T -periodic function for T = 1 and satis˛es the condition (3) for m = 1. By virtue of Theorem, its unique 1-periodic solution tends uniformly to the solution of RP on R.

3. Proof of Theorem

Theorem follows easily and immediately as a special case of the following lemma.

Lemma 1. Consider the periodic boundary value problem

μy^{′′} = f(t, y), t ∈ [0, T ]

(1^′) y(0, μ) − y(T, μ) = 0, y^′(0, μ) − y^′(T, μ) = 0.

Let a function f ∈ C^1 ( D_ffi(u) ) satisfy the condition (3) where D_ffi(u) is defined in (2).

Then there exists μ_0 such that for each μ ∈ (0, μ_0] the problem (1^′) has a unique solution, satisfying the inequality

−v_{11} − v_2 − Cμ 6 y(t, μ) − u(t) 6 v_{12} + v_2 + Cμ

for u(0) > u(T ) and

v_{12} − v_2 − Cμ 6 y(t, μ) − u(t) 6 −v_{11} + v_2 + Cμ

for u(0) 6 u(T ), where

v_{11}(t, μ) = ( u(0) − u(T )

)exp[−(m/μ)^{1=2}(t − T )]

exp[(m/μ)^{1=2}T ] − 1 , v_{12}(t, μ) = ( u(0) − u(T )

) exp[(m/μ)^{1=2}t] exp[(m/μ)^{1=2}T ] − 1 , v_2(t, μ) = |u^′(0) − u^′(T )| exp[−(m/μ)^{1=2}t)] + exp[−(m/μ)^{1=2}(T − t)] 2(m/μ)^{1=2}(1 − exp[−(m/μ)^{1=2}T ])

and C > max{|u^{′′}(t)|m^{−1} : t ∈ [0, T ]} is a positive constant.

Proof. We apply the method of upper and lower solutions. As usual, we say that α ∈ C_2([0, T ]) is a lower solution for (1^′) if α(0, μ) − α(T, μ) = 0, α^′(0, μ) − α^′(T, μ) > 0, and μα^{′′}(t, μ) > f ( t, α(t, μ) ) for every t ∈ [0, T ]. An upper solution β ∈ C^2([0, T ]) satis˛es β(0, μ) − β(T, μ) = 0, β^′(0, μ) − β^′(T, μ) 6 0 and μβ^{′′}(t, μ) 6 f ( t, β(t, μ) ) for every t ∈ [0, T ]. The proof is based upon the following lemma.

Lemma 2 (compare with [4], Theorem 3). Let f ∈ C([0, T ] × R). If α, β are respectively lower and upper solutions for (1^′) such that α 6 β on [0, T ], then there exists a solution y of (1^′) with α 6 y 6 β on [0, T ].

For u(0) > u(T ) we de˛ne the lower solutions by

α(t, μ) = u(t) − v_{11} − v_2 − Γ and the upper solutions by

β(t, μ) = u(t) + v_{12} + v_2 + Γ

(in the case u(0) 6 u(T ) we proceed analogously).

Here Γ(μ) = μτ/m, where τ is a constant which will be de˛ned below. One can easily check that the functions α, β satisfy the boundary conditions required for the lower and upper solutions of (1^′) and α 6 β on [0, T ]. Now we show that μα^{′′}(t, μ) > f ( t, α(t, μ) ) and μβ^{′′}(t, μ) 6 f ( t, β(t, μ) ) on [0, T ]. By Taylor theorem we obtain f ( t, α(t, μ) ) = f ( t, α(t, μ) ) − f ( t, u(t) ) = ∂f(t, θ(t, μ)) ∂y ( v_{11}(t, μ) + v_2(t, μ) + Γ(μ) ) , where ( t, θ(t, μ) ) is a point between ( t, α(t, μ) ) and ( t, u(t) ) , ( t, θ(t, μ) ) ∈ D_ffi(u) for su‹ciently small μ, for instance if μ ∈ (0, μ_0]. Then

μα^{′′}(t, μ) − f ( t, α(t, μ)

) > μu^{′′} − μv^{′′}_{11} − μv^{′′}_2 + m(v11 + v2 + Γ) > −μ|u^{′′}| + μτ

(because μv^{′′}_{11} = mv_{11} and μv^{′′}_2 = mv_2 on [0, T ]) for every t ∈ [0, T ]. If we choose a constant τ such that τ > |u^{′′}(t)|, t ∈ [0, T ] then μα^{′′}(t, μ) > f ( t, α(t, μ) ) in [0, T ].

The inequality for β can be proved similarly. The existence of solutions of (1^′) satisfying the just stated inequalities follows from the above considerations. Since f is increasing in the variable y the solution of (1^′) is unique. �

Remark. We note (on the basis of Lemma 1) that if f(0, y) ≠ f(T, y) (i.e. u(0) ≠ u(T )) then there are initial and endpoint nonuniformities (i.e. the solution y of (1^′) tends uniformly to a solution u of RP on every compact set K ⊂ (0, T ), but |y^′(0, μ)| ( =|y^′(T, μ)| ) → ∞ as μ → 0).

References

[1] S. Fučík and V. Lovicar: Periodic solutions of the equation x^{′′}(t)+g(x(t)) = p(t). Časopis Pěst. Mat. 100 (1975), 160{175.

[2] S. Fučík and J. Mawhin: Periodic solutions of some nonlinear di¸erential equations of higher order. Časopis Pěst. Mat. 100 (1975), 276{283.

[3] J. Mawhin: Nonlinear perturbations of Fredholm mappings in normed spaces and applications to di¸erential equations. Trabalho de Matematica, No. 61. Universidad de Brasilia, 1974.

[4] V. Šeda: On some non-linear boundary value problems for ordinary di¸erential equations. Arch. Math. (Brno) 25 (1989), 207{222.

Author’s address: Róbert Vrábeľ, katedra matematiky MTF STU, 917 24 Trnava, Slovakia.