121 (1996) MATHEMATICA BOHEMICA No. 2, 177{182

Σ-HAMILTONIAN AND Σ-REGULAR ALGEBRAIC STRUCTURES

Ivan Chajda, Petr Emanovský, Olomouc

(Received March 23, 1995)

Abstract. The concept of a ˚-closed subset was introduced in [1] for an algebraic structure

A = (A, F, R) of type τ and a set ˚ of open formulas of the ˛rst order language L(τ). The

set C�(A ) of all ˚-closed subsets of A forms a complete lattice whose properties were investigated in [1] and [2]. An algebraic structure A is called ˚-hamiltonian, if every non-empty ˚-closed subset of A is a class (block) of some congruence on A ; A is called ˚-regular, if θ = ˘ for every two θ, ˘ ∈ Con A whenever they have a congruence class B ∈ C�(A ) in common. This paper contains some results connected with ˚-regularity and ˚-hamiltonian property of algebraic structures.

Keywords: algebraic structure, closure system, ˚-closed subset, ˚-hamiltonian and ˚- regular algebraic structure, ˚-transferable congruence

MSC 1991 : 08A05, 04A05

The concept of an algebraic structure was introduced in [6] and [9]. A type of a structure is a pair τ = ⟨{n_i ; i ∈ I}, {m_j ; j ∈ J}⟩, where n_i and m_j are non-negative integers. A structure A of type τ is a triplet (A, F, R), where A ≠ ∅ is a set and F = {f_i, i ∈ I}, R = {ϱ_j ; j ∈ J} are such that for each i ∈ I, j ∈ J, f_i is an n_i-ary operation on A and ϱ_j is an m_j -ary relation on A. Denote by L(τ) a first order language containing operational and relational symbols of type τ, see [6] for some details. If R = ∅, the structure (A, F, ∅) is denoted by (A, F ) and called an algebra. If F = ∅, the structure (A, ∅, R) is denoted by (A, R) and called a relational system. A relational system (A, R) is called binary if each ϱ_j ∈ R is binary; moreover (A, R) is said to be antisymmetrical if each ϱ_j ∈ R is an antisymmetrical relation.

Let us introduce the following concepts: for each γ ∈ Γ, where Γ is an index set, let G_γ (x_1, . . . , x_{kγ} , y_1, . . . , y_{sγ} , z, p) be an open formula containing individual variables x_1, . . . , x_{kγ} , y_1, . . . , y_{sγ} , z and a symbol p of an n_i-ary term of type τ; for each λ ∈ Λ, where Λ is an index set such that Γ ∩ Λ = ∅, let G_λ(x_i, . . . , x_{kλ} , y_1, . . . , y_{sλ} , z, ϱ_j ) be an open formula containing individual variables x_1, . . . , x_{kλ} , y_1, . . . , y_{sλ} , z and a symbol ϱ_j of an m_j -ary relation. Put Σ = {G_γ ; γ ∈ Γ} ∪ {G_λ ; λ ∈ Λ}. The set Σ = {G_γ , γ ∈ Γ} ∪ {G_λ, λ ∈ Λ} of formulas of a language L(τ) is called limited if there exists a non-negative integer n, such that n = max({k_γ , γ ∈ Γ} ∪ {k_λ, λ ∈ Λ} ∪ {s_γ , γ ∈ Γ} ∪ {s_λ, λ ∈ Λ}).

Let A = (A, F, R) be a structure of type τ and let B ⊆ A.

Definition 1. A subset B of A is said to be Σ-closed if for each γ ∈ Γ, λ ∈ Λ and every b_1, . . . , b_{kγ} , b^′_1, . . . , b^′_{kλ} ∈ B, a_1, . . . , a_{sγ} , a^′_1, . . . , a^′_{sλ} , c, c^′ ∈ A, if G_γ (b_1, . . . , b_{kγ} , a_1, . . . , a_{sγ} , c, p) is satisfied in A then c ∈ B and if G_λ(b^′_1, . . . , b^′_{kλ} , a^′_1, . . . , a^′_{sλ} , c^′, ϱ_j ) is satisfied in A then c^′ ∈ B.

Denote by C_Σ(A ) the set of all Σ-closed subsets of A .

Since the concept of Σ-closed subsets is defined by the set of universal formulas, B = ∩{B_δ ; δ ∈ Δ} is also a Σ-closed subset of A , provided B_δ has this property for each δ ∈ Δ. Thus we have

Lemma 1. Let A = (A, F, R) be a structure of type τ and let Σ be a set of open formulas of the language L(τ). Then the set C_Σ(A ) of all Σ-closed subsets of A forms a complete lattice with respect to set inclusion with the greatest element A.

Corollary 1. For any A , Σ and M ⊆ A there exists the least Σ-closed subset

CA (M) containing M.

If M = {a_1, . . . , a_n} then we will write briefly CA (M) = CA (a_1, . . . , a_n). If the set Σ is implicitly known, we will use only the lattice C_Σ(A ) to specify the closure system; we will use the more familiar notation of C_Σ(A ) provided it was introduced before, see the following examples.

Examples.

(1) Let A = (A, 6) be an ordered set. Put Γ = ∅, Λ = {1}, k_1 = 2, s_1 = 0 and Σ = {G_1}, where G_1(x_1, x_2, z, 6) is the formula (x_1 6 z and z 6 x_2). Then the Σ-closed subsets of A are just the convex subsets of (A, 6).

(2) Let A = (A, F ) be an algebra, F = {f_i ; i ∈ I}. Let Λ = ∅, Γ = I, k_i = n_i, s_i = 0 for i ∈ I. Put Σ = {G_i ; i ∈ I}, where G_i(x_i, . . . , x_{ni} , z, f_i) is the formula ( f_i(x_1, . . . , x_{ni} ) = z ) . Then the Σ-closed subsets of A are subalgebras of

A = (A, F ), and CΣ(A ) = Sub A .

(3) Let R = (R, +, ., 0) be a ring, Λ = ∅, Γ = {1, 2, 3}, k_1 = 2, k_2 = k_3 = 1, s_1 = 0, s_2 = s_3 = 1 and Σ = {G_1, G_2, G_3}, where G_1 is a formula (x_1 − x_2 = z), G_2 is the formula (x_1 · y_1 = z) and G_3 is the formula (y_1 · x_1 = z). Then the Σ-closed subsets

of R are ideals of R and CΣ(R) = Id R, the lattice of all ideals of R. Analogously

we can introduce the left or right ideals of R.

(4) Similarly, if L = (L, ∨, ∧) is a lattice, Λ = ∅, Γ = {1, 2}, k_1 = 2, k_2 = 1, s_1 = 0, s_2 = 1, Σ = {G_1, G_2}, where G_1 is the formula (x_1 ∨x_2 = z) and G_2 is the formula (x_1 ∧ y_2 = z), then the Σ-closed subsets are lattice ideals, i.e. C_Σ(L ) = Id L .

(5) Let L = (L, ∨, ∧) be a lattice, Γ = {1, 2}, Λ = {1^′}, k_1 = k_2 = k_1′ = 2, s_1 = s_2 = s_1′ = 0, Σ = {G_1, G_2, G_1′ }, where G_1 is the formula (x_1 ∨ x_2 = z), G_2 the formula (x_1 ∧ x_2 = z) and G_1′ is the formula (x_1 ∧ z = x_1 and x_2 ∨ z = x_2). Then the Σ-closed subsets form the convex sublattices of L .

(6) Let G = (G, .,^{−1} , e) be a group, let p(x, y) be the term p(x, y) = yxy^{−1} and Σ = {G_1, G_2, G_3, G_4}, where G(x_1, x_2, z, .) is the formula (x_1 · x_2 = z), G_2(x_1, z,^{−1} ) is the formula (x^{−1}_1 = z), G_3(z, e) is the formula (e = z) and G_4(x_1, y_1, z, p) is the formula ( p(x_1, y_1) = z ) . Then C_Σ(G ) is the lattice of normal subgroups of G . This lattice will be denoted by N(G ).

(7) Example (1) can be generalized as follows: For a binary relational system

A = (A, R) with R = {ϱj ; j ∈ J} we call CΣ(A ) the lattice of convex subsets if

Σ = {G_j ; j ∈ J} and every G_j (x_1, x_2, z) is the formula (x_1ϱ_j z and zϱ_j x_2); we denote C_Σ(A ) by Conv A .

(8) Example (5) can be generalized as follows: An algebraic structure A = (A, F, R) is called a binary algebraic structure if a relational system (A, R) is binary.

Let A be a binary algebraic structure, A1 = (A, F ), A2 = (A, R), Σ = Σ1 ∪ Σ2,

where Σ_1 = {G_γ ; γ ∈ Γ} and Σ_2 = {G_λ ; λ ∈ Λ}. The lattice C_Σ(A ) is called the lattice of convex subalgebras of A if C_{Σ1} (A_1) = Sub A_1 and C_{Σ2} (A_2) = Conv A_2; C_Σ(A ) is denoted by C Sub A .

The concept of the Hamiltonian group is well-known in the group theory. A group is Hamiltonian if each of its subgroups is normal. This concept was generalized for algebras in [8]: an algebra A is Hamiltonian if each of its subalgebras is a class of some congruence on A . Hamiltonian algebras were characterized in [7].

An important concept of universal algebra is that of a regular algebra, i.e. an algebra A such that any two congruences on A coincide whenever they have a congruence class in common.

In this paper we generalize the concept of the Hamiltonian algebra by the concept of the Σ-hamiltonian algebraic structure and the concept of the regular algebra by the concept of the Σ-regular algebraic structure. Furthermore, we will formulate some conditions for Σ-regularity and Σ-hamiltonian property of the algebraic structures and we also show the relation between these concepts.

Definition 2. Let A = (A, F, R) be an algebraic structure of type τ and let Σ be a set of open formulas of the language L(τ). The structure A is called Σ-hamiltonian if each non-empty Σ-closed subset of A is a class of some congruence on A .

Examples.

(9) If G = (G, .,^{−1} , e) is an Abelian group and CΣ(G ) = Sub G , then G is a

Σ-hamiltonian algebraic structure.

(10) If G = (G, .,^{−1} , e) is a group and C_Σ(A ) = N(G ), then G is a Σ-hamiltonian structure.

(11) Let R = (R, +, ., 0) be a ring and C_Σ(R) = Id R. Then R is Σ-hamiltonian. (12) Let D = (D, ∨, ∧, 0) be a distributive lattice and C_Σ(D) = Id D. Then D is Σ-hamiltonian.

Theorem 1. Let A = (A, F, R) be an algebraic structure and C_Σ(A ) a set of its Σ-closed subsets. Then the following conditions are equivalent:

(1) A is Σ-hamiltonian;

(2) for each (n + 1)-ary term q and for every a, b, a_1, . . . , a_n ∈ A we have q(b, a_1, . . . , a_n) ∈ CA ( a, b, q(a, a_1, . . . , a_n) ) . Proof. (1) ⇒ (2): Let A be a Σ-hamiltonian structure, B ∈ CΣ(A ) and let B

be generated by elements a, b, q(a, a_1, . . . , a_n) ∈ A, i.e. B = CA ( a, b, q(a, a_1, . . . , a_n) ) . Then B is a congruence class of some θ ∈ Con A , i.e. it is a class of congruence θ(B) which is generated by the relation B × B. However, a, b ∈ B, then ⟨a, b⟩ ∈ θ, hence ⟨q(a, a_1, . . . , a_n), q(b, a_1, . . . , a_n)⟩ ∈ θ, i.e. q(b, a_1, . . . , a_n) and q(a, a_1, . . . , a_n) belong to the same class, thus q(b, a_1, . . . , a_n) ∈ B.

(2) ⇒ (1): Let B ∈ C_Σ(A ) and suppose that (2) holds and B is not a class of any congruence θ ∈ Con A . Then there exist a, b ∈ B such that q(a, a_1, . . . , a_n) ∈ B but q(b, a_1, . . . , a_n) /∈ B for some (n + 1)-ary term q and a_1, . . . , a_n ∈ A. Thus a, b, q(a, a_1, . . . , a_n) ∈ B implies CA ( a, b, q(a, a_1, . . . , a_n) ) ⊆ B, and q(b, a_1, . . . , a_n) ∈

CA^(a, b, q(a, a1, . . . , an)^) ⊆ B according to (2), a contradiction. Hence (2) implies

(1). �

Theorem 2. Let A = (A, F, R) be an algebraic structure and 0 ∈ A. Let C_Σ(A ) be a system of Σ-closed subsets of A such that 0 ∈ B for every B ∈ C_Σ(A ) and, furthermore, for every a, b ∈ B there exists d ∈ B such that θ(0, a)∨θ(0, b) = θ(0, d). Then the condition

(∗) CA (a) is a class of the congruence θ(0, a) for each a ∈ A

implies that A is Σ-hamiltonian.

Proof. Let B ∈ CΣ(A ). Then B = ∨{CA (x); x ∈ B} in the lattice ( C_Σ(A ), ⊆ ) . Put θ = ∨{θ(0, x); x ∈ B} in the lattice (Con A , ⊆). Then:

(a) ⟨a, 0⟩ ∈ θ(0, a) and ⟨0, b⟩ ∈ θ(0, b) for every a, b ∈ B, hence ⟨a, b⟩ ∈ θ(0, a) · θ(0, b) ⊆ θ(0, a) ∨ θ(0, b) ⊆ θ. Thus B × B ⊆ θ, i.e. there exists a class C of the congruence θ such that B ⊆ C.

(b) Suppose that B is not a class of the congruence θ. Then there exist d ∈ B, c /∈ B such that ⟨c, d⟩ ∈ θ. Since the lattice Con A is algebraic, there exist elements b_1, . . . , b_n ∈ B such that ⟨c, 0⟩ ∈ θ(0, b_1) ∨ θ(0, b_2) ∨ . . . ∨ θ(0, b_n). By the assumption there exists h ∈ B such that ⟨c, 0⟩ ∈ θ(0, h). Hence c ∈ CA (h) ⊆ B by (∗), a contradiction. Thus B is a class of θ. �

Example. Let D = (D, ∨, ∧, 0) be a distributive lattice with zero 0 and

C_Σ(D) = C Sub D (0 means a nullary operation). Then the assumption and condition (∗) of Theorem 2 are fulfilled, see e.g. Theorem 1 in [5], thus D is a Σ-hamiltonian structure.

Definition 3. Let A = (A, F, R) be an algebraic structure of type τ, let Σ be a set of open formulas of the language L(τ) and let C_Σ(A ) be the closure system. The structure A is called Σ-regular if θ = Φ for θ, Φ ∈ Con A whenever they have a congruence class B ∈ C_Σ(A ) in common; A is called strongly Σ-regular if every B ∈ C_Σ(A ) is a class of exactly one congruence on A .

The following proposition is evident:

Lemma 2. If an algebraic structure is strongly Σ-regular, then it is also Σ-regular.

Definition 4. We say that an algebraic structure A = (A, F, R) has Σ-trans-ferable congruences, if for every a, b, c ∈ A and [c]_{θ(a,b)} ∈ C_Σ(A ) there exist elements d_1, . . . , d_n ∈ [c]_{θ(a,b)} such that θ(a, b) = θ(c, d_1, . . . , d_n).

Theorem 3. Let A = (A, F, R) be an algebraic structure of type τ and let Σ be a set of open formulas of the language L(τ). Then the following conditions are equivalent:

(i) A is Σ-regular;

(ii) A has Σ-transferable congruences.

Proof. (i) ⇒ (ii): Let A be Σ-regular, a, b ∈ A and [c]_{θ(a,b)} ∈ CΣ(A ). Then,

by the Σ-regularity we have θ(a, b) = θ([c]_{θ(a,b)}) = θ({c} × [c]_{θ(a,b)}). Since the lattice

Con A is algebraic, i.e. compactly generated, there exists a finite subset F ⊆ [c]θ(a,b)

such that θ(a, b) = θ({c} × F ). If F = {d_1, . . . , d_n} then θ(a, b) = θ(c, d_1, . . . , d_n), i.e. the structure A has Σ-transferable congruences.

(ii) ⇒ (i): Let θ_1, θ_2 ∈ Con A and let B ∈ C_Σ(A ) be their common congruence class. Then B is also a class of the congruence θ_1 ∩ θ_2. Thus we can suppose without loss of generality that θ_1 ⊆ θ_2. Further suppose ⟨a, b⟩ ∈ θ_2 and c ∈ B. By the

Σ-transferability we obtain the existence of elements d_1, . . . , d_n ∈ [c]_{θ(a,b)} ⊆ B with θ(a, b) = θ(c, d_1, . . . , d_n), i.e. ⟨c, d_1⟩ ∈ B × B. Hence ⟨c, d_i⟩ ∈ θ_1 for i = 1, . . . , n, thus θ(a, b) = θ(c, d_1) ∨ . . . ∨ θ(c, d_n) ⊆ θ_1. Then ⟨a, b⟩ ∈ θ_1, i.e. θ_2 ⊆ θ_1. So we have θ_1 = θ_2 and A is Σ-regular. �

It is evident that every strongly Σ-regular algebraic structure is also Σ-hamilto-nian. Hence every strongly Σ-regular structure is Σ-regular and Σ-hamiltonian by Lemma 2. Conversely, if a structure A is Σ-hamiltonian and Σ-regular, then by the first property, every B ∈ C_Σ(A ) is a class of at least one congruence on A and, by Σ-regularity, B is a class of at most one congruence on A . Thus we have

Theorem 4. An algebraic structure is strongly Σ-regular if and only if it is Σregular and Σ-hamiltonian.

References

[1] Chajda, I., Emanovský, P.: ˚-isomorphic algebraic structures. Math. Bohem. 120 (1995), 71{81.

[2] Chajda, I., Emanovský, P.: Modularity and distributivity of the lattice of ˚-closed subsets of an algebraic structure. Math. Bohem. 120 (1995), 209{217.

[3] Chajda, I.: Characterization of Hamiltonian algebras. Czechoslovak Math. J. 42(117) (1992), 487{489.

[4] Chajda, I.: Transferable principal congruences and regular algebras. Math. Slovaca 34 (1984), 97{102.

[5] Chajda, I.: Algebras whose principal congruences form a sublattices of the congruence lattice. Czechoslovak Math. J. 38(113) (1988), 585{588.

[6] Grätzer, G.: Universal Algebra (2nd edition). Springer Verlag, 1979. [7] Kiss, E.W.: Each Hamiltonian variety has the congruence extension property. Algebra Universalis 12 (1981), 395{398.

[8] Klukovits, L.: Hamiltonian varieties of universal algebras. Acta Sci. Math. (Szeged) 37 (1975), 11{15.

[9] Malcev, A.I.: Algebraic Systems. Nauka, Moskva, 1970. (In Russian.) [10] Mamedov, O.M.: Characterization of varieties with n-transferable principal congruences.

VINITI Akad. Nauk Azerbaid. SR, Inst. Matem. i Mech. (Baku), 1989, pp. 2{12. (In Russian.)

Authors’ addresses: Ivan Chajda, katedra algebry a geometrie, přír. fak. UP Olomouc, Tomkova 40, 779 00 Olomouc; Petr Emanovský, katedra matematiky, ped. fak. UP Olomouc, Žižkovo nám. 5, 771 40 Olomouc.