121 (1996) MATHEMATICA BOHEMICA No. 2, 165{176

CYCLICALLY ORDERED SETS AS PARTIAL ALGEBRAS

Vítězslav Novák, Brno

(Received March 17, 1995)

Abstract. A representation of cyclically ordered sets by means of partial semigroups with an additional unary operation is constructed.

Keywords: partial semigroup, e-semigroup, cyclically ordered set, c-algebra MSC 1991 : 04A05, 08A55

In [4], a representation of transitive ternary structures by partial semigroups with units is constructed. The construction proceeds as follows: If (G, t) is a transitive ternary structure, we put c(t) = t ∪ {(x, y, x); there exists z such that (x, y, z) ∈ t or (z, y, x) ∈ t} and define on c(t) a partial binary operation · by

(x, y, z) · (z, y, u) = (x, y, u).

Then (c(t), ·) is a partial semigroup and (x, y, x) is a left unit of the element (x, y, z) ∈ c(t), (z, y, z) is its right unit. This construction is not suitable for cyclically ordered sets, for if t is a cyclic order then (x, y, x) ∈ t never holds. Here we present another construction which assigns to any cyclically ordered set a partial semigroup with an additional unary operation.

Another representation of transitive ternary structures is given in [5].

1. Partial semigroups

1.1. Let S ≠ ∅ be a set, · a partial binary operation on S with the property: if one of the products (x · y) · z, x · (y · z) is defined then the other is also defined and (x · y) · z = x · (y · z). Then the structure S = (S, ·) is called a partial semigroup.

1.2. Homomorphisms and isomorphisms of partial semigroups are defined in a standard way. Thus, if S = (S, ·), T = (T, ·) are partial semigroups and f : S → T , then f is a homomorphism of S into T if x, y ∈ S, x · y is defined in S then f(x) · f(y) is defined in T and f(x · y) = f(x) · f(y). A bijective homomorphism of S onto T such that f^{−1} is a homomorphism of T onto S is an isomorphism; S and T are isomorphic if there exists an isomorphism of S onto T.

1.3. Let S = (S, ·) be a partial semigroup, e ∈ S. The element e is a unit in S if x ∈ S, e · x is defined implies e · x = x, and y ∈ S, y · e is defined implies y · e = y. We denote by E(S) the set of all units in S.

The following four lemmas are trivial and known; we present them for the purpose of the subsequent text.

1.4. Lemma. Let S = (S, ·) be a partial semigroup, x ∈ S, e_1, e_2 ∈ E(S). If both e_1 · x and e_2 · x (both x · e_1 and x · e_2) are defined, then e_1 = e_2.

Proof. Let both e1 ·x and e2 ·x be defined. As e2 ·x = x, the product e1 ·(e2 ·x)

is defined. Hence (e_1 · e_2) · x, thus also e_1 · e_2 is defined and then e_1 · e_2 = e_1 = e_2. Dually in the case when x · e_1, x · e_2 are defined. �

1.5. Let S = (S, ·) be a partial semigroup, x ∈ S. If there exists e ∈ E(S) such that e · x is defined, we denote it e = e_L(x); if there exists e^′ ∈ E(S) such that x · e^′ is defined, we denote it e^′ = e_R(x). e_L(x) and e_R(x) are called left and right units of x, respectively.

1.6. Lemma. Let S = (S, ·) be a partial semigroup, x, y ∈ S and let x · y be defined. Then x · y has the left (right) unit iff x (y) has the left (right) unit; in that case e_L(x · y) = e_L(x) (e_R(x · y) = e_R(y)).

Proof. If eL(x) = e exists then e · x = x; thus (e · x) · y, hence e · (x · y) is

defined, i.e. e = e_L(x · y). Conversely, if e_L(x · y) = e exists then e · (x · y), hence (e · x) · y and e · x is defined and e = e_L(x). Dually for the right units. �

In the sequel we shall deal with partial semigroups S = (S, ·) with the property

x ∈ S ⇒ both e_L(x) and e_R(x) exist;

partial semigroups with this property will be called e-semigroups.

1.7. Lemma. Let S be an e-semigroup and e ∈ E(S). Then e_L(e) = e_R(e) = e.

Proof. By definition eL(e) · e = e = eL(e); similarly for eR(e). �

1.8. Lemma. Let S = (S, ·) be an e-semigroup, x, y ∈ S. If x · y is defined then e_R(x) = e_L(y).

Proof. As x · eR(x) = x, the product (x · eR(x)) · y, thus x · (eR(x) · y) and

e_R(x) · y are defined. Hence e_R(x) = e_L(y). �

2. Transitive ternary structures

2.1. Let G ≠ ∅ be a set, T a ternary relation on G. The pair G = (G, T ) is called a ternary structure. The ternary relation T (and the structure G ) is reflexive if (x, x, x) ∈ T for any x ∈ G transitive if (x, y, z) ∈ T , (z, y, u) ∈ T then (x, y, u) ∈ T.

2.2. Homomorphisms and isomorphisms of ternary structures are defined obviously. Thus, if G = (G, T ), H = (H, S) are ternary structures and f : G → H then f is a homomorphism of G into H if

(x, y, z) ∈ T ⇒ (f(x), f(y), f(z)) ∈ S.

If f is a bijective homomorphism of G onto H such that f^{−1} is a homomorphism of H onto G then f is an isomorphism of G onto H ; G and H are isomorphic if there is an isomorphism of G onto H .

2.3. Let G = (G, T ) be a reflexive and transitive ternary structure. We define a partial binary operation · on the set T in the following way: if m_1 = (x_1, y_1, z_1) ∈ T , m_2 = (x_2, y_2, z_2) ∈ T then m_1 · m_2 is defined iff

x_1 = y_1 = z_1 = x_2 and then m_1 · m_2 = m_2 or x_2 = y_2 = z_2 = z_1 and then m_1 · m_2 = m_1 or x_2 = z_1, y_2 = y_1 and then m_1 · m_2 = (x_1, y_1, z_2).

In other words, we put

(x, x, x) · (x, y, z) = (x, y, z) (x, y, z) · (z, z, z) = (x, y, z) (x, y, z) · (z, y, u) = (x, y, u).

2.4. Theorem. Let G = (G, T ) be a reflexive and transitive ternary structure, let · be a partial operation on T defined in 2.3. Then T = (T, ·) is an e-semigroup in which E(T) = {(x, x, x); x ∈ G} and e_L(m) = (x, x, x), e_R(m) = (z, z, z) for any m = (x, y, z) ∈ T .

Proof. Let m1, m2, m3 ∈ T and let (m1 · m2) · m3 be defined. If some of the

elements m_1, m_2, m_3 has a form (x, x, x) then it is easy to show that m_1 · (m_2 · m_3) is defined and (m_1 · m_2) · m_3 = m_1 · (m_2 · m_3). If, for instance, m_2 = (z, z, z) then necessarily m_1 = (x, y, z) for some x, y ∈ G and m_1 · m_2 = m_1. Thus m_1 · m_3 is defined so that m_3 = (z, z, z) or m_3 = (z, y, u) for some u ∈ G. In both cases m_2 ·m_3 is defined and m_2 · m_3 = m_3 so that m_1 · (m_2 · m_3) is defined and m_1 · (m_2 · m_3) = m_1 · m_3 = (m_1 · m_2) · m_3. In the other cases m_1 = (x, y, z), m_2 = (z, y, u) so that m_1 · m_2 = (x, y, u); then necessarily m_3 = (u, y, v) so that (m_1 · m_2) · m_3 = (x, y, v). We see that m_2 · m_3 is defined and m_2 · m_3 = (z, y, v) so that m_1 · (m_2 · m_3) is defined and m_1 · (m_2 · m_3) = (x, y, v) = (m_1 · m_2) · m_3. Similarly in the case when m_1 · (m_2 · m_3) is defined; thus (T, ·) is a partial semigroup.

As T is reflexive, (x, x, x) ∈ T for any x ∈ G. From the definition of the operation · it follows that (x, x, x) · m = m whenever (x, x, x) · m is defined for some m ∈ T ; similarly m · (x, x, x) = m if m · (x, x, x) is defined. Hence {(x, x, x); x ∈ G} ⊆ E(T). Let m = (x, y, z) ∈ T and assume that x = y = z does not hold. Then (z, z, z) ∈ T and m · (z, z, z) = m ≠ (z, z, z) so that m /∈ E(T). Thus E(T) = {(x, x, x); x ∈ G}.

If m = (x, y, z) ∈ T then (x, x, x) = e_L(m), (z, z, z) = e_R(m) by the definition of the operation · . Thus T is an e-semigroup. �

3. Cyclically ordered sets

3.1. Let G = (G, T ) be a ternary structure. The relation T (and the structure G ) is called

asymmetric if (x, y, z) ∈ T ⇒ (z, y, x) /∈ T antisymmetric if (x, y, z) ∈ T , (z, y, x) ∈ T ⇒ x = y = z cyclic if (x, y, z) ∈ T ⇒ (y, z, x) ∈ T .

A ternary structure G is called a cyclically ordered set ([1], [3], [6]) if it is asymmetric, cyclic and transitive.

3.2. Remark. Let G = (G, T ) be a cyclic ternary structure. Then: (1) If T is asymmetric and (x, y, z) ∈ T , then x ≠ y ≠ z ≠ x.

(2) If T is antisymmetric and (x, y, z) ∈ T , then either x = y = z or x ≠ y ≠ z ≠ x.

Proof. (1) If T is asymmetric and (x, y, z) ∈ T , then x = z is impossible since

(x, y, x) ∈ T contradicts the asymmetry of T . If x = y, i.e. (x, x, z) ∈ T then the cyclicity of T implies (x, z, x) ∈ T , a contradiction. Similarly for y = z.

(2) Let T be antisymmetric and (x, y, z) ∈ T . If x = z then (x, y, x) ∈ T and the antisymmetry implies x = y = z. If x = y, i.e. (x, x, z) ∈ T then (x, z, x) ∈ T and we have also x = y = z. Similarly for y = z. Thus either x = y = z or x ≠ y ≠ z ≠ x. � The following two lemmas are trivial; their proofs are therefore omitted.

3.3. Lemma. Let G = (G, T ) be a cyclically ordered set. Put C = T ∪ {(x, x, x); x ∈ G}. Then the ternary relation C is reflexive, antisymmetric, cyclic and transitive.

3.4. Lemma. Let G = (G, C) be a ternary structure which is reflexive, antisymmetric, cyclic and transitive. Put T = C − {(x, x, x); x ∈ G}. Then (G, T ) is a cyclically ordered set.

By 3.3 and 3.4, cyclically ordered sets can be defined as ternary structures which are reflexive, antisymmetic, cyclic and transitive. In the sequel, this notion will be used just in this sense (see e.g. [2], where such a relation is called “extended cyclic order“).

3.5. Let G = (G, C) be a cyclically ordered set, let · be a partial binary operation on C defined in 2.3. By 2.4, C = (C, ·) is an e-semigroup. Further, put φ(m) = (y, z, x) for any m = (x, y, z) ∈ C; thus φ is a unary operation on the set C.

3.6. Lemma. Let G = (G, C) be a cyclically ordered set, C = (C, ·) the esemigroup from 2.3 and φ: C → C the unary operation on C defined in 3.5. Then (1) φ^3 = id_C and φ|_{E(}C_) = id_{E(}C_) . (2) e_R(m) = e_L(φ^2(m)) for any m ∈ C.

(3) If e_R(m_1) = e_L(m_2), e_L(m_1) = e_R(m_2), e_L(φ(m_1)) = e_L(φ(m_2)) for some m_1, m_2 ∈ C then m_1 = m_2 ∈ E(C ).

(4) For m_1, m_2 ∈ C − E(C ) the product m_1 · m_2 is defined iff e_R(m_1) = e_L(m_2), e_L(φ(m_1)) = e_L(φ(m_2)).

(5) If m_1, m_2 ∈ C −E(C ) and m_1 ·m_2 is defined then e_L(φ(m_1 ·m_2)) = e_L(φ(m_1)).

Proof. (1) and (2) follow directly from the definiton of the operation φ.

(3): If m_1 = (x, y, z), m_2 = (u, v, w) then by 2.4 e_L(m_1) = (x, x, x), e_R(m_1) = (z, z, z), e_L(φ(m_1)) = (y, y, y), and e_L(m_2) = (u, u, u), e_R(m_2) = (w, w, w), e_L(φ(m_2)) = (v, v, v). Thus (z, z, z) = (u, u, u), (x, x, x) = (w, w, w), (y, y, y) = (v, v, v), i.e. u = z, v = y, w = x so that m_2 = (z, y, x) and antisymmetry of C implies x = y = z. Thus m_1 = m_2 = (x, x, x) ∈ E(C ).

(4): For m_1, m_2 ∈ C −E(C ) the product m_1 ·m_2 is defined iff m_1 = (x, y, z), m_2 = (z, y, u) for suitable x, y, z, u ∈ G, i.e. iff e_R(m_1) = e_L(m_2), e_L(φ(m_1)) = e_L(φ(m_2)).

(5): If m_1, m_2 ∈ C − E(C ) and m_1 · m_2 is defined then m_1 = (x, y, z), m_2 = = (z, y, u), and m_1 · m_2 = (x, y, u). Thus e_L(φ(m_1 · m_2)) = e_L(φ(m_1)). �

3.7. Let S = (S, ·, φ) be a partial algebra such that (S, ·) is an e-semigroup and φ is a unary operation on S having properties (1)–(5) from 3.6. Then S will be called a c-algebra. If S = (S, ·, φ), T = (T, ·, ) are c-algebras and f : S → T , then f is a homomorphism of S into T iff it is a homomorphism of the e-semigroup (S, ·) into the e-semigroup (T, ·) and simultaneously a homomorphism of the unar (S, φ) into the unar (T, ), i.e. iff

x, y ∈ S, x · y is defined in S ⇒ f(x) · f(y) is defined in T and f(x · y) = f(x) · f(y) x ∈ S ⇒ (f ∘ φ)(x) = ( ∘ f)(x).

Isomorphisms of c-algebras are defined in the obvious way.

3.8. Theorem. Let S = (S, ·, φ) be a c-algebra. Put G = E(S) and define a ternary relation C on G by

(x, y, z) ∈ C ⇔ there is m ∈ S with x = e_L(m), y = e_L(φ(m)), z = e_R(m). Then (G, C) is a cyclically ordered set.

Proof. If x ∈ G then x ∈ E(S). By 1.7, eL(x) = x, eR(x) = x. As φ|_{E(}S_) =

id_{E(}S_) , we have φ(x) = x and e_L(φ(x)) = x. Thus (x, x, x) ∈ C and C is reflexive.

Let (x, y, z) ∈ C, (z, y, x) ∈ C. Then there are m_1, m_2 ∈ S such that x = e_L(m_1), y = e_L(φ(m_1)), z = e_R(m_1), z = e_L(m_2), y = e_L(φ(m_2)), x = e_R(m_2). By (3) we obtain m_1 = m_2 ∈ E(S) and by 1.7, e_L(m_1) = e_R(m_1) = m_1. Further, φ(m_1) = m_1 and e_L(φ(m_1)) = m_1. Thus x = y = z = m_1 and C is antisymmetric.

Let (x, y, z) ∈ C so that x = e_L(m), y = e_L(φ(m)), z = e_R(m) for some m ∈ S. By (2), e_R(m) = e_L(φ^2(m)). Further, from φ^3 = id_S and from (2) we conclude e_R(φ(m)) = e_L(φ^3(m)) = e_L(m). Thus we have y = e_L(φ(m)), z = e_L(φ(φ(m))), x = e_R(φ(m)) so that (y, z, x) ∈ C and C is cyclic.

Let (x, y, z) ∈ C, (z, y, u) ∈ C. By 3.2 either x = y = z or x ≠ y ≠ z ≠ x and either z = y = u or z ≠ y ≠ u ≠ z. If x = y = z or z = y = u then x = y = z = u and (x, y, u) ∈ C. Thus assume x ≠ y ≠ z ≠ x, z ≠ y ≠ u ≠ z. There are m_1, m_2 ∈ S such that x = e_L(m_1), y = e_L(φ(m_1)), z = e_R(m_1), z = e_L(m_2), y = e_L(φ(m_2)), u = e_R(m_2). Among other this implies m_1, m_2 ∈ S − E(S) for if, e.g., m_1 ∈ E(S) then e_L(m_1) = e_R(m_1) = m_1 by 1.7, i.e. x = z, a contradiction. By (4) the product m_1 · m_2 is defined. Further, by 1.6, e_L(m_1 · m_2) = e_L(m_1) = x, e_R(m_1 · m_2) = e_R(m_2) = u and by (5), e_L(φ(m_1 · m_2)) = e_L(φ(m_1)) = y. Thus we have x = e_L(m_1 · m_2), y = e_L(φ(m_1 · m_2)), u = e_R(m_1 · m_2) so that (x, y, u) ∈ C and C is transitive. �

4. Mappings S and C

4.1. Let G = (G, C) be a cyclically ordered set, let · be a partial binary operation on C defined in 2.3 and let φ be a unary operation on C defined in 3.5. By 3.6, C = (C, ·, φ) is a c-algebra; we denote it by S(G ). Thus, if C is the class of cyclically ordered sets and A is the class of c-algebras, S is a mapping of C into A:

S : C → A.

4.2. Let S = (S, ·, φ) be a c-algebra. Let G = E(S) and let C be a ternary relation on G defined in 3.8. By 3.8, G = (G, C) is a cyclically ordered set; we denote it by C(S). Thus C is a mapping of A into C:

C : A → C.

4.3. Theorem. Let G = (G, C) be a cyclically ordered set. Then G is isomorphic with (C ∘ S)(G ).

Proof. By 2.4, E(S(G )) = {(x, x, x); x ∈ G}. Define a mapping f : G →

E(S(G )) by f(x) = (x, x, x). Trivially, f is a bijection of G onto E(S(G )). By definition, C(S(G )) = (E(S(G )), C^′) where (m_1, m_2, m_3) ∈ C^′ ⇔ there is m ∈ C with m_1 = e_L(m), m_2 = e_L(φ(m)), m_3 = e_R(m). Let x, y, z ∈ G, (x, y, z) ∈ C. If we denote (x, y, z) = m then (x, x, x) = e_L(m), (y, y, y) = e_L(φ(m)), (z, z, z) = e_R(m) in the c-algebra S(G ). Thus ((x, x, x), (y, y, y), (z, z, z)) ∈ C^′, i.e. (f(x), f(y), f(z)) ∈ C^′ and f is a homomorphism of G onto (C ∘ S)(G ).

Let x, y, z ∈ G, (f(x), f(y), f(z)) ∈ C^′, i.e. ((x, x, x), (y, y, y), (z, z, z)) ∈ C^′. By definition there is m ∈ C with (x, x, x) = e_L(m), (y, y, y) = e_L(φ(m)), (z, z, z) = e_R(m). Then m = (x, y, z) and (x, y, z) ∈ C. Hence f is an isomorphism of G onto (C ∘ S)(G ). �

4.4. Theorem. Let S = (S, ·, φ) be a c-algebra. Then there exists a surjective homomorphism of S onto (S ∘ C)(S).

Proof. By 3.8, C(S) = (E(S), C) where (e1, e2, e3) ∈ C ⇔ there is m ∈ S with

e_1 = e_L(m), e_2 = e_L(φ(m)), e_3 = e_R(m). Further, by 4.1, S(C(S)) = (C, ·, ) where · is the partial binary operation on C defined in 2.3 and : C → C is defined by (e_1, e_2, e_3) = (e_2, e_3, e_1). Define a mapping f : S → C by

f(m) = (e_L(m), e_L(φ(m)), e_R(m)).

Clearly, f : S → C is surjective. Let m_1, m_2 ∈ S and m_1 · m_2 be defined. If m_1 ∈ E(S) then m_1 = e_L(m_2) so that m_1 · m_2 = m_2 and φ(m_1) = m_1 by the property (1). Further, by 1.7, e_L(m_1) = e_R(m_1) = m_1 = e_L(m_2). Thus f(m_1) = ( e_L(m_2), e_L(m_2), e_L(m_2) ) , f(m_2) = ( e_L(m_2), e_L(φ(m_2)), e_R(m_2) ) so that f(m_1) · f(m_2) is defined in (C, ·) and f(m_1)·f(m_2) = f(m_2) = f(m_1·m_2). Analogously in the case m_2 ∈ E(S). Thus suppose m_1, m_2 ∈ S −E(S). By 1.8, e_R(m_1) = e_L(m_2), by the property (4), e_L(φ(m_1)) = e_L(φ(m_2)). Thus f(m_1) = ( e_L(m_1), e_L(φ(m_1)), e_R(m_1) ) , f(m_2) = ( e_R(m_1), e_L(φ(m_1)), e_R(m_2) ) . Hence f(m_1) · f(m_2) is defined in (C, ·) and f(m_1) · f(m_2) = ( e_L(m_1), e_L(φ(m_1)), e_R(m_2) ) . By 1.6, e_L(m_1) = e_L(m_1 · m_2), e_R(m_2) = e_R(m_1 · m_2) and by the property (5), e_L(φ(m_1)) = e_L(φ(m_1 · m_2)). Thus f(m_1) · f(m_2) = ( e_L(m_1 · m_2), e_L(φ(m_1 · m_2) ) , e_R(m_1 · m_2)) = f(m_1 · m_2) and f is a homomorphism of (S, ·) onto (C, ·).

Let m ∈ S be any element. Then f(m) = ( e_L(m), e_L(φ(m)), e_R(m) ) and f(φ(m)) = ( e_L(φ(m)), e_L(φ^2(m)), e_R(φ(m)) ) . Further, (f(m)) = ( e_L(φ(m)), e_R(m), e_L(m) ) . By the property (2) and (1), e_R(m) = e_L(φ^2(m)) and e_R(φ(m)) = e_L(φ^3(m)) = e_L(m). Thus (f(m)) = ( e_L(φ(m)), e_L(φ^2(m)), e_R(φ(m)) ) so that ( ∘ f)(m) = (f ∘ φ)(m) and f is a homomorphism of (S, φ) onto (C, ). Hence f is a homomorphism of S onto (S ∘ C)(S). �

5. Examples

5.1. Let S = {e_1, e_2, e_3, m_1, m_2, m_3} where e_1 · e_1 = e_1, e_2 · e_2 = e_2, e_3 · e_3 = e_3 and e_1 · m_1 = m_1 e_2 · m_2 = m_2 e_3 · m_3 = m_3 m_2 · e_1 = m_2 m_3 · e_2 = m_3 m_1 · e_3 = m_1.

Trivially, (S, ·) is an e-semigroup in which E(S, ·) = {e_1, e_2, e_3} and e_1 = e_L(m_1) = e_R(m_2), e_2 = e_L(m_2) = e_R(m_3), e_3 = e_L(m_3) = e_R(m_1). Define further φ: S → S by φ(e_i) = e_i for i = 1, 2, 3 and φ(m_1) = m_2, φ(m_2) = m_3, φ(m_3) = m_1.

We show that S = (S, ·, φ) is a c-semigroup. (1) φ^3 = id_S and φ|_{E(}S_) = id_{E(}S_) is trivial. (2) Clearly e_R(e_i) = e_L(φ^2(e_i)) for i = 1, 2, 3 and further

e_R(m_1) = e_3 = e_L(m_3) = e_L(φ^2(m_1)) e_R(m_2) = e_1 = e_L(m_1) = e_L(φ^2(m_2)) e_R(m_3) = e_2 = e_L(m_2) = e_L(φ^2(m_3)).

(3) For i ≠ j the relation e_R(e_i) = e_L(e_j ) does not hold. Further

e_L(m_1) = e_R(e_1) but e_R(m_1) ≠ e_L(e_1) e_L(m_2) = e_R(e_2), e_R(m_2) ≠ e_L(e_2) e_L(m_3) = e_R(e_3), e_R(m_3) ≠ e_L(e_3)

and analogously

e_L(m_1) = e_R(m_2), e_R(m_1) ≠ e_L(m_2) e_L(m_2) = e_R(m_3), e_R(m_2) ≠ e_L(m_3) e_L(m_3) = e_R(m_1), e_R(m_3) ≠ e_L(m_1)

so that if m, n ∈ S, e_R(m) = e_L(n), e_L(m) = e_R(n), e_L(φ(m)) = e_L(φ(n)) then m = n ∈ E(S).

(4), (5) is useless, as the product in S is defined only with units. We shall construct (S ∘ C)(S). Put G = E(S) = {e_1, e_2, e_3}. By 3.8, C(S) = (G, C) where C = {(e_1, e_1, e_1), (e_2, e_2, e_2), (e_3, e_3, e_3), (e_1, e_2, e_3), (e_2, e_3, e_1), (e_3, e_1, e_2)}. Further, (S ∘ C)(S) = (C, ·, ) where by 2.3, (e_i, e_i, e_i) · (e_i, e_i, e_i) = (e_i, e_i, e_i) for i = 1, 2, 3, and

(e_1, e_1, e_1) · (e_1, e_2, e_3) = (e_1, e_2, e_3) (e_1, e_2, e_3) · (e_3, e_3, e_3) = (e_1, e_2, e_3) (e_2, e_2, e_2) · (e_2, e_3, e_1) = (e_2, e_3, e_1) (e_2, e_3, e_1) · (e_1, e_1, e_1) = (e_2, e_3, e_1) (e_3, e_3, e_3) · (e_3, e_1, e_2) = (e_3, e_1, e_2) (e_3, e_1.e_2) · (e_2, e_2, e_2) = (e_3, e_1, e_2)

and (e_i, e_i, e_i) = (e_i, e_i, e_i) for i = 1, 2, 3, (e_1, e_2, e_3) = (e_2, e_3, e_1), (e_2, e_3, e_1) = (e_3, e_1, e_2), (e_3, e_1, e_2) = (e_1, e_2, e_3).

The mapping f : S → C constructed in the proof of Theorem 4.4 is

f(e_i) = (e_i, e_i, e_i) for i = 1, 2, 3, f(m_1) = (e_1, e_2, e_3), f(m_2) = (e_2, e_3, e_1), f(m_3) = (e_3, e_1, e_2),

and it is an isomorphism of S onto (S ∘ C)(S).

5.2. Let S = {e_1, e_2, e_3, e_4, e_5, m_1, m_2, . . . , m_{30}} where

e_1 · m_1 = m_1 m_{11} · e_1 = m_{11} e_2 · m_{11} = m_{11} m_{21} · e_2 = m_{21} e_1 · m_4 = m_4 m_{14} · e_1 = m_{14} e_2 · m_{12} = m_{12} m_{22} · e_2 = m_{22} e_1 · m_6 = m_6 m_{16} · e_1 = m_{16} e_2 · m_{13} = m_{13} m_{23} · e_2 = m_{23} e_1 · m_7 = m_7 m_{17} · e_1 = m_{17} e_2 · m_{14} = m_{14} m_{24} · e_2 = m_{24} e_1 · m_9 = m_9 m_{19} · e_1 = m_{19} e_2 · m_{15} = m_{15} m_{25} · e_2 = m_{25} e_1 · m_{10} = m_{10} m_{20} · e_1 = m_{20} e_2 · m_{16} = m_{16} m_{26} · e_2 = m_{26} e_3 · m_2 = m_2 m_1 · e_3 = m_1 e_4 · m_3 = m_3 m_2 · e_4 = m_2 e_3 · m_5 = m_5 m_7 · e_3 = m_7 e_4 · m_{20} = m_{20} m_4 · e_4 = m_4 e_3 · m_8 = m_8 m_{10} · e_3 = m_{10} e_4 · m_{22} = m_{22} m_8 · e_4 = m_8 e_3 · m_{21} = m_{21} m_{12} · e_3 = m_{12} e_4 · m_{24} = m_{24} m_9 · e_4 = m_9 e_3 · m_{27} = m_{27} m_{15} · e_3 = m_{15} e_4 · m_{28} = m_{28} m_{13} · e_4 = m_{13} e_3 · m_{30} = m_{30} m_{18} · e_3 = m_{18} e_4 · m_{29} = m_{29} m_{30} · e_4 = m_{30} e_5 · m_{17} = m_{17} m_3 · e_5 = m_3 e_5 · m_{18} = m_{18} m_5 · e_5 = m_5 e_5 · m_{19} = m_{19} m_6 · e_5 = m_6 e_5 · m_{23} = m_{23} m_{27} · e_5 = m_{27} e_5 · m_{25} = m_{25} m_{28} · e_5 = m_{28} e_5 · m_{26} = m_{26} m_{29} · e_5 = m_{29}, further e_i · e_i = e_i for i = 1, 2, 3, 4, 5, and m_1 · m_2 = m_4, m_2 · m_3 = m_5, m_4 · m_3 = m_6, m_7 · m_8 = m_9, m_{14} · m_{10} = m_{12}, m_1 · m_5 = m_6, m_{15} · m_8 = m_{13}, m_{16} · m_7 = m_{15}, m_{19} · m_{10} = m_{18}, m_{27} · m_{26} = m_{21}, m_{16} · m_9 = m_{13}, m_{29} · m_{26} = m_{24}, m_{30} · m_{24} = m_{21}, m_{30} · m_{29} = m_{27}. As (m_1 · m_2) · m_3 = m_4 · m_3 = m_6 = m_1 · m_5 = m_1 · (m_2 · m_3) (m_{16} · m_7) · m_8 = m_{15} · m_8 = m_{13} = m_{16} · m_9 = m_{16} · (m_7 · m_8) (m_{30} · m_{29}) · m_{26} = m_{27} · m_{26} = m_{21} = m_{30} · m_{24} = m_{30} · (m_{29} · m_{26}) and the other products (m_i · m_j ) · m_k, m_i · (m_j · m_k) are not defined, (S, ·) is an e-semigroup in which E(S, ·) = {e_1, e_2, e_3, e_4, e_5} and

e_L(m_1) = e_1, e_R(m_1) = e_3, e_L(m_2) = e_3, e_R(m_2) = e_4, e_L(m_3) = e_4, e_R(m_3) = e_5, e_L(m_4) = e_1, e_R(m_4) = e_4, e_L(m_5) = e_3, e_R(m_5) = e_5, e_L(m_6) = e_1, e_R(m_6) = e_5, e_L(m_7) = e_1, e_R(m_7) = e_3, e_L(m_8) = e_3, e_R(m_8) = e_4, e_L(m_9) = e_1, e_R(m_9) = e_4, e_L(m_{10}) = e_1, e_R(m_{10}) = e_3, e_L(m_{11}) = e_2, e_R(m_{11}) = e_1, e_L(m_{12}) = e_2, e_R(m_{12}) = e_3, e_L(m_{13}) = e_2, e_R(m_{13}) = e_4, e_L(m_{14}) = e_2, e_R(m_{14}) = e_1, e_L(m_{15}) = e_2, e_R(m_{15}) = e_3, e_L(m_{16}) = e_2, e_R(m_{16}) = e_1, e_L(m_{17}) = e_5, e_R(m_{17}) = e_1, e_L(m_{18}) = e_5, e_R(m_{18}) = e_3, e_L(m_{19}) = e_5, e_R(m_{19}) = e_1, e_L(m_{20}) = e_4, e_R(m_{20}) = e_1, e_L(m_{21}) = e_3, e_R(m_{21}) = e_2, e_L(m_{22}) = e_4, e_R(m_{22}) = e_2, e_L(m_{23}) = e_5, e_R(m_{23}) = e_2, e_L(m_{24}) = e_4, e_R(m_{24}) = e_2, e_L(m_{25}) = e_5, e_R(m_{25}) = e_2, e_L(m_{26}) = e_5, e_R(m_{26}) = e_2, e_L(m_{27}) = e_3, e_R(m_{27}) = e_5, e_L(m_{28}) = e_4, e_R(m_{28}) = e_5, e_L(m_{29}) = e_4, e_R(m_{29}) = e_5, e_L(m_{30}) = e_3, e_R(m_{30}) = e_4.

Put further φ(e_i) = e_i for i = 1, 2, 3, 4, 5 and φ(m_i) = m_{i+10} where summation is mod 30. We show that S = (S, ·, φ) is a c-semigroup.

(1) is trivial and follows directly from the definition of φ.

(2): its verification is a routine; for instance, e_R(m_1) = e_3 = e_L(m_{21}) = e_L(φ^2(m_1)), e_R(m_{14}) = e_1 = e_L(m_4) = e_L(φ^2(m_{14})), e_R(m_{29}) = e_5 = e_L(m_{19}) = e_L(φ^2(m_{29})).

(3): As e_L(m_i) ≠ e_R(m_i) for any i 6 30, the relation e_L(m_i) = e_R(e_j ), e_R(m_i) = e_L(e_j ) holds for no i 6 30, j 6 5. Further, by simple computation we see that e_L(m_i) = e_R(m_j ), e_R(m_i) = e_L(m_j ) hold only for the following pairs (m_i, m_j ): (m_4, m_{20}), (m_5, m_{18}), (m_6, m_{17}), (m_6, m_{19}), (m_9, m_{20}), (m_{12}, m_{21}), (m_{13}, m_{22}), (m_{13}, m_{24}), (m_{15}, m_{21}), (m_{18}, m_{27}). In all these cases, however, e_L(φ(m_i)) ≠ e_L(φ(m_j )). Thus really m, n ∈ S, e_L(m) = e_R(n), e_R(m) = e_L(n), e_L(φ(m)) = e_L(φ(n)) ⇒ m = n ∈ E(S) and (3) holds.

(4): If m, n ∈ S −E(S) and m·n is defined then it is easy to verify e_R(m) = e_L(n), e_L(φ(m)) = e_L(φ(n)). E.g. for m_1, m_5: e_R(m_1) = e_3 = e_L(m_5), e_L(φ(m_1)) = e_L(m_{11}) = e_2 = e_L(m_{15}) = e_L(φ(m_5)); for m_{30}, m_{24}: e_R(m_{30}) = e_4 = e_L(m_{24}), e_L(φ(m_{30})) = e_L(m_{10}) = e_1 = e_L(m_4) = e_L(φ(m_{24})). On the other hand, by a simple computation we find that e_R(m) = e_L(n), e_L(φ(m)) = e_L(φ(n)) hold for no other pairs m, n ∈ S − E(S).

(5) can be verified also by a simple computation. E.g. e_L(φ(m_1 · m_2)) = e_L(φ(m_4)) = e_L(m_{14}) = e_2 = e_L(m_{11}) = e_L(φ(m_1)), e_L(φ(m_{19} · m_{10})) = e_L(φ(m_{18})) = e_L(m_{28}) = e_4 = e_L(m_{29}) = e_L(φ(m_{19})). Thus S = (S, ·, φ) is a c-semigroup. We construct (S ∘ C)(S). We have G = E(S) = {e_1, e_2, e_3, e_4, e_5} and C(S) = (G, C) where C = {(e_1, e_1, e_1), (e_2, e_2, e_2), (e_3, e_3, e_3), (e_4, e_4, e_4), (e_5, e_5, e_5), (e_1, e_2, e_3), (e_3, e_2, e_4), (e_4, e_2, e_5), (e_1, e_2, e_4), (e_3, e_2, e_5), (e_1, e_2, e_5), (e_1, e_5, e_3), (e_3, e_5, e_4), (e_1, e_5, e_4), (e_1, e_4, e_3), (e_2, e_3, e_1), (e_2, e_4, e_3), (e_2, e_5, e_4), (e_2, e_4, e_1), (e_2, e_5, e_3), (e_2, e_5, e_1), (e_5, e_3, e_1), (e_5, e_4, e_3), (e_5, e_4, e_1), (e_4, e_3, e_1), (e_3, e_1, e_2), (e_4, e_3, e_2), (e_5, e_4, e_2), (e_4, e_1, e_2), (e_5, e_3, e_2), (e_5, e_1, e_2), (e_3, e_1, e_5), (e_4, e_3, e_5), (e_4, e_1, e_5), (e_3, e_1, e_4)}; here (e_1, e_2, e_3) = ( e_L(m_1), e_L(φ(m_1)), e_R(m_1) ) , (e_3, e_2, e_4) = ( e_L(m_2), e_L(φ(m_2)), e_R(m_2) ) etc. Further (S ∘C)(S) = (C, ·, ) where (e_i, e_i, e_i)·(e_i, e_i, e_i) = (e_i, e_i, e_i) for i = 1, 2, 3, 4, 5, (e_i, e_i, e_i) · (e_i, e_j , e_k) = (e_i, e_j , e_k) · (e_k, e_k, e_k) = (e_i, e_j , e_k) whenever (e_i, e_j , e_k) ∈ C and (e_1, e_2, e_3) · (e_3, e_2, e_4) = (e_1, e_2, e_4) (e_1, e_2, e_3) · (e_3, e_2, e_5) = (e_1, e_2, e_5) (e_3, e_2, e_4) · (e_4, e_2, e_5) = (e_3, e_2, e_5) (e_1, e_2, e_4) · (e_4, e_2, e_5) = (e_1, e_2, e_5) (e_1, e_5, e_3) · (e_3, e_5, e_4) = (e_1, e_5, e_4) (e_2, e_4, e_1) · (e_1, e_4, e_3) = (e_2, e_4, e_3) (e_2, e_5, e_3) · (e_3, e_5, e_4) = (e_2, e_5, e_4) (e_2, e_5, e_1) · (e_1, e_5, e_3) = (e_2, e_5, e_3) (e_2, e_5, e_1) · (e_1, e_5, e_4) = (e_2, e_5, e_4) (e_5, e_4, e_1) · (e_1, e_4, e_3) = (e_5, e_4, e_3) (e_3, e_1, e_5) · (e_5, e_1, e_2) = (e_3, e_1, e_2) (e_4, e_1, e_5) · (e_5, e_1, e_2) = (e_4, e_1, e_2) (e_3, e_1, e_4) · (e_4, e_1, e_5) = (e_3, e_1, e_5) (e_3, e_1, e_4) · (e_4, e_1, e_2) = (e_3, e_1, e_2)

and (e_i, e_j , e_k) = (e_j , e_k, e_i) if (e_i, e_j , e_k) ∈ C. The mapping f : S → C from the proof of Theorem 4.4 is f(e_i) = (e_i, e_i, e_i) for i = 1, 2, 3, 4, 5 and f(m_1) = (e_1, e_2, e_3), f(m_2) = (e_3, e_2, e_4), f(m_3) = (e_4, e_2, e_5), f(m_4) = (e_1, e_2, e_4), f(m_5) = (e_3, e_2, e_5), f(m_6) = (e_1, e_2, e_5), f(m_7) = (e_1, e_5, e_3), f(m_8) = (e_3, e_5, e_4), f(m_9) = (e_1, e_5, e_4), f(m_{10}) = (e_1, e_4, e_3), f(m_{11}) = (e_2, e_3, e_1), f(m_{12}) = (e_2, e_4, e_3), f(m_{13}) = (e_2, e_5, e_4), f(m_{14}) = (e_2, e_4, e_1), f(m_{15}) = (e_2, e_5, e_3), f(m_{16}) = (e_2, e_5, e_1), f(m_{17}) = (e_5, e_3, e_1), f(m_{18}) = (e_5, e_4, e_3), f(m_{19}) = (e_5, e_4, e_1), f(m_{20}) = (e_4, e_3, e_1), f(m_{21}) = (e_3, e_1, e_2), f(m_{22}) = (e_4, e_3, e_2), f(m_{23}) = (e_5, e_4, e_2), f(m_{24}) = (e_4, e_1, e_2), f(m_{25}) = (e_5, e_3, e_2), f(m_{26}) = (e_5, e_1, e_2), f(m_{27}) =

(e_3, e_1, e_5), f(m_{28}) = (e_4, e_3, e_5), f(m_{29}) = (e_4, e_1, e_5), f(m_{30}) = (e_3, e_1, e_4); this mapping is also an isomorphism of S onto (S ∘ C)(S).

In the light of Examples 5.1 and 5.2 we can formulate

Problem. Let S be a c-algebra. What are the necessary and sufficient condi-

tions for S to be isomorphic with (S ∘ C)(S)?

References

[1] P. Alles, J. Nešetřil, S. Poljak: Extendability, dimensions and diagrams of cyclic orders.

Siam J. Discr. Math. 4 (1991), 453{471.

[2] J. Jakubík: On extended cyclic orders. Czechoslovak Math. J. 44(119) (1994), 661{675. [3] V. Novák: Cyclically ordered sets. Czechoslovak Math. J. 32(107) (1982), 460{473. [4] V. Novák: Ternary structures and partial semigroups. Czechoslovak Math. J. To appear. [5] V. Novák, M. Novotný: Transitive ternary relations and quasiorderings. Archivum Math.

(Brno) 25 (1989), 5{12.

[6] A. Quilliot: Cyclic orders. Europ. J. Combin. 10 (1989), 477{488.

Author’s address: Vítězslav Novák, Department of Mathematics, Masaryk University, Janáčkovo nám. 2a, 662 95 Brno, Czech Republic.