121 (1996) MATHEMATICA BOHEMICA No. 3, 301{314

ON SOLVABILITY OF NONLINEAR OPERATOR EQUATIONS AND EIGENVALUES OF HOMOGENEOUS OPERATORS

Věra Burýšková, Slavomír Burýšek, Praha

(Received September 27, 1995)

Abstract. Notions as the numerical range W (S, T ) and the spectrum σ(S, T ) of couple (S, T ) of homogeneous operators on a Banach space are used to derive theorems on solvability of the equation Sx − λT x = y. Conditions for the existence of eigenvalues of the couple (S, T ) are given.

Keywords: Banach and Hilbert space, homogeneous, polynomial, symmetric, monotone operator, numerical range, spectrum, eigenvalue.

MSC 1991 : 47H15

Introduction

The development of modern science and technology is associated with passing from linear to nonlinear models. In mathematics and particularly in functional analysis it reflects the tendency for studying nonlinear operator equations. In the present paper we deal with a special class of nonlinear operator equations involving homogeneous and polynomial operators. These operators arise as a natural generalization of linear operators and conserve a number of their properties. For example, any polynomial operator is continuous if and only if it is bounded. Also notions as the norm, symmetry, selfadjointness, spectrum and numerical range can be transfered from linear theory to homogeneous operators. We have introduced these notions in [3], [4], [9] and [11] (in rather different way than it was done in [1], [12], [13], [14], [15]). In this paper we use these notions and their properties to derive some existence theorems for equations of the type Sx−λT = y with a couple (S, T ) of homogeneous operators from a Banach space into its dual. Some conditions for the existence of eigenvalues and eigenvectors of the couple (S, T ) (i.e., the existence of nontrivial solutions of the equation Sx − λT = 0) both in the symmetric and nonsymmetric case are given. Finally we show, similarly as in the linear case, that the set of eigenvalues of the couple of selfadjoint homogeneous operators creates at most a countable set. These results can be applied to various boundary value problems as, for example, in nonlinear elasticity, fluid mechanics and others.

1. Notation and definitions

Throughout this paper let X denote a Banach space and X^∗ its dual space. By the symbol ⟨· , ·⟩ we mean the pairing between X and X^∗. In the case of a Hilbert space we use the same symbol for the inner product. For the norm or weak convergence of a sequence {x_n} ⊂ X to a point x_0 ∈ X we use the symbols x_n → x_0 or x_n^w→ x_0, respectively.

Let R and C be the spaces of real and complex numbers, respectively. Further, we

denote S_1(0) = {x ∈ X : ‖x‖ = 1}, the unit sphere in X.

Definition 1.1. We say that an operator F from X into a Banach space Y is (a) a positive homogeneous operator of a degree k if there is a number k ∈ R such that F (tx) = t^k · F (x) for any x ∈ X and any t ∈ R, t > 0.

(b) a homogeneous operator of a degree k on a real (complex) space X if k is an integer and the equality F (tx) = t^k · F (x) holds for any t ∈ R (t ∈ C ), t ≠ 0 and any x ∈ X.

(c) For any continuous positive homogeneous operator F : X → Y of a degree k > 0 we define the norm by ‖F ‖ = sup_{x∈S1(0)} ‖F (x)‖.

Remark 1.2. It is easy to show that for any x ∈ X, the estimation ‖F (x)‖ 6 ‖F ‖ · ‖x‖^k holds.

Definition 1.3. We say that a homogeneous operator P of a degree k > 1 from X into a Banach space Y is a homogeneous polynomial operator if there is a k-linear symmetric operator P : X × X × . . . × X → X, (i.e., P(x_1, x_2, . . . , x_k) is linear in any variable x_j , j = 1, 2, . . . , k and does not change its values under arbitrary permutation of all variables) such that P(x, x, . . . , x) = P (x) for any x ∈ X.

The operator P is called the polar operator to the operator P . For any continuous k-linear operator P we define the norm by

‖P‖ = sup_{xi∈S1(0),i=1,2,...,k} ‖P(x1, x2, . . . , xk )‖.

Remark 1.4. Polynomial operators have some properties which are similar to the properties of linear operators. For example, it is easy to prove that for any polynomial operator P the following conditions are equivalent. (a) P is continuous at the point zero, (b) P is continuous at any point, (c) P is bounded (i.e., P has a finite norm ‖P ‖), (d) P is uniformly continuous on every bounded set, (e) P is Frechet differentiable at any point.

Definition 1.5. We say that a homogeneous operator F : X → X^∗ is a) positive if ⟨F x, x⟩ > 0 holds for any x ∈ X, x ≠ 0, b) positively defined if there is a number c ∈ R, c > 0 such that inf_{x∈S1(0)} Re⟨F x, x⟩ = c > 0.

Definition 1.6. An operator F : X → Y is called hemi-continuous at x_0 ∈ X, if for any sequence {t_n} ⊂ R, t_n → 0, and for any h ∈ X we have (F (x_0 +t_nh))^w→ F (x_0) in the weak topology of the space Y. We say that the Gateaux-derivative F^′ of a differentiable operator F : X → Y is hemi-continuous at a point x ∈ X, if for any sequence {t_n} ⊂ [0, +∞) such that t_n → 0 and for arbitrary points h ∈ X, y ∈ X the sequence { F^′(x + t_nh)y } ⊂ X^∗ converges in the weak*-topology of the space X^∗ to the point F^′(x)y ∈ X^∗.

A notion of the adjoint operator to a nonlinear operator was defined and some of its properties were studied in papers [3] and [4].

Definition 1.7. ([3], Definition 3.) Let D ⊂ X be an open set which is starshaped with respect to the origin (i.e., for any x ∈ D and all t ∈ [0, 1] we have tx ∈ D). Let an operator F : D ⊂ X → X^∗ have the Gateaux-derivative F^′(x) at any point x ∈ D and let F satisfy the following conditions: (1) F (0) = 0 (2) The function ⟨F^′(tx), x⟩ of the variable t ∈ [0, 1] is integrable for arbitrary (but fixed) points x ∈ D, h ∈ X.

Let us suppose, further, that for any x ∈ D there exists a unique point x^∗(x) ∈ X^∗ such that for all h ∈ X we have

⟨x^∗(x), h⟩ = 1� 0 ⟨F^′(tx)h, x⟩ dt.

Then we call the operator F^∗ : D ⊂ X → X^∗ defined for x ∈ D by F^∗(x) = x^∗(x) the adjoint operator to operator F.

Remark 1.8. In the case of a real Banach space X the adjoint operator F^∗ from Definition 1.7 can be written in the form

F^∗(x) = 1� 0 [ F^′(tx)

]_∗

(x) dt,

where [ F^′(tx)

]_∗

denotes the adjoint operator to the continuous linear operator F^′(tx).

Remark 1.9. According to [4] (Theorem 2.6) the adjoint operator F^∗ to a nonlinear operator F exists if F satisfies the conditions (1) and (2) from Definition 1.7 and, moreover, F has at any point x ∈ X a hemi-continuous Gateaux-derivative. Then both F and F^∗ are hemi-continuous and the following estimation holds:

‖F^∗(x)‖ 6 ‖x‖ 1� 0 ‖F^′(tx)‖ dt, x ∈ X.

The following proposition is a direct consequence of Definition 1.7 and results from [3] and [4] applied to the class of homogeneous operators.

Proposition 1.10. Let F : X → X^∗ be a homogeneous operator of a degree k > 1 having a hemi-continuous Gateaux-derivative F^′. Then for any x ∈ X the following assertions hold: (1) F^∗(x) =^1_k [ F^′(x)

]_∗

x, where F^∗ is the adjoint operator to the operator F and [ F^′(x)

]_∗ is the adjoint operator to the continuous linear operator F^′(x).

(2) F (x) = H(x)+R(x). Here H, R: X → X^∗ are hemi-continuous operators which can be written as

H(x) = 1 k + 1 [ F (x) + kF^∗(x) ] , R(x) = k k + 1 [ F (x) − F^∗(x) ] . (3) H is a potential operator, H = grad φ, where

φ(x) = 1 k + 1

⟨F (x), x⟩

and the operator R fulfils the equality

⟨R(x), x⟩ = 2ki k + 1 Im { ⟨F (x), x⟩ } .

(4) ‖F^∗(x)‖ 6^1_k ‖F^′(x)‖ · ‖x‖.

(5) If S, T : X → X^∗ are homogeneous operators with their adjoint operators S^∗, T^∗ then (S − λT )^∗ = S^∗ − λT^∗ for any λ ∈ C .

Definition 1.11. Let M ⊂ X be an open set which is starshaped with respect to the origin. We shall say that an operator F : M → X^∗ satisfying F (0) = 0 is symmetric on M if its adjoint operator F^∗ exists and, for any x ∈ M, F (x) = F^∗(x). Let X be a Hilbert space. We say that F : X → X^∗ is selfadjoint if F is symmetric on the whole space X.

Definition 1.12. ([9] Definition 3.1.) Let S, T : X → X^∗ be homogeneous operators of a degree k. By the numerical range of the couple (S, T ) we mean the set W (S, T ) of complex numbers defined by

W (S, T ) = { ⟨Sx, x⟩ ⟨T x, x: ⟩

: x ∈ S_1(0), ⟨T x, x⟩ ≠ 0 } . It is evident that if X is a Hilbert space, S is a continuous linear operator and T is the identity operator then we obtain the well-known Hausdorff’s and Toeplitz’s definition of the numerical range.

Definition 1.13. ([11] Definition 3.1) Let S, T : X → Y be positive homogeneous operators. By the approximative spectrum (briefly spectrum) of the couple (S, T ) we understand the set σ(S, T ) of complex numbers defined by

σ(S, T ) = � λ ∈ C : inf_{x∈S1(0)} ‖Sx − λT x‖ = 0^�.

Definition 1.14. ([11] Definition 3.8.) We say that λ_0 ∈ C is an eigenvalue of a couple (S, T ) of positive homogeneous operators S, T : X → Y , if there is a point x_0 ∈ S_1(0) ⊂ X such that Sx_0 − λ_0T x_0 = 0. the point x_0 is called the eigenvector of the couple (S, T ) related to λ_0. The set of all eigenvalues of the couple (S, T ) is denoted by Λ(S, T ).

Proposition 1.15. (Proposition 3.14 [11]) Let S, T : X → X^∗ be positive homogeneous operators. Let S be continuous and T positively defined. Then the following assertions hold:

(1) W (S, T ) is a bounded set and for any λ ∈ W (S, T ) we have

|λ| 6^{‖S‖}_c , where c = inf_{x∈S1(0)} Re^{⟨T x, x⟩^}.

(2) If, in addition, S and T are polynomial operators then W (S, T ) is a convex set. (A generalization of Hausdorff and Toeplitz theorem on the convexity of numerical range.)

Definition 1.16. Let ω : [0, +∞) → [0, +∞) be a continuous increasing function such that ω(0) = 0, lim_{t→+∞} ω(t) = +∞. Then the mapping J : X → 2^{X∗} defined on a real Banach space X by

J(0) = 0, J(x) = { x^∗ ∈ X^∗ : ⟨x, x^∗⟩ = ω ( ‖x‖ ) · ‖x‖, ‖x^∗‖ = ω ( ‖x‖ ) , x ≠ 0 }

is called the duality mapping on X with the gauge function ω.

2. Equations with homogeneous operators and eigenvalues

Proposition 2.1. Let S, T : X → X^∗ be homogeneous operators of a degree k > 0 and let T be positively defined. Suppose that λ ∈ C is a number having a positive distance d > 0 from the range W (S, T ) and let the mapping (S − λT ) be surjective. Suppose, further, that there exists a singlevalued branch (S − λT )^{−1} of the inverse operator to (S − λT ). Then the following assertions are true.

(1) (S − λT )^{−1} is a bounded homogeneous operator of the degree^1_k and for any y ∈ X^∗ we have ‖ (S − λT )^{−1}y

‖ 6^{(‖y‖}_{dc}^{) 1k} ,

where c = inf_{x∈S1(0)} Re { ⟨T x, x⟩ } . (2) If, in addition, (S − λT )^{−1} is a homogeneous polynomial operator, then it is continuous on X^∗.

Proof. Using the definition of W (S, T ) we obtain, by virtue of the assumptions of the present theorem, that for any x ∈ S_1(0) the inequality | | ⟨Sx, x⟩ ⟨T x, x⟩ − λ | | > d

holds. This yields | ⟨Sx − λT x, x⟩

| > d ·^|⟨T x, x⟩^| > d · c for any x ∈ S1(0).

Choosing a nonzero point x ∈ X and substituting the point^x_{‖x‖} ∈ S_1(0) into the above inequality we obtain after simple calculations | ⟨Sx − λT x, x⟩

| > d · c · ‖x‖^{k+1}.

This implies that

‖Sx − λT x‖ > d · c · ‖x‖^k for any x ∈ X.

Now, let y ∈ X^∗ be an arbitrary point. Due to surjectivity there is x ∈ X such that y = Sx − λT x and x = (S − λT )^{−1}y. Thus ‖y‖ > d · c · ‖(S − λT )^{−1}y‖^k, which gives the inequality in the assertion (1).

To show that (S −λT )^{−1} is homogeneous of the degree k^{−1} let us put F = S −λT. Then, due to homogeneity of the operator F , for any t ∈ R, t > 0 we have F ( t^{1k} · x ) = t · F (x) = t · y,

so that F^{−1}(ty) = F^{−1} [ F ( t^{1k} · x )] = t^{1k} · x = t^{1k} · F^{−1}(y).

The inequality in (1) and the homogeneity provide the boundedness of the operator (S − λT )^{−1} and assertion (1) is proved.

The assertion (2) follows from Remark 1.4. �

Theorem 2.2. Let X be a real reflexive Banach space and let S, T : X → X^∗ be a hemi-continuous homogeneous operators of a degree k > 1. Let us suppose that there is a λ ∈ R \ σ(S, T ) such that the operator S − λT is monotone.

Then the following assertions hold.

(1) For any y^∗ ∈ X^∗ there is a solution x_0 ∈ X of the equation Sx − λT x = y^∗. (2) x_0 = 0 if and only if y^∗ = 0.

Proof. Because λ /∈ σ(S, T ), there is a positive real number C > 0 such that for any x ∈ S_1(0), ‖Sx − λT x‖ > c.

Using homogeneity we immediately obtain that

‖Sx − λT x‖ > c · ‖x‖^k for any x ∈ X,

so that lim ‖x‖→∞

‖Sx − λT x‖ = +∞.

Hence, the operator S−λT is weakly coercive. Being hemi-continuous and defined on the whole space X the operator S−λT is maximal monotone, and applying a theorem on surjectivity of maximal monotone operators (see for example [2]) we obtain the assertion (1). Hence, for any y^∗ ∈ X^∗ there is x_0 ∈ X such that (S − λT )(x_0) = y^∗.

To prove (2) we first realize that if x_0 = 0, then y^∗ = 0 because S and T are homogeneous operators. Now, let y^∗ = 0 and suppose x_0 ≠ 0. Then the point^{x0}_{‖x0‖} ∈ S_1(0) is an eigenvector and λ is an eigenvalue of the couple (S, T ). Hence λ ∈ σ(S, T ) which contradicts the assumption of the theorem and the proof is complete. �

Corollary 2.3. Let X be a real reflexive Banach space and let S, T : X → X^∗ be homogeneous polynomial operators. Suppose S is continuous and T is positively defined.

Then for any λ ∈ R \ W (S, T ) for which the operator S − λT is strongly monotone there is a singlevalued inverse operator (S − λT )^{−1} which is defined and bounded on X^∗.

Proof. According to Theorem 3.13 in [11] we have σ(S, T ) ⊂ W (S, T ) so that λ /∈ σ(S, T ). Being polynomial, the operators S and T are hemi-continuous and applying Theorem 2.2, we obtain a solution x_0 ∈ X of the equation Sx − λT x = y^∗ for any y^∗ ∈ X^∗. This solution must be unique because S −λT is strongly monotone. Using Proposition 2.1 we complete the proof. �

Remark 2.4. If S, T : X → X are linear operators on a real Hilbert space X then the operator S − λT is strictly monotone if and only if for any x ∈ S_1(0) the inequality ⟨Sx − λT x, x⟩ > 0 holds. Moreover, if S, T are selfadjoint and T is positively defined, then the last inequality is satisfied for any λ < m where

m = inf_{x∈S1(0)}

⟨Sx, x⟩ ⟨T x, x⟩

and the opposite inequality holds for any λ > M, where

M = sup_{x∈S1(0)}

⟨Sx, x⟩ ⟨T x, x⟩ . In the latter case the operator S − λT is strongly monotone for any λ < m and the operator −(S − λT ) is strongly monotone for any λ > M. According to the definition of W (S, T ) for selfadjoint operators we have W (S, T ) ⊂ [m, M] so that applying Corollary 2.3 we obtain the existence and continuity of the inverse operator (S − λT )^{−1} for any λ ∈ R \ [m, M].

In [10] (Theorem 5.25) conditions are shown under which the aproximative spectrum σ(S, T ) of a couple (S, T ) of homogeneous symmetric operators is nonempty and contains nonzero points. Another simple condition for the spectrum σ(S, T ) of homogeneous operators(not necessarily symmetric) to be nonempty is given in the following proposition.

Proposition 2.5. Let X be a Hilbert space and let S, T : X → X be continuous homogeneous operators which are not identically zero and satisfy the condition

(∗) sup_{x∈S1(0)} |⟨Sx, T x⟩| = ‖S‖ · ‖T ‖.

Then the aproximative spectrum σ(S, T ) contains a nonzero point λ ∈ σ(S, T ), λ ≠ 0 such that |λ| = ‖S‖ ‖T ‖ .

Proof. If the condition (∗) is fulfilled then, according to the definition of supremum, for any positive real number ε > 0 there is a point x_0 ∈ S_1(0) such that

|⟨Sx_0, T x_0⟩| > ‖S‖ · ‖T ‖ − ε.

Choosing φ ∈ [0, 2p) such that ⟨Sx_0, T x_0⟩ = |⟨Sx_0, T x_0⟩| · e^{iφ} and denoting λ = ‖S‖ ‖T ‖ · e

iφ, we obtain

‖Sx_0 − λT x_0‖^2 = ‖Sx_0‖^2 + ‖T x_0‖^2 · |λ|^2 − � λ⟨Sx_0, T x_0⟩ + λ⟨Sx_0, T x_0⟩ �

< 2‖S‖^2 + 2 ‖S‖ ‖T ‖ ( ε − ‖S‖ · ‖T ‖ ) = 2 ‖S‖ ‖T ‖

· ε.

Hence inf_{x∈S1(0)} ‖Sx − λT x‖ = 0, so that according to Definition 1.13, λ ∈ σ(S, T ) and

|λ| =^{‖S‖}_{‖T ‖} > 0. The proof is complete. �

Recall that the condition (∗) in Proposition 2.5 is satisfied if S is a symmetric homogeneous polynomial operator on a Hilbert space X and T is the duality mapping defined for any x ∈ X by T x = c · ‖x‖^{k−1} · x where c ∈ R is a positive constant. (See [11] Theorem 3.15.)

An example of nonsymmetric operators S, T satisfying the condition (∗) is the following.

Example 2.6. Let S, T : L^2[0, 1] → L^2[0, 1] be homogeneous operators of degree 2 defined by

Sx = 1� 0 a(s) · x^2(t) dt = a(s) · ‖x‖^2,

T x = 1� 0 b(s) · x^2(t) dt = b(s) · ‖x‖^2

where a(s), b(s) ∈ L^2[0, 1].

Then the condition (∗) will be satisfied if b(s) = k ·a(s), where k ∈ R is a constant. Indeed, in this case we obtain

‖Sx‖ = ‖ 1� 0 a(s) · x^2(t) dt‖ = ‖a‖ · ‖x‖^2 ⇒ ‖S‖ = sup_{x∈S1(0)} ‖Sx‖ = ‖a‖,

‖T x‖ = ‖ 1� 0 b(s) · x^2(t) dt‖ = ‖b‖ · ‖x‖^2 ⇒ ‖T ‖ = sup_{x∈S1(0)} ‖T x‖ = ‖b‖, sup x∈S1(0)

|⟨Sx, T x⟩| = sup_{x∈S1(0)} |⟨a(s) · ‖x‖^2, b(s) · ‖x‖^2⟩|

= |⟨a(s), b(s)⟩| = |⟨a(s), k · a(s)⟩| = |k| · ‖a‖^2 = ‖a‖ · ‖b‖ = ‖S‖ · ‖T ‖.

At the same time we have

S^′(x)h = 1� 0 2a(s)x(t)h(t) dt, [ S^′(x)

]_∗ h = 1� 0 2a(t)x(s)h(t) dt,

hence, by virtue of Proposition 1.10, we obtain

S^∗x =^1_2 [ S^′(x)

]_∗ x = 1� 0 a(t)x(s)x(t) dt = x(s) 1� 0 a(t)x(t) dt ≠ Sx

and thus the operator S (and similarly the operator T ) is not symmetric.

Other conditions for the existence of nonzero eigenvalues of the couple (S, T ) are given in [11] Theorem 3.16.

Theorem 2.7. ([10] theorem 5.24) Let X be a Hilbert space and let S, T : X → X be homogeneous operators of a degree k > 1 which are both symmetric on S_1(0) ⊂ X. Suppose, further, that S and T have hemi-continuous Gateaux-derivatives on S_1(0) and let T be positive.

Then the following assertions hold:

(1) The couple (S, T ) has only a real aproximative spectrum σ(S, T ) which lies in the interval [m, M], where

m = inf_{x∈S1(0)}

⟨Sx, x⟩ ⟨T x, x⟩

, M = sup_{x∈S1(0)}

⟨Sx, x⟩ ⟨T x, x⟩

and both the boundary points m and M belong to the spectrum σ(S, T ).

(2) If, in addition, there is a point y ∈ S_1(0) such that the number λ =^{⟨Sy,y⟩}_{⟨T y,y⟩} is equal to m or M then λ is an eigenvalue of the couple (S, T ) with y its eigenvector.

Theorem 2.8. Let X be a real Hilbert space and let S, T : X → X be selfadjoint homogeneous operators which are continuously Gateaux differentiable on X. Suppose that at least one of the following assumptions is satisfied:

(1) S is a monotone not identically vanishing operator and T is a compact positively defined operator (2) S is a compact not identically vanishing operator and T is a strongly monotone operator.

Then the couple (S, T ) has a nonzero eigenvalue.

Proof. According to Theorem 2.7 it suffices to show that the functional f(x) = ⟨Sx,x⟩ ⟨T x,x⟩ assumes its minimum (or maximum) on S1(0). Using homogeneity we can

easily transform this problem to the problem of finding extremes of g(x) = ⟨Sx, x⟩ on the set U defined by U = { x ∈ X : ⟨T x, x⟩ = 1 } . Suppose that the assumption (a) is satisfied. Then, according to [19] (Example 8.7, p. 110), the functional g(x) is weakly lower semicontinuous and, according to [19] (Lemma 8.7, p. 111), the set U is weakly closed. Because T is positively defined, U is also bounded and thus the functional g(x) assumes its minimum on U. (See [19], theorem 9.2, p. 114.)

There is a point y ∈ S_1(0) such that f(y) = inf_{x∈S1(0)} f(x), and applying Theorem 2.7 we obtain the assertion. Suppose that (b) is satisfied. Then the functional g(x) is weakly continuous and the set V = { x ∈ X : ⟨T x, x⟩ 6 1 } is convex and bounded because T is strongly monotone. This implies that V is weakly compact. If the functional g attains positive (negative) values then it attains its maximum (minimum) at a nonzero point x_0 ∈ V.

At the same time x_0 ∈ U because, if this is not the case, then

sup_{x∈V} g(x) = g(x_0) = ⟨Sx_0, x_0⟩, where 0 < ⟨T x_0, x_0⟩ < 1.

Putting x_1 =^{x0}_{⟨T x0,x0⟩ 1k+1} we obtain ⟨T x_1, x_1⟩ = 1 and simultaneously g(x_1) = g(x0) ⟨T x0,x0⟩ > g(x0), which is impossible. Hence the functional f(x) must attain its

extreme on S_1(0) and the proof follows as in the previous case. �

Proposition 2.9. Let S, T : X → X be homogeneous operators on a Hilbert space X mapping every weakly convergent sequence in S_1(0) ⊂ X into the norm convergent sequence and satisfying the condition (∗) from Proposition 2.5. Then the couple (S, T ) has a nonzero eigenvalue λ such that |λ| =^{‖S‖}_{‖T ‖} .

Proof. First we show that the functional g(x) = ⟨Sx, T x⟩ is weakly continuous on S_1(0). Indeed, for a point x_0 ∈ S_1(0) and any sequence {x_n} ⊂ S_1(0), x_n^w→ x_0 we have ‖Sx_n − Sx_0‖ → 0 and ‖T x_n − T x_0‖ → 0.

Further,

|⟨Sx_n, T x_n⟩ − ⟨Sx_0, T x_0⟩| = |⟨Sx_n − Sx_0, T x_0⟩ + ⟨Sx_n, T x_n − T x_0⟩|

6 ‖Sxn − Sx0‖ · ‖T x0‖ + ‖Sxn‖ · ‖T xn − T x0‖
6 ‖Sxn − Sx0‖ · ‖T ‖ + ‖S‖ · ‖T xn − T x0‖,

so that ⟨Sx_n, T x_n⟩ → ⟨Sx_0, T x_0⟩ and thus g(x) is weakly continuous at x_0.

Due to condition (∗) from Proposition 2.5 we can find a sequence {y_n} ⊂ S_1(0) such that |⟨Sy_n, T y_n⟩| → ‖S‖ · ‖T ‖. Using the Eberlein-Smuljan theorem (see [21]) we choose a subsequence {y_{nk} } such that y_{nk}^w→ y_0.

Then ⟨Sy_{nk} , T y_{nk} ⟩ → ⟨Sy_0, T y_0⟩ and thus |⟨Sy_0, T y_0⟩| = ‖S‖ · ‖T ‖. Putting λ = ‖S‖ ‖T ‖ · e

iφ, where φ ∈ [0, 2p] is such that ⟨Sy_0, T y_0⟩ = |⟨Sy_0, T y_0⟩| · e^{iφ}, we obtain an eigenvalue λ of the couple (S, T ) with the eigenvector y_0 ∈ S_1(0).

The structure of the spectrum σ(S, T ) of a couple of symmetric homogeneous operators is, in a sense, similar to the structure of the spectrum of linear selfadjoint operators as the next proposition shows. �

Proposition 2.10. Let S, T : X → X be symmetric homogeneous operators of a degree k > 0 on a Hilbert space X and let T be positive. Then for any nonzero eigenvalue λ_0 ∈ Λ(S, T ) there exists a neighbourhood U(λ_0) ⊂ R such that

U(λ_0) ∩ Λ(S, T ) = {λ_0}.

Proof. Let x_0 ∈ S_1(0) be an eigenvector belonging to the eigenvalue λ_0 ≠ 0. Suppose that equation Sx−λT x = 0 has a parametric solution [ λ(t), x(t) ] defined and differentiable in a neighbourhood U(0) ⊂ R of the origin such that λ(0) = λ_0, x(0) = x_0. We shall show that λ(t) must be a constant function.

Consider a mapping F : R × R × S_1(0) → R defined by the equation F (t, λ, x) = ⟨Sx, x⟩ − λ⟨T x, x⟩. Then for the function

f(s) = F (t, λ_0 + s, x_0 + sh), s ∈ R, h ∈ X

we obtain

f^′(0) = ⟨S^′(x_0)h, x_0⟩ + ⟨Sx_0, h⟩ − λ_0 [ ⟨T^′(x_0)h, x_0⟩ + ⟨T x_0, h⟩ ] − ⟨T x_0, x_0⟩ = (k + 1) · ⟨Sx_0 − λ_0T x_0, h⟩ − ⟨T x_0, x_0⟩ = −⟨T x_0, x_0⟩ ≠ 0.

This implies that by using the Implicit Function Theorem we can find a positive real number ε > 0 and functions λ: (−ε, +ε) → R, x: (−ε, +ε) → S_1(0) which are both differentiable on the interval (−ε, +ε), satisfying the identity

(∗∗) ⟨Sx(t) − λ(t) · T x(t), x(t)⟩ = 0,

or, equivalently,

λ(t) =

⟨Sx(t), x(t)⟩ ⟨T x(t), x(t)⟩

for any t ∈ (−ε, +ε), λ(0) = λ_0, x(0) = x_0. Using symmetry and homogeneity of the operators S, T we obtain after some calculations

dλ(t) dt = (k + 1) ⟨T x(t), x(t)⟩ � Sx(t) −

⟨Sx(t), x(t)⟩ ⟨T x(t), x(t)⟩

T x(t), dx(t) dt �

= (k + 1) ⟨T x(t), x(t)⟩ � Sx(t) − λ(t)T x(t), dx(t) dt � .

Due to (∗∗) we have^{dλ}_{dt} = 0 for any t ∈ (−ε, +ε), so that λ(t) = λ_0 is a constant function on the interval (−ε, +ε). Hence, there is a neighbourhood U(λ_0) of λ_0 such that λ_0 is the unique eigenvalue of the couple (S, T ) on U(λ_0) and the proof is complete. �

Theorem 2.11. Let S, T : X → X be symmetric homogeneous operators of a degree k > 0 on Hilbert space X. Suppose that S is completely continuous and T is a duality mapping with the gauge function ω(t) = c · t^k, where c > 0 is a constant. Then the following assertion hold:

(1) The aproximative spectrum σ(S, T ) of the couple (S, T ) is at most a countable set, possibly with a unique limit point, zero.

(2) Every nonzero point λ ∈ σ(S, T ) is an eigenvalue of the couple (S, T ).

Proof. The assertion (1) is a direct consequence of Proposition 2.10 and the assertion (2) follows from Theorem 3.16 in [11]. �

References

[1] F. Bonsall, B. E. Cain, H. Schneider: The numerical range of continuous mapping of a normed space. Aequationes Math. 2 (1968), 86{93.

[2] F. E. Browder: Problemes non-lineaires. Univ. Montreal Press, 1966. [3] V. Burýšková: De˛nition und grudlegende Eigenschaften des nichtlinearen adjungierten Operators. Časopis Pěst. Mat. 103 (1978), 186{201.

[4] V. Burýšková: Adjoint nonlinear operators. Dissertation, Praha, 1977. (In Czech.) [5] S. Burýšek: Some remarks on polynomial operators. Comment. Math. Univ. Carolin.

10,2 (1969), 285{306.

[6] S. Burýšek: On spectra of nonlinear operators. Comment. Math. Univ. Carolin. 11,4 (1970), 727{743.

[7] S. Burýšek, V. Burýšková: Small solutions of a nonlinear operator equation. Acta Polytech. Práce ČVUT Praze Ser. IV Tech. Teoret. 15 (1982), No. 1, 51{54.

[8] S. Burýšek, V. Burýšková: Some results from theory of homogeneous operators. CTU Seminar, 1994.

[9] V. Burýšková, S. Burýšek: On the convexity of the numerical range of homogeneous operators. Acta Polytech. Práce ČVUT Praze Ser. IV Tech. Teoret. 34 (1994), No. 2, 25{33.

[10] V. Burýšková: Některé výsledky z teorie nelineárních operátorů a operátorových rovnic.

Habilitation Thesis, Praha, 1994. (In Czech.)

[11] S. Burýšek, V. Burýšková: On the aproximative spectrum of the couple of homogeneous operators. Acta Polytech. Práce ČVUT Praze Ser. IV Tech. Teoret. 35 (1995), No. 1, 5{16.

[12] G. Conti, E. De Pascale: The numerical range in the nonlinear case. Boll. Un. Mat. Ital.

B(5), 15 (1978), 210{216.

[13] J. A. Canavati: A theory of numerical range for nonlinear operators. J. Funct. Anal. 33 (1979), 231{258.

[14] M. Furi, A. Vignoli: Spectrum of nonlinear maps and bifurcations in the nondi¸erentiable case. Ann. Math. Pura Appl.(4) 113 (1977), 265{285.

[15] S. K. Kyong, Y. Youngoh: On the numerical range for nonlinear operators. Bull. Korean Math. Soc. 21 (1984), No. 2,119{126.

[16] J. Prüss: A characterization of uniform convexity and applications to accretive operators. Hiroshima Math. J., 11 (1981), No. 2, 229{234.

[17] A. Rhodius: Der numerische Wertebereich für nicht netwendig lineare Abbildungen in lokalkonvexen Räumen. Math. Nachr. 72 (1976), 169{180.

[18] A. E. Taylor: Úvod do funkcionální analýzy. Academia, Praha, 1973. [19] M. M. Vajnberg: Variational Method and Method of Monotone Operators in the Theory of Nonlinear Equations. Moskva, 1972. (In Russian.)

[20] Verma, U. Ram: Numerical range and related nonlinear functional equations. Czechoslovak Math. J. 42(117) (1992), No. 3, 503{513.

[21] K. Yosida: Functional Analysis. Springer-Verlag, Berlin, 1965.

[22] E. H. Zarantonello: The closure of the numerical range contains the spectrum. Paci˛c J.

Math. 22 (1967), No. 3, 575{595.

Author’s address: Věra Burýšková, Slavomír Burýšek, Department of Mathematics, Faculty of Mechanical Engineering, Czech Technical University Prague, Karlovo nám. 13, 121 35 Praha 2, Czech Republic.