121 (1996) MATHEMATICA BOHEMICA No. 4, 415{424

α-CONTINUOUS AND α-IRRESOLUTE MULTIFUNCTIONS

Jiling Cao, Ivan L. Reilly, Auckland

(Received June 30, 1995)

Abstract. Recently Popa and Noiri [10] established some new characterizations and basic properties of ff-continuous multifunctions. In this paper, we improve some of their results and examine further properties of ff-continuous and ff-irresolute multifunctions. We also make corrections to some theorems of Neubrunn [7].

Keywords: upper (lower) ff-continuous, upper (lower) ff-irresolute, strongly ff-closed graph, almost compact, almost paracompact

MSC 1991 : 54C60, 54E55

1. Introduction

In 1965, Njåstad [8] introduced a weak form of open sets called α-sets. Some kinds of generalized continuous functions were defined in terms of α-sets by several authors. For example, Maheshwari and Thakur [4] defined a function f : (X, T ) → (Y, U) to be α-irresolute if f^{−1}(V ) is an α-set for every α-set V of (Y, U). Mashhour et al [6] defined a function f : (X, T ) → (Y, U) to be α-continuous if f^{−1}(V ) is an α-set for every open set V of (Y, U). In 1986, Neubrunn [7] extended these concepts to multifunctions. Recently Popa and Noiri [10] obtained several new characterizations and properties of α-continuous multifunctions. The purpose of this paper is to improve some results of [4] and [10], to exploit further properties of α-continuous and αirresolute multifunctions, and to make corrections to some theorems of Neubrunn [7].

Throughout this paper, (X, T ) and (Y, U) are always topological spaces. The closure (resp. interior) of a subset A in (X, T ) is denoted by Cl(A) (resp. Int(A)). Then A is called α-open [8] if A ⊂ Int(Cl(Int(A))), and A is α-closed if X − A is αopen. Note that α-closed sets are called coα-sets in [4]. Let T_α denote the family of all α-open subsets of (X, T ). It was shown in [8] that T_α is a topology on X. Let α Cl(A) (resp. α Int(A)) denote the closure (resp. interior) of A with respect to T_α. A subset U of (X, T ) is called an α-neighborhood of a point x ∈ X if there exists a V ∈ T_α such that x ∈ V ⊂ U. By a multifunction F : (X, T ) → (Y, U), we mean a point-to-set correspondence from (X, T ) into (Y, U), and we always assume that F (x) ≠ ∅ for all x ∈ X. For each B ⊂ Y , F^+(B) = {x ∈ X | F (x) ⊂ B} and F^−(B) = {x ∈ X | F (x) ∩ B ≠ ∅}. In particular, F^−(y) = {x ∈ X | y ∈ F (x)} for each point y ∈ Y . For each A ⊂ X, F (A) = � x∈A F (x). Then F is said to be a surjection if F (X) = Y , or equivalently, if for each y ∈ Y there exists an x ∈ X such that y ∈ F (x). Moreover F : (X, T ) → (Y, U) is called upper semicontinuous, abbreviated as u.s.c. (resp. lower semicontinuous, abbreviated as l.s.c.) if F^+(V ) (resp. F^−(V )) is open in (X, T ) for every open set V of (Y, U). The graph G(F ) of F is defined by G(F ) = {(x, y) | x ∈ X, y ∈ F (x)}. We say that F has a closed (resp. α-closed) graph if G(F ) is closed (resp. α-closed) in (X × Y, T × U). The graph multifunction G_F : (X, T ) → (X ×Y, T ×U) of F is defined by G_F (x) = {x}×F (x) for each x ∈ X. Other basic concepts and terminology about multifunctions are as in [2] and [3].

2. α-continuous multifunctions

Following Neubrunn [7], we define the fundamental concepts.

Definition 2.1. ([7]) A multifunction F : (X, T ) → (Y, U) is called (a) upper α-continuous, abbreviated as u.α.c., if F : (X, T_α) → (Y, U) is u.s.c., (b) lower α-continuous, abbreviated as l.α.c., if F : (X, T_α) → (Y, U) is l.s.c. Now F : (X, T ) → (Y, U) is α-continuous if it is both u.α.c. and l.α.c.

The following characterizations of upper α-continuity and lower α-continuity are due to Popa and Noiri [10].

Theorem 2.2. ([10]) Let F : (X, T ) → (Y, U) be a multifunction. Then the following statements are equivalent. (a) F : (X, T ) → (Y, U) is u.α.c. (b) F^+(V ) ∈ T_α for any V ∈ U.

(c) F^−(V ) is α-closed in (X, T ) for any closed V of (Y, U).

(d) For each point x ∈ X and each neighborhood V of F (x), there exists an αneighborhood U of x such that F (U) ⊂ V .

(e) α Cl(F^−(B)) ⊂ F^−(Cl(B)) for any B ⊂ Y .

Theorem 2.3. ([10]) Let F : (X, T ) → (Y, U) be a multifunction. Then the following statements are equivalent. (a) F : (X, T ) → (Y, U) is l.α.c. (b) F^−(V ) ∈ T_α for any V ∈ U.

(c) F^+(V ) is α-closed in (X, T ) for any closed V of (Y, U). (d) α Cl(F^+(B)) ⊂ F^+(Cl(B)) for any B ⊂ Y .

(e) F (α Cl(A)) ⊂ Cl(F (A)) for any A ⊂ X.

In our next result, we provide a simple and direct proof of Theorem 3.9 of [10].

Theorem 2.4. ([10]) A multifunction F : (X, T ) → (Y, U) is l.α.c. if and only if its graph multifunction G_F is l.α.c.

Proof. Suppose that G_F is l.α.c. Then for any open subset V of (Y, U), F^−(V ) = G^−_F (X × V ) ∈ T_α. Hence F is l.α.c. Conversely, suppose that F is l.α.c. For each U ∈ T and each V ∈ U, we have G^−_F (U × V ) = U ∩ F^−(V ) ∈ T_α. Therefore G_F is l.α.c. from Proposition 6.3.5 of [3]. �

Definition 2.5. A multifunction F : (X, T ) → (Y, U) is said to have a strongly αclosed graph if for each pair (x, y) /∈ G(F ) there exist U ∈ T_α and V ∈ U_α containing x and y respectively such that (U × V ) ∩ G(F ) = ∅.

From this definition, we see that F : (X, T ) → (Y, U) has a strongly α-closed graph if and only if F : (X, T_α) → (Y, U_α) has a closed graph. Moreover, if G(F ) is strongly α-closed, then it is α-closed. The following example will show that the converse is not true in general.

Example 2.6. Let X be an infinite set, let x_i ∈ X (i = 1, 2, 3) be three different points and T = {G ⊂ X | x_i /∈ G, i = 1, 2, 3} ∪ {G ⊂ X | X − G is finite}. Then it is easy to verify that T is a topology on X and T_α = T . Choose an infinite subset P of X such that x_i /∈ P (i = 1, 2, 3) and X − P is also infinite. Define a multifunction F : (X, T ) → (X, T ) by

F (x) = � {x_1, x_2}, if x ∈ P ; {x_2, x_3}, if x ∈ X − P.

The graph G(F ) = P × {x_1, x_2} ∪ (X − P ) × {x_2, x_3} of F is α-closed, since ∅ = Cl(Int(Cl(G(F )))) ⊂ G(F ). But for any two α-neighborhoods U and V of x_1, we have (U × V ) ∩ G(F ) ≠ ∅. Therefore G(F ) is not strongly α-closed.

Recall that a subset A of a space (X, T ) is called α-paracompact [1] if for every open cover V of A in (X, T ) there exists a locally finite open cover W of A which refines V. Our next several results concern the relationship between upper α-continuity and strongly α-closed graphs.

Theorem 2.7. Let F : (X, T ) → (Y, U) be a u.α.c. multifunction from a space (X, T ) into a Hausdorff space (Y, U). If F (x) is α-paracompact for each x ∈ X, then G(F ) is strongly α-closed.

Proof. Suppose that (x_0, y_0) /∈ G(F ). Then y_0 /∈ F (x_0). Since (Y, U) is a Hausdorff space, for each y ∈ F (x_0) there exist open sets V (y) and W (y) containing y and y_0 respectively such that V (y)∩W (y) = ∅. The family {V (y) | y ∈ F (x_0)} is an open cover of F (x_0). Thus, by α-paracompactness of F (x_0), there is a locally finite open cover V = {U_β | β ∈ I} which refines {V (y) | y ∈ F (x_0)}. Therefore there exists an open neighborhood W_0 of y_0 such that W_0 intersects only finitely many members U_{β1} , U_{β2} , . . . , U_{βn} of V. Choose y_1, y_2, . . . , y_n in F (x_0) such that U_{βi} ⊂ V (y_i) for each 1 6 i 6 n, and set W = W_0 ∩

( �_n

i=1 W (y_i) ) . Then W is an open neighborhood of y_0 such that W ∩ ( � β∈I V_β ) = ∅. By the upper α-continuity of F , there is a U ∈ T_α such that x_0 ∈ U ⊂ F^+ ( � β∈I V_β ) . It follows that (U × W ) ∩ G(F ) = ∅.

Therefore G(F ) is strongly α-closed. �

Corollary 2.8. ([10]) If F : (X, T ) → (Y, U) is a u.α.c. multifunction into a Hausdorff space (Y, U) such that F (x) is compact for each x ∈ X, then the graph G(F ) is α-closed.

Theorem 2.9. Let F : (X, T ) → (Y, U) be a multifunction from a space (X, T ) into an α-compact space (Y, U). If G(F ) is strongly α-closed, then F is u.α.c.

Proof. Suppose that F is not u.α.c. By Theorem 2.2, there exists a nonempty closed subset C of (Y, U) such that F^−(C) is not α-closed in (X, T ). We may assume F^−(C) ≠ ∅. Then there exists a point x_0 ∈ α Cl(F^−(C)) − F^−(C). Hence for each point y ∈ C, we have (x_0, y) /∈ G(F ). Since F has a strongly α-closed graph, there are α-open subsets U(y) and V (y) containing x_0 and y respectively such that (U(y) × V (y)) ∩ G(F ) = ∅. Then {Y − C} ∪ {V (y) | y ∈ C} is an α-open cover of (Y, U), and thus it has a subcover {Y − C} ∪ {V (y_i) | y_i ∈ C, 1 6 i 6 n}. Let U =

�_n i=1 U(y_i) and V =

�_n

i=1 V (y_i). It is easy to verify that C ⊂ V and (U × V ) ∩ G(F ) = ∅. Since U is an α-neighborhood of x_0, U ∩ F^−(C) ≠ ∅. It follows that ∅ ≠ (U × C) ∩ G(F ) ⊂ (U × V ) ∩ G(F ). This is a contradiction. Hence the proof is completed. �

Corollary 2.10. Let F : (X, T ) → (Y, U) be a multifunction into an α-compact Hausdorff space (Y, U) such that F (x) is α-closed for each x ∈ X. Then F is u.α.c. if and only if it has a strongly α-closed graph.

3. α-irresolute multifunctions

In this section, we discuss some properties of upper (lower) α-irresolute multifunctions and generalize the main results of [4] to multifunctions.

Definition 3.1. ([7]) A multifunction F : (X, T ) → (Y, U) is called (a) upper α-irresolute, abbreviated as u.α.i., if F : (X, T_α) → (Y, U_α) is u.s.c., (b) lower α-irresolute, abbreviated as l.α.i., if F : (X, T_α) → (Y, U_α) is l.s.c. Now F : (X, T ) → (Y, U) is α-irresolute if it is both u.α.i. and l.α.i.

It follows from the definitions that a u.α.i. (resp. l.α.i.) multifunction is u.α.c. (resp. l.α.c.). In [4], the authors introduced the concept of α-Hausdorff spaces in order to ensure the graph of an α-irresolute function to be α-closed. It was shown by Reilly and Vamanamurthy [13] that α-Hausdorff spaces are precisely Hausdorff spaces. Therefore, as corollaries of Theorem 2.7, we have the following results.

Theorem 3.2. Let F : (X, T ) → (Y, U) be a u.α.i. multifunction into a Hausdorff space (Y, U). If F (x) is α-paracompact for each x ∈ X, then G(F ) is strongly αclosed.

Corollary 3.3. ([4]) If f : (X, T ) → (Y, U) is an α-irresolute function and (Y, U) is α-Hausdorff, then G(f) is α-closed.

Let A be a subset of a space (X, T ). Then F : (X, T ) → (A, T_A) is called a retracting multifunction [16] if x ∈ F (x) for each x ∈ A. By using the same technique as in the proof of Theorem 2.7, we can obtain the following results.

Theorem 3.4. Let F be a u.α.i. multifunction of a Hausdorff space (X, T ) into itself. If F (x) is α-paracompact for each x ∈ X, then the set A = {x | x ∈ F (x)} is an α-closed subset.

Proof. Let x_0 ∈ α Cl(A). Suppose that x_0 /∈ A, i.e. x_0 /∈ F (x_0). Since (X, T ) is Hausdorff, for each x ∈ F (x_0) there exist open sets U(x) and V (x) containing x_0 and x respectively such that U(x) ∩ V (x) = ∅. Then {V (x) | x ∈ F (x_0)} is an open cover of F (x_0). By the α-paracompactness of F (x_0), {V (x) | x ∈ F (x_0)} has a locally finite open refinement W = {W_β | β ∈ I} which covers F (x_0). Therefore we can choose an open neighborhood U_0 of x_0 such that U_0 intersects only finitely many members W_{β1} , W_{β2} , . . . , W_{βn} of W. Choose x_1, x_2, . . . , x_n in F (x_0) such that W_{βi} ⊂ V (x_i) for each 1 6 i 6 n, and let U = U_0 ∩

( �_n

i=1 U(x_i) ) . Then U is an open neighborhood of x_0 such that U ∩ ( � β∈I W_β ) = ∅. Since F is u.α.i., there is an α-neighborhood G of x_0 such that F (G) ⊂ � β∈I W_β . It follows that G ∩ U is an α-neighborhood of x_0 and satisfies (G ∩ U) ∩ A = ∅. This contradicts the fact that x_0 ∈ α Cl(A). �

Corollary 3.5. ([4]) If f is an α-irresolute function of an α-Hausdorff space (X, T ) into itself, then the set A = {x | x = f(x)} is an α-closed subset.

Corollary 3.6. Let A be a subset of (X, T ) and F : (X, T ) → (A, T_A) a u.α.i. retracting multifunction such that F (x) is α-paracompact for each x ∈ A. If (X, T ) is Hausdorff, then A is α-closed.

Corollary 3.7. ([4]) Let A be a subset of (X, T ) and f : (X, T ) → (A, T_A) an α-irresolute retraction. If (X, T ) is Hausdorff, then A is α-closed.

Remark. From the proof of Theorem 3.4, it is easy to see that Theorem 3.4 and Corollary 3.6 are still valid if the upper α-irresolution of F is replaced by upper α-continuity.

In considering when a u.α.c. (resp. l.α.c.) multifunction is u.α.i. (resp. l.α.i.), Neubrunn [7] introduced the concepts of upper and lower somewhat openness. A multifunction F : (X, T ) → (Y, U) is said to be upper somewhat open if Int(F (U)) ≠ ∅ for any open set U ∈ T with F (U) ≠ ∅. It is said to be lower somewhat open if for any subset U ∈ T and V ∈ U such that F (x) ∩ V ≠ ∅ for any x ∈ U, we have Int(F (U) ∩ V ) ≠ ∅. Neubrunn (Theorem 5, [7]) claimed to prove that a u.α.c. and upper almost open multifunction F : (X, T ) → (Y, U) is u.α.i. Unfortunately, this result is false as is shown in the following example.

Example 3.8. Let X = {a, b, c, d} and Y = {p, q, r}. Define a topology T = {∅, X, {a}, {b, c}, {a, b, c}} on X and a topology U = {∅, Y, {p}} on Y . A multifunction F : (X, T ) → (Y, U) is defined as follows:

F (x) = � � � {p}, if x = a; Y, if x = b, or c; {p, q}, if x = d.

Then F is upper somewhat open and u.α.c. Since {p, q} is α-open in (Y, U) and F^+({p, q}) = {a, d} is not α-open in (X, T ), F is not u.α.i.

Neubrunn also claimed that there is no essential difference between the proofs of Theorem 6 and Theorem 5 of [7]. Since there is a gap in the proof of Theorem 5 of [7], we conclude this section by providing a complete proof to Theorem 6 of [7].

Theorem 3.9. ([7]) Let F : (X, T ) → (Y, U) be a multifunction. If F is both l.α.c. and lower somewhat open, then F is l.α.i.

Proof. Suppose that F is not l.α.i. Then there is a nonempty V ∈ U_α such that F^−(V ) /∈ T_α. We may assume F^−(V ) ≠ ∅. Let U = Int(Cl(Int(V ))). Since F is l.α.c., F^−(U) ∈ T_α. Then F^−(V ) ⊂ F^−(U) ⊂ Int(Cl(Int(F^−(U)))). It follows that F^−(U) ⊄ Cl(Int(F^−(V ))). Indeed, suppose this is not the case. Then F^−(V ) is α-open. Thus there exists a point p ∈ F^−(U) and an open neighborhood G of p such that G ∩ Int(F^−(V )) = ∅. Since G ∩ F^−(U) is a nonempty α-open subset of (X, T ), Int(G ∩ F^−(U)) ≠ ∅. Let W = Int(G ∩ F^−(U)). Clearly, W is open in (X, T ) and W ∩ Int(F^−(V )) = ∅. By the lower somewhat openness of F , we have ∅ ≠ Int(F (W ) ∩ U) = Int(F (W )) ∩ U, which implies that ∅ ≠ Int(F (W ) ∩ V ) ⊂ F (W ) ∩ Int(V ). Then W ∩ F^−(Int(V )) ≠ ∅. By the lower α-continuity of F again, W ∩ F^−(Int(V )) is a nonempty α-open set. Hence ∅ ≠ Int(W ∩ F^−(Int(V ))) ⊂ W ∩ Int(F^−(V )). This contradicts the fact that W ∩ Int(F^−(V )) = ∅. �

4. Mapping theorems

In this section, we will establish some mapping theorems by using the method of change of topology. A subset A of a space (X, T ) is called α-compact if every α-open cover of A in (X, T ) has a finite subcover. Hence the concept of an α-compact space in [5] can be restated as: A space X is α-compact if and only if X is an α-compact subset of itself. From the definition, a subset A of (X, T ) is α-compact if and only if A is compact in (X, T_α).

Theorem 4.1. Let F : (X, T ) → (Y, U) be a u.α.c. multifunction such that F (x) is compact for each point x ∈ X. Then F (K) is compact for each α-compact subset K of (X, T ).

Proof. It follows directly from Definition 2.1 (a) and Theorem 7.4.2 of [3]. �

Corollary 4.2. ([10]) Let F : (X, T ) → (Y, U) be a u.α.c. surjective multifunction such that F (x) is compact for each point x ∈ X. If (X, T ) is α-compact, then (Y, U) is compact.

Theorem 4.3. Let F : (X, T ) → (Y, U) be a multifunction from a connected space (X, T ) onto (Y, U) such that F (x) is connected for each point x ∈ X. If F is either u.α.c. or l.α.c., then (Y, U) is connected.

Proof. It follows from Theorem 2 of [11], Theorem 7.4.4 of [3], Theorem 2.2 and Theorem 2.3. �

Corollary 4.4. ([11]) If (X, T ) is connected and f : (X, T ) → (Y, U) is an αcontinuous surjection, then (Y, U) is connected.

Recall that a space (X, T ) is almost compact [14] if each open cover has a finite subfamily whose union is dense in (X, T ). And (X, T ) is called almost paracompact [15] if every open cover of (X, T ) has a locally finite open refinement whose union is dense in (X, T ). To obtain more mapping theorems, we first establish the following two lemmas. The proof of first lemma is not difficult, so we omit it.

Lemma 4.5. (X, T ) is almost compact if and only if (X, T_α) is almost compact.

Lemma 4.6. For a space (X, T ), the following statements are equivalent. (a) (X, T ) is almost paracompact.

(b) Every open cover of (X, T ) has a T_α-locally finite α-open refinement whose union is dense in (X, T ).

(c) Every open cover of (X, T ) has a T_α-locally finite α-open one-to-one refinement whose union is dense in (X, T ).

(d) Every α-open cover of (X, T ) has a T_α-locally finite α-open refinement whose union is dense in (X, T_α).

(e) (X, T_α) is almost paracompact.

(f) Every α-open cover of (X, T ) has a T -locally finite open refinement whose union is dense in (X, T ).

Proof. (a) ⇒ (b), (b) ⇒ (c), (d) ⇒ (e) and (f) ⇒ (a) are straightforward. (c) ⇒ (d): Suppose that {U_β | β ∈ I} is an α-open cover of (X, T ). Then {Int(Cl(U_β )) | β ∈ I} is an open cover of (X, T ), thus it has a T_α-locally finite α-open one-to-one refinement {V_β | β ∈ I} such that X = Cl ( � β∈I V_β ) = � β∈I Cl(V_β ).

Now let W_β = U_β ∩ Int(V_β ) for each β ∈ I. Then {W_β | β ∈ I} is a T_α-locally finite α-open refinement of {U_β | β ∈ I} . For each β ∈ I, it is easy to verify that

α Cl(W_β ) = Cl(U_β ∩ Int(V_β )) = Cl(Cl(U_β ) ∩ Int(V_β )) = Cl(Int(V_β )) = Cl(V_β ).

Therefore X = � β∈I α Cl(W_β ) = α Cl ( � β∈I W_β ) . (e) ⇒ (f): Let V = {V_β | β ∈ I} be an α-open cover of (X, T ). Then there exists a T_α-locally finite α-open refinement W = {W_λ | λ ∈ Λ} of V such that X = � λ∈Λ α Cl(W_λ). Then {Int(W_λ) | λ ∈ Λ} is an open refinement of V. Since W is T_α-locally finite, for each x ∈ X there is an α-open set G containing x such that G intersects only finitely many members of W. Thus Int(Cl(Int(G))) is an open neighborhood of x and intersects only finitely many members of {Int(W_λ) | λ ∈ Λ}, which says that {Int(W_λ) | λ ∈ Λ} is T -locally finite. For each λ ∈ Λ, α Cl(W_λ) = Cl(Int(W_λ)), hence we have X = � λ∈Λ Cl(Int(W_λ)) = Cl ( � λ∈Λ Int(W_λ) ) . Therefore {Int(W_λ) | λ ∈ Λ} is a T -locally finite open refinement of V and its union is dense in (X, T ). So the proof is completed. �

Theorem 4.7. Let F : (X, T ) → (Y, U) be an α-continuous surjection such that F (x) is compact for each point x ∈ X. If (X, T ) is almost compact, then (Y, U) is almost compact.

Proof. Let V = {V_β | β ∈ I} be an open cover of (Y, U). For each x ∈ X, there exists a finite subset I(x) ⊂ I such that F (x) ⊂ � {V_β | β ∈ I(x)} = V (x). Since F is u.α.c., there exists a U(x) ∈ T_α containing x such that F (U(x)) ⊂ V (x). We obtain an α-open cover {U(x) | x ∈ X} of (X, T ). By Lemma 4.5, there are finitely many points x_1, x_2, . . . , x_n of X such that X =

�_n i=1 α Cl(U(x_i)). Since F is l.α.c., we have

Y = F

(_n� i=1 α Cl(U(x_i)) ) = n� i=1 F (α Cl(U(x_i))) ⊂ n� i=1 Cl(F (U(x_i)))

⊂ n� i=1 Cl(V (x_i)) = n� i=1 � β∈I(x_i) Cl(V_β ).

This shows that (Y, U) is almost compact. �

Definition 4.8. A multifunction F : (X, T ) → (Y, U) is called α-open (resp. αclosed) if F (G) is α-open (resp. α-closed) in (Y, U) for each open (resp. closed) subset G of (X, T ).

The proof of the following lemma is straightforward, so we omit it.

Lemma 4.9. Let F : (X, T ) → (Y, U) be a multifunction. Then the following statements are equivalent.

(a) F : (X, T ) → (Y, U) is α-closed.

(b) For each U ∈ T and B ⊂ Y with F^−(B) ⊂ U, there exists a V ∈ U_α such that B ⊂ V and F^−(V ) ⊂ U.

(c) For each U ∈ T and each point y ∈ Y with F^−(y) ⊂ U, there exists an αneighborhood V of y such that F^−(V ) ⊂ U.

(d) F : (X, T ) → (Y, U_α) is closed.

Theorem 4.10. Let F : (X, T ) → (Y, U) be an α-continuous, α-open and α-closed surjection from an almost paracompact space (X, T ) onto a space (Y, U) such that F (x) is α-paracompact for each x ∈ X and F^−(y) is compact for each y ∈ Y . Then (Y, U) is almost paracompact.

Proof. Let {U_β | β ∈ I} be an open cover of (Y, U). Since F (x) is αparacompact for each x ∈ X, there exists a U-locally finite open cover V_x of F (x) such that V_x refines {U_β | β ∈ I}. Then {F^+ ( � V_x ) | x ∈ X} is an α-open cover of (X, T ), thus it has a T -locally finite open refinement {W_λ | λ ∈ Λ} such that X = � λ∈Λ Cl(W_λ), following from Lemma 4.6. Hence for each λ ∈ Λ, there exists an x_λ ∈ X such that F (W_λ) ⊂ � V_{xλ} . Let G_λ = {F (W_λ) ∩ V | V ∈ V_{xλ} } for each λ ∈ Λ, and G = {G | G ∈ G_λ for some λ ∈ Λ}. It is easy to see that G is an α-open refinement of {U_β | β ∈ I}, since F is α-open.

We now show that G is U_α-locally finite. For each y ∈ Y and each x ∈ F^−(y), we can choose an open neighborhood H_x such that H_x intersects only finitely many members of {W_λ | λ ∈ Λ}. Since F^−(y) is compact, there are finitely many points x_1, x_2, . . . , x_n in F^−(y) such that F^−(y) ⊂

�_n i=1 H_{xi} = H. Then H intersects only finitely many members of {W_λ | λ ∈ Λ}, namely W_{λ1} , W_{λ2} , . . . , W_{λk} . By the α-closedness of F and Lemma 4.9, there exists an α-open subset Q containing y such that F^−(Q) ⊂ H. It follows that Q intersects at most finitely many members F (W_{λ1} ), F (W_{λ2} ), . . . , F (W_{λn} ) of {F (W )_λ | λ ∈ Λ}. On the other hand, V_{xλi} is U-locally finite, thus we can choose an open neighborhood Q_i of y such that Q_i intersects only finitely many members of V_{xλi} . Then

( �_k i=1 Q_i ) ∩ Q is an α-open set containing y and meeting at most finitely many members of G.

From Theorem 2.3, we have F (Cl(W_λ)) = F (α Cl(W_λ)) ⊂ Cl(F (W_λ)) for each λ ∈ Λ. Therefore

Y = F ( � λ∈Λ Cl(W_λ) ) ⊂ � λ∈Λ Cl(F (W_λ)) = � {Cl(G) | G ∈ G}.

By virtue of Lemma 4.6 (b), (Y, U) is almost paracompact. �

References

[1] C. E. Aull: Paracompact subsets. General Topology and its Relations to Modern Analysis and Algebra II. Proc. of the Symposium Prague, 1966, Academia, Praha, 1967, pp. 45{51.

[2] C. Berge: Topological spaces. Oliver and Boyd Ltd., 1963.

[3] E. Klein, A. Thompson: Theory of correspondences. A Wiley-Interscience Publication.

John Wiley and Sons, 1984.

[4] S. N. Maheshwari, S. S. Thakur: On ff-irresolute functions. Tamkang J. Math. 11 (1980), 209{214.

[5] S. N. Maheshwari, S. S. Thakur: On ff-compact spaces. Bull. Inst. Math. Acad. Sinica 13 (1985), 341{347.

[6] A. S. Mashhour, I. A. Hasanein, S. N. El-Deeb: ff-Continuous and ff-open mappings.

Acta Math. Hung. 41 (1983), 213{218.

[7] T. Neubrunn: Strongly quasi-continuous multivalued mappings. General Topology and its Relations to Modern Analysis and Algebra VI. Proc. of the Symposium, Prague, 1986, Heldermann Verlag Berlin, 1988, pp. 351{359.

[8] O. Njåstad: On some classes of nearly open sets. Paci˛c J. Math. 15 (1965), 961{970. [9] T. Noiri: On ff-continuous functions. Časopis Pěst. Mat. 109 (1984), 118{126. [10] V. Popa, T. Noiri: On upper and lower ff-continuous multifunctions. Math. Slovaca 43 (1993), 261{265.

[11] I. L. Reilly, M. K. Vamanamurthy: Connectedness and strong semi-continuity. Časopis Pěst. Mat. 109 (1984), 261{265.

[12] I. L. Reilly, M. K. Vamanamurthy: On ff-continuity in topological spaces. Acta Math.

Hung. 45 (1985), 27{32.

[13] I. L. Reilly, M. K. Vamanamurthy: On ff-sets in topological spaces. Tamkang J. Math.

16 (1985), 7{11.

[14] M. K. Singal, R. Asha: On almost M-compact spaces. Ann. Soc. Sci. Bruxelles 82 (1968), 233{242.

[15] M. K. Singal, S. P. Arya: On M-paracompact spaces. Math. Anal. 181 (1969), 119{133. [16] G. T. Whyburn: Retracting multifunctions. Proc. Nat. Acad. Sci. U.S.A. 59 (1968), 343{348.

Authors’ addresses: Jiling Cao, Department of Mathematics, The University of Auckland, Private Bag 92019, Auckland, New Zealand. e-mail: cao@math.auckland.ac.nz; Ivan L. Reilly, School of Mathematical & Information Sciences, The University of Auckland, Private Bag 92019, Auckland, New Zealand. e-mail: i.reilly@auckland.ac.nz.